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Memoir on Seminvariants. 

By Capt. p. a. MacMahon, R. A. 



I continue the discussion of the asyzygetic seminvariants which was com- 
menced in the American Journal of MatJiemcUics, YoL YI, No. 2 ; reference is made 
also to two papers on the same subject by Professor Oayley and to one by myself 
in YoL YII, No. 1 of the same Journal. 

I will, for the present, consider the seminvariants of the quantic with derived 
coefficients 

ox* — n&B*"V + w (n — l)caf -y — w (n — l)(n — 2) cbf"^^ + . . . 
which are identical with the non-unitary symmetric functions of the equation 

af — &c— * + caf- * — efaf -» + . . . = , 
n being infinite, and which therefore satisfy the partial differential equation 

Sbg. 1. The Three Cardinal Latos. 

The first may be called the derivation law and may be enunciated as follows : 
'' The derivative of a form with respect to any letter is obtained with changed 
sign by performing the operation e^ upon the derivative with respect to the 
next preceding letter." 

For using suffixed letters for convenience and putting 
, d d d . 



^ = ^A— ^l^A + 1 + ^I^A + » ^8^A + 8 + 

voi^ vm. 
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wherein Hy, represents the total symmetric function of weight w according to 
the usual notation ; whence 

— ^A+i + -Si^A+j — -ffs^A+8 + • • • 
since d,H^={-Y-^^ff^_,'^ 

also dx, dj,^i, . . . by their operation produce semin variants {vide Hammond, 
Proc- Lon. Math, Soc, Vol. XIV, pp. 119-129), therefore 

, d d 

^1 XT = — 



dax dax^i 

which establishes the theorem. 

This includes the theorem that the derivative with respect to the highest 
letter is itself a seminvariant, first proved I believe by Professor Sylvester {of. 
American Journals of Mathematical Vol. V, No. 1, p. 82). What appears to be the 
second fundamental property is in its essence Professor Sylvester's ; it may be 
stated as follows : '' If any seminvariant be ^operated upon by substituting for 
each letter, the letter of weight higher by unity, the resulting terms are those of 
highest degree in some seminvariant of higher weight"; this, as well as the 
converse proposition, is absolutely true in the case of the quantic with derived 
coe£Bcients, but only true as regards forms when the binomial quantic is under 
consideration ; it follows, of course, from a mere inspection of the operator (^, 
and is in fact identical with the converse processes of ' capitation ' and decapi- 
tation (c/. Cayley^ American Journal of Mathemaiics, Vol. VII, No. 1). 

I have remarked elsewhere (Quart. Jour, of Math., Vol. XX, No. 80) that 
* diminishing ' and * decapitation ' are alike the performance of the operator D^ on 
a form of degree $ {cf Hammond, ante). 

The third property, which appears to be absolutely fundamental, may be 
termed *The Conjugate Law,' which was foreshadowed in the symmetrical semin- 
variant tables in Vol. VI, No. 2, American Journal of Mathematics. It is in its 
essence an extension and refinement of Hermite's Law of Reciprocity, showing 
clearly the source whence that great classical theorem springs ; the theorem is : 
"To every seminvariant corresponds another, the partitions of whose terms are 
the Ferrers-conjugates of the partitions of its own terms." 

This appears from the following consideration : suppose P and Q to be 
conjugate terms, having therefore each the same number of different parts in 
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their partitions ; by operating upon P with the component a^ ^ of the operator 

di a certain term will be produced, which, so far as its literal part is concerned, 
is merely P with the index of ax+i diminished by unity; call this term p ; now 

operating on Q with the element a^ -z- — , ft + 1 being the {X + ly^ part of the 

partition of Q in descending order, a term q will be obtained, which is the 
conjugate of jp ; consequently the performance of di on Q produces terms which 
are the conjugates of those obtained by performing di on P, and there is an 
exact one-to-one correspondence ; ex.gr. take the conjugate terms (ll(^(^a^a^ and 

aJoSas^i^j ; TT ^^d ^4 ^ operating on these respectively produce conjugate 

tenns;Boalflodoa,^anda,^,a,|^and«,^,a,^anda,^.a,^aad 

-7-; it follows then that in seeking a form XA.P by means of the diflFerential 
equation, if we obtained an equation 

we must, in seeking a form XAi. Q, arrive at a similar equation 

aiA, + (3^B, + y,C^+... = o, 

and that therefore if the form XA . P exist, so also must the conj ugate form XAi . Q . 
Another proof presents itself as a result of considering together Arbogast's 
Method of Derivations, and a new rule of Professor Cayley's, which, in some 
cases, is simpler in its performance ; his rule for forming the combinations of a 
given degree and weight in the letters (a, 5, c, c2, . . .) from those of the same 
degree and of a weight lower by unity is (1) to multiply the latter throughout 
by 6, with the exception of those terms already of the proper degree, and (2) 
further, to raise the weight of the first letter by unity, whenever such letter 
occurs to the first power only ; now this rule and Arbogast's rule of the last, 
and the last but one letter are conjugate to one another, and by means of a 
scheme initiated by Professor Oayley establishes the conjugate law above enun- 
ciated. An example having reference to the form whose leading and ending 
terms are ei and c* respectively will show how this comes about. 
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Form ei + (^ 
Abbooa8t^8 Bulb. 



Conjugate Form 6V + d^ 
Catuey^s Bulb. 





It is clear from the above example that the last-and-laBt-but-one terms /gr, 
ce/y d^ which by Arbogast^s rule are doubly operated upon, give rise, in the 
conjugate form, to terms in which the first letter has an index unity, and which 
therefore are doubly operated upon by Cayley's rule ; in fact the two rules are 
completely conjugate and rigorously establish the conjugate law. We might of 
course apply Cay ley's rule to the form ci + c*, and Arbogast's to the conjugate 
with equally satisfactory results. 

It is to be observed in regard to the definition of the conjugate law above 
given, that in any form every literal term is supposed to be present that is at 
once posterior to the leading term in counter order* and anterior to the ending 
term in alphabetical order ; it may happen that certain of these terms, not being 
any of them a leading or an ending term, are affected with zero coeflBcients ; but 
it does not thence follow that the conjugate terms are absent in the conjugate form. 

* The alphabetical order of terms is that of Prof. Cay ley's Semin variant Tables in Vol. VII, No. 1 
of this Journal. The counter order is got by taking the conjugates of these in reverse order. The 
former proceeds according to degree only, and the latter simply by weight of highest letter. These 
names are Professor Gay ley's, and he fully explains them in a memoir shortly to appear, I believe, in 
this Journal. 
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Sec. 2. The formation of an Asyzygetic Series of Seminvariants 

of a given weight. 

It will be convenient, although not necessary, to consider a particular weight ; 
suppose the weight 11. If we wish to discover the simplest source having an 
ending term &•(?, we have to combine the form (53') with those whose symbols 
are posterior in counter order to it, in such a manner that a maximum number 
of the terms of highest extent in the letters may vanish, and thus it is manifest 
that an ending term, as having a partition the conjugate of a non-unitary parti- 
tion, must of necessity be powers-ending ; that is, it must contain the highest 
letter involved in it to a power greater than unity ; hence also it follows that a 
leading term must be a non-unitary one, for by the conjugate law it must be 
conjugate to a power-ending term. 

It becomes a matter of importance to determine the best arrangement of the 
terms for the purpose of presenting to view an asyzygetic series, bearing in mind 
that it is desirable that the leading and ending terms shall indicate respectively 
the highest letter and the degree of the form. In the American Joumcd of 
Mathematics^ Vol. VII, No. 1, Professor Cayley has arranged them in alphabetical 
order, which is one essentially of degree only, and possesses the advantage that 
the ending terra of necessity indicates the degree correctly ; the leading term, 
however, does not wij:h certainty involve the most advanced letter in the form. 
The author's tables I to XII in the same journal do as a fact so far indicate 
correctly both of these, but in neither case necessarily ; such an arrangement 
(after Durfee) is well adapted to showing the symmetry consequent on the 
conjugate law, but is objectionable, for the reasons above given, in any theoretical 
discussion of the forms ; table XI differs from the remainder, and shows a modified 
arrangement ; the first half of the terms were ranked according to weight of 
highest letter (the self-conjugate terms excluded), no attention being paid to 
degree ; the self-conjugate terms then come, followed by the conjugates of the 
first half of the terms in reverse order. The last half therefore proceeded 
essentially as regards degree only, and it would appear h priori that with no 
other continuous arrangement of terms would there exist so high a probability 
of the leading and ending terms showing respectively the highest letter and the 
degree of the source. * In medio tiUissimvs ibis.^ However, such a sequence of 
terms would in fact only be less imperfect than others of a continuous nature, 
for it is manifestly impossible for the terms to proceed both as regards weight of 
highest letter and degree. 
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It appears then to be imperative to abandon any continuous order, and as a 
consequence the following method has been adopted : after Professor Cayley I 
call the order according to weight of highest letter the counter order. Consider 
the weight n, and starting with the letter of weight n proceed with terms which 
follow both the alphabetical and counter-orders, the alphabetical order being 
dominant; that is to say, the order is an alphabetical one, with those terms 
omitted which do not as well obey the counter-order ; the remaining terms are 
then taken, and starting with the first one which was omitted from the first series, 
a second series is formed which is in both orders ; of the remaining terms a third 
series is formed, and so forth, until all the terms are exhausted. 

As an example the arrangement of weight 11 in four series is exhibited. 
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Each of these series is, taken by itself, perfect in arrangement, for each is in 
both alphabetical and counter-order ; further, each is self-conjugate ; that is to 
say, if a series contain m terms, the r"* and the {m — r + 1)*^ terms from the 
top are conjugate to one another ; this must of necessity be so, for the process is 
a conjugate one. 

Being given the leading and ending terms of a seminvariant of weight 11, 
an inspection of these series indicates the only possible terms that can occur in 
it ; for instance, consider the form, written for brevity, /g + b^cP] we have to take 
in each series those terms which at once coincide with or are posterior to fg in 
counter-order, and coincide with or are anterior to VtJP in alphabetical order ; in 
series 1, 2, 3, we take the terms from fg to i'd?, from odg to Jc^c, from Mg to 
6V/ respectively ; or if we merely required this form by itself, we might start 
with fg and write down in succession the portions of the series above indicated. 

The asyzygetic table for any weight formed on this principle consists of as 
many separate blocks or parts as there are series of terms ; each block of neces- 
sity possesses the reversible symmetry of my original tables, and the leading and 
ending terms must be respectively at the head and at the foot of the corresponding 
column of some one of the blocks ; these two indicator terms do not necessarily 
appear in the same block. 

I annex the new tabulation of weight 8, in two portions, for the binomial 
quantic. 
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This table compares, I think, favorably with the preceding one in many ways ; 
the only blank spaces that can occur must be consequent upon accidental zeros, 
so that the numbers are brought as close as possible together ; should it be found 
necessary to tabulate weights higher than 12, the splitting up into blocks may 
be found of considerable advantage. 

The minimum forms. By a minimum form I mean the form of lowest degree 
(i. €. the one possessing the earliest ending term in alphabetical order) that has a 
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given leading term ; or conversely, given a particular ending term, the minimum 
form is that one whose leading term is the latest possible in counter-order. In 
this investigation, for a given weight, we can by simple observation of the known 
results in the case of lower weights at once narrow the inquiry by imposing 
limits as regards the degree and weight of highest letter of the ending and leading 
terms that can be associated with given leading and ending terms respectively ; 
weight 13 will be taken as an example of this, the limits of the forms being 
determined by means of those in my tables I to XII, which are indubitably 
correct. 

I arrange the leading or non-unitary partition terms in counter-order, that 
is, according to weight of highest letter only ; and by reason of the conjugate 
law, as well as from considerations which will appear in the sequel, it is natural 
to place the ending or power-ending partition terms in alphabetical order. 
Placing these in two vertical columns, columns of limits are ranged to the left 
and right of these on the following principle. 

Tlie limits. The form (n + ♦ ) is obviously of degree <^ 3 ; pass on to form 
(cZ -|- * ) ; by the first fundamental law * anfe,' the derivative with respect to the 
highest letter I must be a seminvariant and cannot therefore be other than 
(c + 2>*) ; thus ( cZ -f ») degree <|:^ 3. 

Similarly {dk + ») degree <|;^ 4 

(e; + ») degree < 3 
since there exists the minimum form {e -f c*) in Table IV. 

And so forth a limit of degree is assigned for the ending term associated 
with each leading term. For the column of ending terms we can assign a limit 
to the weight of the highest letter in the associated leading term ; for by the 
second law 'awfe,' when each letter of an ending term is withdrawn one place in 
alphabetical order, it must be the ending term of a form of lower weight, and 
the whole of the literal terms of highest degree must be derived from some form 
of lower weight by advancing each letter therein one place in alphabetical 
sequence ; for example, from the ending term 6c/*, we obtain ah^^ and since 
Table IX displays a minimum form (/ + 6c*), the minimum character of the 
highest-degree terms in the form ending 6c/* must be (6% -f 6c/*) ; that is, 

(* + 6c/*) letter < k. 
These two conjugate processes may be shortly expressed as follows 

Leading Ending 

Decapitate Diminish 

Complete Complete 

Deg. <j; (deg. ending + l). Letter ^ (letter of leading -f 1) 

Vor.. VIII. 
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It will be noted that in some cases closer limits are secured by the condition 
fd — 2w'<^0 wherein p = extent, 6 := degree, w = weight, and it does not appear 
whether such closer limits are absolutely necessary to the present scheme. 

Now I suggest that, beginning from the top, the lead terms are to be paired 
off with the earliest end terms that satisfy the required conditions, as shown by 
the limits to the left and right of the columns, and that such an algorithm will 
give an existent, and furthermore, a minimum system of seminvariants. 

I observe that the weights of the letters in the right-hand column of limits 
are the same as the numbers in the degree column in reverse order, and this is 
true universally from the conjugate nature of the process. For a like reason the 
joining lines present the same appearance when the table is inverted, and it is in 
the symmetry of the algorithm that the h posteriori probability of its truth lies. 
I proceed to its examination. Consider a weight w , supposed odd for convenience, 
and the cubic form 

in which the form 3^2*^*'"*'^ is to be combined with forms of lower degree so 
that a maximum number of terms of higher extent shall vanish ; we shall thus 
arrive at a minimum form whose ending term possesses a partition the conjugate 
of the partition 3^2*^**""^^ we have to determine the coefficients A^, -Bg, (7s . . . 
(suppose 58 i^^ number) that such may be the case, and we can only do so by finding 
^8 — 1 independent linear relations between them. 

We need only to consider the non-unitary terms in ^, since a form is com- 
pletely given by its non-unitary portion, and we must express in succession the 
conditions that a^, aja^-j, «8^to-8 • • • ^^7 ^® absent from ^3; hence we must 

have ^ = , i. e. d^^ = or [w] 4> = where the portions in [ ] refer to the 

symmetric functions of the equation 

1 -y-^A + 2r*A-3r'A+ . . . = o, 

A being as usual Mr. Hammond's operator. 

In operating with [w] on ^ we are obviously only concerned with the cubic 
equation 1 + y^'A — y""'A = 1 

and we thus get one relation between j4g. At ^si • • • ; similarly operating with 
[w — 2.2], [w — 3.3], [w — 4.4], [w — 4.2*], ... we obtain the relations that 
must be satisfied by the coefficients if the terms a^a^^^y o^w^si ^4«w-4i «l«w-4i • • • 
be not present. 
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The question that now arises is: How many of these operations [w], 
\w — 2.2] . . . are independent. 

The Syzygies. 

Consider now not the cubic forms but those of any degree ; we have the 

equation of degree Q 

X* + a,x*"' — a^x*"* + . . . it a, = ; 

and its non-unitary symmetric functions of weight w {%o >► &) whose partitions 

contain not more than 9 parts ; the linear relations connecting them are found 

by eliminating between them all the non-unitary terms which contain no part 

> 9 ; the number of these syzygies will obviously be the excess of the number 

of non-unitary partitions of w having not more than 6 parts over the number of 

non-unitary partitions having no part greater than 6 ; that is it will be 

Co. aV 7. .7. \ — 7, ;.-. — Co. a*- V-^ ^ 



(1— a)(l— aa?)...(l— ax«') (1— a)(l— aa:)...(l— oa;*^) 

Co. - ^ 



— Co. a* ^ 



(1— «•)(!— «•)...(!— a;*) 
— Co. a;'^"'*"^ ^ ) 

1 — xA — 3?.\ — 7?...\ — 7^ 

that is to say, their number is equal to the number of partitions of w? — 9 — 1 

having no part >► 9. 

Turning again to the cubic forms and the cubic equation, we can easily form 

the actual syzygies, for by the Newtonian theorem of the sums of powers 

{w) + c{w— 2) — d{w — Z) = Q, 

and (3) — 3d=0 

(2) + 2c = 0, 
whence a first syzygy 

(«?) — 3 (ti? — 2 . 2) — 2 (t£; — 3 . 3) = , ( 1 ) 

which, in the case of cubic forms, indicates a linear relation between the equa- 
tions derived by means of the operators [m?], \w — 2.2], \w — 3.3] ; hence if 
a^ and a^a^^% be absent, so also must be a^y,^^, which is obviously consistent 
with what has gone before, since we know that a^^^s cannot be the lead term 
of a cubic form. 

Again, clearly (^o — 4) ^4) -f c (2) | = , 

or (w) — 2{w— 2.2) + {w — 4.4) — 2{w— 4t. 2^) = 0] (2) 

the next syzygy, showing, what we know otherwise, that a|a^_4 cannot be the 
lead term of a cubic form. 
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This second syzygy is derived from the first by putting 2/? =4 and then 
multiplying by {w — 4), 

The next two are obtained by putting w = 6 and = to — 2 and multiplying 

by {w — 5) and (2) respectively ; thus 

{w) — b{w— 2.2) — b\w — 3-3) + (to — 6-5) — 5 (ti? — 5.3. 2) = (3) 

(t/?) — 2(ti7— 2.2) — 2(t^— 3.3) — 3(w; — 4.4) — 6(w? — 4.2*) 

— 2{w— 5.5)— 2 (W7 — 6.3.2) = (4) 
which may be written 

{w) — 5{w—2.2)—5{w—3.3) + {w—5.5) — 6{w—5.3.2)=:0 

(w?) — 5(tt? — 4.4)— iO(M?— 4.2*) — 4(t^ — 5.5) = 0, 

indicating that a%a^y,^^ and a^^^^ are impossible lead terms for cubic forms. 

Again in (1) putting w? = 6 and to— S and multiplying respectively by 

(w — 6) and (3) we obtain the syzygies showing that a^^Oy,^^ and aja^.e cannot 

be lead terms. Next 

put in (1) w? = 7 multiply by (t^ — 7) 

w=b (lo- 7)(2) 

t£;=4 (t£? — 7)(3) 

w^w — 4 . . . (4) 

(N. B. — We do not also multiply the latter by (2*) by reason of the relation 

(4) — 2 (2*) = 0) ; between these four syzygies we eliminate the term {w — 7.3.2*) 

thus obtaining three significant syzygies showing the nullity of the terms 0^,0-7, 

This method is easily continued and forces on us the conclusion that cubic 
forms exist for each lead term a^fl^ , (i%a„^%f (^^w^n «6^w-6» • • • > taken in succession 
until all the cubic forms are exhausted ; those terms of this type which remain 
over must belong to higher forms. The algorithm is therefore proved so far as 
regards cubic forms 

Passing on now to quartic forms I discuss the linear relations connecting the 
non-unitary symmetric functions of the equation 

for a weight t(? (> 4) . 

These, as before, will indicate the impossible lead terms of quartic semin- 
variants. 

We have {w) + c {w — 2) — d{w — S) + e{w — 4) = (a) 

(4) + c(2)+4e = 
(3) — Sd =0 

(2) + 2c = 

whence a first syzygy 
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(t^) — 1 8 (w? — 2 . 2) — 8 («? — 3 . 3) — 9 (to — 4 . 4) — 3 (ti? — 4 . 2») = 
or aja«,_4 is not a lead term. 

Put now in {a) w=^5 and multiply by {w — 5), whence the next syzygy 

{w) — 6{w—2.2) — 5{w — 3.3) + {w—6.5) — 6{w — 5.S.2) = 

or a^^w-i is ^ot a lead term ; a^a^^^ may be and will be if there be suflScient 
quartic forms left after the other prior possible lead terms have been utilized. 
As before we next have a batch of two syzygies obtained by putting in (a) 

11? = 6 and multiply by {w — 6) 

w = w— 2 BJid " (2); 

without working these out it is easy to see that they will indicate syzygies cor- 
responding to the terms g^«,-.6» «i^to-6- 

Again in (a) put u? = 7 and multiply by {w — 7) 

w= 5 " " {w— 7)(2) 

w = w — S'' " (3) 

thus obtaining syzygies which negative a^a^'^w-'if ^8<*4«to-7i oJ^b^ip-t- Also put 

w= S and multiply by {w — 8) 

w=6 *' " {w — 8)(2) 

w=5 '' ^^ [w — 8)(3) 

w = w — 4: '\ " (4) 

and syzygies will result which negative agaga^-ei ^\<^w-bi ct^a^p-^^^, a»a|a«,_8 as 
lead terms of quartic forms. 

The syzygies are readily continued and material thus obtained for deter- 
mining * seriatim ' the lead terms, in counter order, which are associated with the 
end terms in alphabetical order. 

No difficulty occurs in the treatment of the quintic and higher minimum 
semin variant forms by the same method ; the first syzygy in the case of forms of 
degree 6 is obtained by the elimination of c, d, e, . . . , a^ between the equations 

(w) + c{w— 2) — d{w—S) + e(io — 4) — . . . + (— )'a#(to — 6) = 

(6) + c{e — 2)—d{e — 3) + e{e— ^)— . . . + {—yea, =o 

{e — l) + c{d — S) — dle—A) + e{e — 6) — ... + (— )«-ie— l.a,^i=0 

(3) — sd =0 

(2) + 2c =0 

and the remaining syzygies in successive batches as before. 
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Cases occur in which one or more of the coefficients are arbitrary, and the 
form therefore is, strictly speaking, indeterminate ; for example, take the form 
of weight 17, 

^, = A J(432») + B, (3^2) + G, (3»20 + A (32^) ; 
the conditions that r and cp may be absent, give two relations between the coeffi- 
cients A^, B^f Gi, Z>4, and since the term ^en^ can also be made to vanish with 
*<fo' if u44 = 0, it follows that the form do + hcW properly includes the form 
en + /flf*, and is therefore indeterminate ; we can, however, agree to fix the form 
do + hch? by making r, cp and en vanish, thus forming three independent equa- 
tions between the four coefficients ; in general a form is fixed by setting apart 
the lead term and making a maximum number of the remaining non-unitary 
terms, in counter order, vanish. 

The foregoing investigation so far agrees with the algorithm previously set 
forth, but is, however, insufficient to completely establish it ; I do not at present 
see the way to effect this. 

I have verified it as far as weight 17 inclusive. 

Sec. 3. 7726 Gdlculation of Seminvarianta. 

I indicate a method of calculating the covariant sources of the quantic 

(1, 0, a,, as, a^, . . .\x, y)^ 

It is well known that if 4» (a|, Os, a^, . . .) be any such source, ^(ii^, A^^ A^^ ...) 

will be the corresponding form for the quantic 

(1, ai, a,, as, 04,... Ja, yY, 
where 

A, = a,-ra^a^^ + \T{r—\)a\ar^-... + {—Y\T{r—l^^ 

A^ being itself a source, ^ may be any function whatever, or what is the same 

thing, ^ being arbitrary, we have ^(o^, as, 04, . . .) as the non-unitary part of a 

seminvariant : we can, by the proper determination of the arbitrary constants, 

reduce the degree of this seminvariant, viz., 

J.J = Os — a\ 

J.^ = a4 — 4aias + 6a}a, — 3a{, 
a4 + ^a| is the non-unitary part of a4 — ^lO^ + Baja, — 3a} + &(a| — 2afa, + a}) 
a seminvariant in general of degree 4, but which for Jfe = 3 , becomes a4 — 4aias + 3a} 
of degree 2. 

Suppose ^ = XLa^^Uj^a^^ . • . «aki «a,» «a^ • • • being of course non-unitary, I 
proceed to find the relations that must exist between the Z's, in order that the 
successive possible ending terms may vanish ; these are power-ending terms, and 
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I will consider them arranged so that their conjugates are in counter-order. 
Thus 

End term. Conjugate. 



ar-*ai 


«•-»«» 


ar-*«i 


a«-s«8 


a^-»at 


«»-««4 


<-•«! 


a^-ioj 



What is done is in reality to establish a rule for the product of any number 
of terms of the series A^, A^^ . . . and then to apply it to a semin variant con- 
sidered as a sum of any number of such products. 
In order that af may vanish we must have 

XL{-Y^+\X,-l){-)^'^\^,-l) . .,(_)^+i(a.- 1) = 0, 
or say 2(— )«AZ = 0, (1) 

wherein A = (^i — 1)(A^ — 1) ... (\ — 1) ; 

a relation that must be satisfied by the non-unitary portion of every seminvariant 
of degree < weight. 

The condition for the vanishing of the non-power-ending term Oi^^a^ is 
similarly found to be 2 ( — yAXXiL = , 

which, since 2Xi ^ ti?, is implied in the former, and so in every case it will be 
found, what we know otherwise, that we need only to consider the power-ending 
terms. 

Let [I''] denote the sum of the products/ together of the integers >li , ^, . . . A,« , 
then for the vanishing of 

af^al relation is 2 (— )''A [l»] X = (2) 

ar""«a| '' 2(— )"A[l«]i=0 (3) 

ar^'at " 2 (— )''A [1^] Z = (4) 

af-^ai " 2 (— )"A [l{] L = . 

In the case ^"•al we have 2 {—YASTii^ (Xi — 2)(X, — 2)Z = 0, which may be 
reduced to a very simple form if we suppose relations (1), (2), (3), (4) to be 
already satisfied ; for 

lX,k, (X, - 2){X, - 2) = [1«]' - 2 [1] m + 2 [1*] - 2 [1] [1»] + 6 [l»] + 4 [l»] , 

= [1»]'— 2«?[1''] + 2[1*]- 2«>[1»] + 6[1»] + 4[1»], 
or we have af "•«! relation is 2 (— )'A [l»]*X = 0, (5) 
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or this implies that the terms a", af ~*a|, «""*«». «""'«!. being absent, so also 
must be af~'a|. 

So again for af ~'a,a|, we have 

2 {—YA^Xi^^Ks {Xi — 2)(A, — 2) Z = , 
and iXi^^ (Xi — 2)(X, — 2) = 2;iiX, {Xj, — 2)(A, — 2){w — X, — A,) 

= I,Xi^ (Xi — 2)(A, — 2)(^i + ;i,) from (5) 
= [32] — 2 [31] _ 4 [2*] + 4 [21] 
= [!'][!'] by(l), (2), (3), (4) and (6). 
The condition that af ^a^ may vanish, as well as those before considered, is 
consequently af V! 2 (— )"A [l*] [1«] Z = . (6) 

From an examination of the method of obtaining the above relations the 
following general theorem is seen to be true. 

Theorem. — '*If ^La^^a^ • • • «a« be the non-unitary portion of a semin variant 
whose developed expression contains no term, the conjugate of which is prior in 
counter-order to the non-unitary term a^ala^d} . . . ; then the condition that the 
term conjugate to a^ala^yaf . . . may also be absent is 

2 (-)'A [1^* [r]- [1*]-. . . Z = 
wherein A = (;ii— 1){2^ — 1) ... (X^ — 1), and [1-^] is the sum of the products/ 
together of the integers ;ii, Jl,, • . . A,^." 

This theorem obviously enables the calculation of any semin variant from its 
non-unitary portion by the formation of a suflScient number of relations between 
its numerical coeflScients, ex. gr. there is a quartic invariant containing the non- 
unitary terms a^a^, a|, a|, or say the portion in question is 

Aa^a^^ + Ba\ + (7aj. 
Hence for 

a{ (2— l)(4—l)^+(3—l)(3— 1)£.« (2—1X2— 1)(2— 1)0=0 or 3^+ 4B— (7=0 
diA 8 « +9 •" —12 " =0or24^-f36£— 12C7=0 

or if -4=1, £ = C= — 1, 

and there results the portion a^a^ — a| — a| of the complete form 

Ojiai — aj — a}a4 + 2a^a^ — of ; 

the meaning is that we so determine A, B, G, that 

A{a% — ai)(a4 — ^<h + 60^0, — 3a}) 
+ 5(a8-3aia,-f2af)» 

may be without the terms a\,a\a\. 
vor-vm. 



18 MagMahon: Memoir on Seminvariants. 

Sec. 4. General form of a Seminvariant. 

For the quantic of order p , a seminvariant is of the form 
w = ap« + i3p«-^ + yp«-« + «p«-» +...+/, 
(p being the letter of weight p) wherein a^ fij y, 8, . . . J are functions of the 
literal coefScients which do not involve p ; forming the successive derivatives 
with regard to p, which are of course semin variants, we have 

^ = «xp«-H(x-l)/?p-« + (x-2)yp-»+(x-3)V+--- 

^ = x(x-l)ap«-» + (x-l)(x-2)/3p«-» + (^-2)(x-3)yp«-* 

+ (;,_3)(x_4)V-»+... 

From these x equations are deduced 

and generally 

/ . . ,M d—'+H* d«-*+»u , 1 *-*+»« , , , ,. . 1 d«t« ,_, 

(*-'+^)'«'=^;^^=i+i-d;;;^^p+2Td^^=i^»p-^ • 

Substituting these values in the expression for ti there results on reduction, 

(-r-.!»=^p--.^,-+«(«-i)^p--... 

in which « ^ x — 1 . 

In this form every seminvariant to the p** may be expressed. 
The result may also be written as follows : 

(^.-''^■+^'^:-(-)-"»5fO"+(-)-^'"'-^=»' 

J' being that part of u not involving p. 

ROTAL MnjTABT AOADBKT, Woolwioh, England, June 16, 1886. 



Syzygy Tables for the Binary Quintic. 

Bt J. Hammond. 



In his Tenth Memoir on Quantics (Phil. Trans., Part II, 1878, pp. 603-661) 
Prof. Cayley has given an enumeration of the irreducible syzygies for the Binary 
Quintic, and an incomplete calculation of their values, not extending beyond the 
deg. order 14.4. Table I of the present paper is meant to replace his enumer- 
ation (from which it diflFers by the omission of twelve syzygies) or that of Prof. 
Sylvester {American Journal of Mathematics, Vol. IV, p. 68). The letters a, 6, 
c^ . . .w denote the same system of 23 groundforms as in the memoir referred 
to, the numbers show the number of irreducible syzygies for any deg. order. 
The calculated values of all the irreducible syzygies will be found in Table 11. 

I hope on some future occasion to prove that my enumeration is the correct 
one, and shall content myself, for the present, with proving that the syzygy 
named 6' by Prof. Cayley is reducible. 
This syzygy is 
— 86' + a^q + lOaVj — 9abdg + ZahJ + 126% + 326cm — 12cdj— Acgh = 
say 2=0. 

Copying from Table II the syzygies named cP, dh, A*, and dm, we have 
((P) = aj—h^ + 2hh — cg — 9d^ 
{dh) = am'\' 2b^d + cf — Sdh 
(A») = adg — beg— 126cP — 4cm + A* 
{dm) = ag+ 2b'^j —bdg — hj + 12dm. 
Whence it is easily verified that 

2 = a{dm) + 86»((?) — Sb{h') — 12d{dh) + 4A((P). 
The remaining eleven syzygies have not been calculated by Prof. Cayley. 

It may be noticed that the names of the syzygies in Table II are all of them 
binary combinations of the groundforms, and it has been found (in every case 
that I have considered) that every irreducible syzygy contains at least one such 
binary combination among its terms. But I have no proof of this. 
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Table II. 

D««. order. ThE SyZYGIES OP THE QtHNTIC. Kame. 

5.11 ai + hf — ce=0 ce 



6.6 


aj—h^-\- ibh — cgr — 9eP = 


<P 


6.8 


aJe + 2bi — Sde = 


de 


6.10 


a*g — I2abd — 46»c — e» = 


e» 


6.12 


al—2ci + Sd/=0 


df 


6.14 


a*h — eacd — 46c* — e/= 


ef 


6.18 


a'd — a*ic + 4c' + /» = 


f 


7.7 


am + 2b*d + cj—3dh = 


dh 


7.9 


bl+ck— Sdi = 


di 


7.9 


an — l^e+ ibl + eh=0 


eh 


7.9 


4bl + 2c* — eA +/g = 


fg 


7.11 


abh — acg + 6bcd + ei= 


ei 


7.13 


ade—bce+2cl+/h = 


fh 


7.15 


a*bd — ab*c + ach — 6c*d — /i = 


fi 


8.6 


bn — ej-[-gi+ Zdk = 


dk 


8.6 


ao — 2bn — e; ^ 


to 


8.8 


2i»A + % + 12cwi — '3^» — ek = 


ek 


8.8 


adg — beg— libiP — 4cm + h* = 


h* 


8.10 


abk + ap + bcU! -fj- 6dl=0 


dl 


8.10 


ap+ 2cn + /j = 


f3 


8.10 


bde — en — hi^ 


hi 


8.12 


3adh + ibch — 2<*g — lSc<P + cZ = 


el 


8.12 


el — 2i* -\- fk = 


/* 


8.12 


ab*d — acj + 9cd» + i» = 


t' 


8.16 


3a»d» — ahed — 2i»c» + 2c»A —fl = 


/I 


9.6 


aq+H^j — bdg — hj + 12dm = 


dm 


9.7 


ar + ij + Zdn = 


dn 


9.7 


ar — b*k — bp — em ^ 


em 


9.7 


CO +• 6rfn + 3em -\- gl=0 


gi 


9.7 


eo + em — M = 


Kk 


9.7 


bp + oo — ij= 


• • 

V 


9.9 


ab*g + 6abm — agh + 2bcj — en = 


en 


9.9 


abm + 3Jq/ — Scdg + ik=:0 


ik 


9.11 


adk + icA; + cp + /m = 


fm 


9.11 


bek-\-2cp-\- Zd^e — Kl=.0 


U 


9.13 


bei — d^—2il+/n = 


fn 


9.13 


Sabd^ — Vcd— 2c»y + Scdh + U=0 


il 
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Table II — Continued. 

Peg. Order. Ham*. 

10.4 2br —jh + 3do = do 
10.6 agj + 2h^g + 126*m— I2hdj — 2bgh — 60 = eo 
10.6 2b^m — Scq — ^ — Shm = hm 
10.6 46»m+ 126c?y— 9(?gr + ^= A? 
10.8 flw — Sbdic — 2im — Zdp =0 dp 
10.8 26<iA+6gri — deg + Aim -^ hn=^0 hn 
10.8 JdA + cr — im = tm 
10.8 2cr — Sdp +Jl=0 jl 
10.10 bek + 171 — AZ + e/) = ep 
10.10 e/) + 2m +/o = /o 
10.10 aftrfgf + Zadm — ahj + Scd/ — in = tn 
10. 1 Sadwi — 4 Jem — 3crfy + A;/ = Id 
10.14 6/& — 6i* + (fei + Z»+^ = ;5> 
10.14 %ad? + 36ccP + 4c*?n + Z» = ?* 

11.5 65 + A:m — 3eir = dr 



11.5 
11.5 
11.5 



6*0 — 6cZr — gp — Sjn — 2ho =0 Ao 

11.5 6*0 + 2bgh — 66s — 3Ao — 3/71 = jn 

1 1.5 Jg^A; + ^g' + S!/? + 2yn + 6hm = fern 

11.7 io + A7i + er=0 er 

1 1.7 agrm — 66dm + 36Ay — Zdgh + to = to 

11.7 b^dg + 126dm + 26Ay — 3dgrA — jfcn = Tm 
11.9 o/A — bem — Adej •\- 2dgi — 2?m +/q = fq 
11.9 ado + bem + bhk — 2lm + Ap = hp 
11.9 C5+ ScPfc— ?m= Zm 
11.11 6iA; + deA; + ip+/r= /r 
11.11 abdj — 6*c/ + 26cdgr + 6cdm — cA/+tp=0 ip 

11.11 /r — ip — ln=0 In 

12.4 26*g + 26grm + 46y* — Sdgj + fe) = *o 

12.4 bgm + Shq + ko+ 12m^ = m* 

12.6 6do— 36y&+ 2ij— 2j>+ 6cfo=0 ds 
12.6 6do+mn + Ar=0 Ar 
12.6 at — bjk + 2mn —jp =0 jrp 
12.6 6yA; — dgk — iq + mn =0 mn 

12.8 6A:*+ 2ir + ^p — eff= es 
12.8 A;^? — ?o— 2ir=0 ir 
12.8 aym — 26cg' — 2cgm — cp + Ap = kp 
1 2.8 66Am — 2csrm — 18(?m + 3dAy — i!o = lo 
12.8 6eo — egrA + 3c5 — 3i!o— 3n* = n* 

12.12 bkl+2dik + lp+f8 — fa 
12.12 3cK?y + 26*cm + 36cdy + 2cAm + Zj9 = Ip 
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Deg. Order. " Name. 



Table II — Continued, 

13.3 2bt — g8 + Jcq+2jr—0 Jr 

13.3 bt — yr + 7wo = mo 

13.5 bdq + Sbjm — Adgm — dj^ — 3aw = au 

13.5 Zbdq—ibjm + Mgm — kr=0 hr 

13.5 ^Vgj— 2bdg^+ 6bdq+12bjm — ghJ—no= no 

13.7 bJcm — 3(Po+2mp — fi8 = hs 

13.7 Zbkm — ct+ Smp + lq=0 fq 

13.7 ct + dJJc — mp = . mp 

13.9 dJ^ — lr-^-ia—O 

13.9 ZVdm + 36epy — 29m + Zdhm + /r = 

13.9 ber — hnk + deo— 2lr — np = Q 



14.2 
14.4 



%8 

It 



np 



mr 
av 



nr 
op 
ft 



4bgq — 36bu — gf + o« = 0^ 

J8 + 2mr —Sdt = dt 

14.4 Jgrr + 2bjo — gjk + Znq — 1 2mr = 
14.6 26^2' + Vgm + 6A^ + 6fo> + e< — at? = 
14.6 bw? + ^9' + djm + cu = cm 
14.6 bho — 2nr + op — et-= et 
1 4.6 46m* + 9cPgr + 6c?ym — fe = fo 
14.6 26*0 + gr^ — 3fe + 3^o — Znr = 

14.6 46A5 + 2bT€0 + 1 26m* + Qdjm — hf+ op=0 
14.10 3akr'\'bes + 6dkn — 5€km — 6l8 — 6/t=0 
14.10 156c?m + 4cm* + 9d^J + fe = & 
14.10 bkp—2dJen + /t+p'' = / 

1 5.3 bjq — erfgry + g[;m + 2J^ + or+ 54dw = du 

15.3 26yj — 6i; + fij;'m — or = or 

15.5 6mo — dgr — djo — gkm — 3ew=0 eu 
15.5 2bH—2dgr—2djo—pq — ht=0 ' JU 
15.5 6mo + Sdjo + 2grA:m + Sht — Qms = wi« 

15.7 6dhq + 3ci>fco + 18dm* + 37ym + 2c;g'— ct; = cv 
15.7 dko — pr-^it = it 
15.7 bkr + it +pr + 718 = ns 
15.7 56*ym + ZUp —jT^ _ Scv + 3^r = pr 
15.9 aeft + 3amr—2ciig' + 6e;mn — 3fm* — 3^1^=0 fu 



OS 



€V 

in 



nt 
ra 
iv 
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Table II — Continued. 

Deg. Order. Name. 

16.4 Sdjq + 2pm + 2r* — 3di? = dv 

16.4 &l?u^ibmq + djq—2dv — Zhu=0 hu 

16.4 6b*u + 2bmq — 3dv + kt = kt 

16.4 Ja—27^ — os=0 OS 

16.4 36*w + 2bmq + gm^ — r* = r^ 
16.6 agt — 4bjs — 20bmr + 2bnq — ev = 
16.6 bdt + bmr + dicq + Jkm + 3m = 
1 6.8 dadu + 26*m* — 36c?5 + 2cm^ + 2/v^m — ft = ft 
16.8 2dkr — H + 2^=0 ps 
16.10 aA^— 6ft^i:m— 18c?m/?+ 2^'g'— 2Aig'— /i? = ^t? 

17.3 boq + gr/r + gmo — 2grA:j + 2y*o + 18Z;w =0 hi 

17.3 Zku — qs — 2mt =0 tn/ 

1 7.6 2Vjq — Vv — 2bdgq + 18feciu + n< + At? = hv 

17.5 6or — 2^Ajr —jho + 6r6' + 3/i/ = 

17.5 9bdu + 3d?wg' + 2ym* — r« = 

17.7 2a;V — 18t?< — iMmr + 6^/15 + ijq — iv=0 

17.7 (?/! + dmr — km^ + Iu= lu 

18.2 4^972^ + 2j^q — S6mu — ot — jv = jv 

18.2 36^u — 6^— yi; + o<= 0/ 

18.4 Ahjt — 2bqr — Sdgt + kv = kv 

18.4 dgt + doq + 2gmr + 2jmo — Qnu = nu 

18.6 26a» + 36r* — 3cfor + grA» — 3^ + 3/)< = ^< 
18.6 27(Pm — 4w^ — fi> = «* 

18.8 idA^ + 9deu — 4imq + 6rn^n — lv = Iv 

19.3 3&;w — rt + mv=^0 mv 

19.3 . 6bju — 9dgu + 3(7^ + 2jmq + 2rt = H 

19.5 2j^s + lO/wr — //ig' — nv -^ 6aw = ai£7 
19.5 Sbmt + d;'< + 2dqr + 3j[>w =0 ^ 

19.5 l^gt + 6*jo + 1 2bmt — glU — hoq — Jnq — nt? = nv 

20.2 66i^ + gjt — 2gqr —joq + 18rti =0 ru 

20.2 126t^? + g[;^ — ot? = ov 

20.4 6imt* + 9dyi6 + 2w?q — 8t = st 

20.6 Sbjmo + 5dy*o + 2c?gryr + 2jj)q — pv — 1 2ctc? = cw 
6bjmo -i- Sdf^o — 9giu + Si^ — 2*or+3pt7 = pv 



20.6 
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Table II — Continued. 

Deg. Order. Name. 

21.3 2jH —jgr + n? + lidw =0 dw 

21.3 Zhou — ibqt — gmt + rt? = rv 

21.3 4bou — 12dw — gJcu — gqs + 2moq + 128u =0 au 
21.6 gnt — 2jo8 — lOmor + noq — 6ew = ew 
21.9 bioq + 2crt — deoq — 6dkmo — 6dpt — hnt + 6/w =0 fw 

22.2 Sgmu + Sj^u — rrnf — fi=0 fi 
22 A Zdgoq — 2Tdou+^mr + 2gJmo — 6jmt — oV — Smqr — 9hw = hw 

22.4 6bru + Sdqt + 2jmt — 8V = sv 
22.6 Sbmc^ + 5dfV + 2dgor — gpt + 2poq — 12iw =0 iw 



23.1 
23.3 
23.7 


Sgou — 4gqt — 03* + 36<m — 12y«> = 

grt + 2jot — oqr-^ Bhw = 

hmor + pkr + 2jpt — rht+6lw = 




Jw 
ho 
Iw 


24.2 
24.2 
24.4 


Zjou — 2jqf -{- vt + 12mw = 

3gru + 3jou — g*r — to = 

g*i* + 2gjor + y V — 6jrt —SqT» + 9nw = 




mw 

tv 

nw 


25.1 
25.6 


^9*ju — gj^ — "^ggv + 36tt« — 1 2ow = 

bgrt + Itfot — gmor — jmc? — Jet + mrt + 3nou - 


-Zpw = 


ow 
pw 


26.2 
26.2 


gf + Zm? — ^qot + 12rw = 
3i?y*« — 2/50 + 1 2rM? + tj» = 




rw 


27.3 


2jf — 3ro« + gr< + 6««> = 




sw 


29.1 


6a/?« + 3gww — lOSyw* + 2j<f — g*» + 12<w ^ 





tw 


31.1 


3s(»<tt — g<ft + 6goqu + 2g^o — 10Su*o + 12»«J = 


:0 


vw 


36.0 


gf»i*» + 2g*^u + g^— 12gqy? — 8g^u + 432w» — 


16to» = 


tc» 



yoimYHI, 



Prufung grosserer Zahlen atif ihre Eigenschaft 

als Primzahlen. 

(FOBTSBTZUNQ VON VOL. VII, NRO. 8.) 

Von p. Seelhofp. 



Als Fortsetzung ineiner Ausfiihrungen in Nro. 3 gebe ich zunachst eine 
tabellarische Zusaramenstellung von 192 negativen Determinanten. Die Tabelle 
besteht aus 3 Kolonnen. Die erste mit der Aufechrift D giebt die Determinanten 
selbst, die zweite die daraus abgeleiteten Hauptformen (Formae principales) und 
die dritte den Gesammtcharakter dieser Formen. Als wesentlichste und fur den 
vorliegenden Zweck nothwendige Eigenschaft dieser Hauptformen soil noch 
einmal hervorgehoben werden, dass neben ihnen keine anderen reducirten Formen 
mit demselben Gesammtcharakter bestehen. Die Bezeichnung der einzelnen 
Charaktere 3/1 + r, 3n — r, etc. bedeutet, dass die Zahl N, welche dargestellt 
werden soil, fiir 3 etc. quadratischer Rest, resp. Nichtrest ist. Haben mehrere 
Formen denselben Gesammtcharakter, so ist dieser nur bei der ersten Form 
ausfiihrlich angegeben. 

Eine auch fur dife Zahltypen 8n + 3 , 8n + 5 und 8n + 7 durchgefiihrte 
Sonderung der Formen erschien mir nicht zweckmassig, weil hierdurch zu viele 
Wiederholungen nothwendig wurden, und wenn ich nach eigener Erfahrung 
urtheilen darf, so ist die jetzt gewahlte Zusammenstellung fiir den Gebrauch von 
hinreichender Uebersichtlichkeit. 

Ich mochte dies an einem Beispiele nachweisen, welches mir zugleich 
Gelegenheit geben wird, das in dem friiheren Aufsatze iiber das Verfahren 
Beigebrachte in einzelnen Punkten zu erganzen. 

Herr J. W. L. Glaisher in Cambridge aussert sich in einem seiner Au&atze, 
wie folgt : " The process of determining without a table the factors of a number 
is excessively laborious. Thus to determine, for example, whether the number 
8559091 is or not a prime would require a long day's work." Sehen wir zu ! 
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Bs findet sich sofort, dass diese Zahl iVquadratischer Rest fur 3, 5, 7, 17, 19, 23, 
dagegen Nichtrest fiir 11, 13, 29, 31 ist. Unter den Formen, fiir welche sich 
einige dieser Charaktere in Verbindung mit dem besonderen Charakter 8n + 3 
vereinigt finden, wahle ich 'die beiden Hauptformen (15, 0, 364) und (60, 0, 91) 
der Determinante — 5460, fur welche mein hat 3w + r, 5n + r, 7n + r, 
13n — r; 8n + 3, 7, 

1. 15a + 3646 = i\r 

Da i\r=l (15), 364 = 4(15) und 4.4 = 1(15) ist, so subtrahire ich 364.4 von N 
und dividire durch 15. Dann ist 

a = 575509 — 364Z; 
6=4+ \bh. 
Femer hat man 575509 = 4(7), = 12(13) ; setzt man demnach 

15a?+364y* = J\r, 
so ist sc = 4< ifc 1 = 7w d= 2 = 13t; ifc 5 und weil \/5756()9 = 758 die obere Grenze 
bildet x= 5, 47, 135, 177, 187, 229, 317, 359, 

369, 411, 499, 541, 551, 593, 681, 723, 
733. 

Leitet man hieraus mit Hiilfe von Quadratzahlentafeln h und in zweiter 
Linie h ab, so wird letzeres fur keinen dieser Werte ein Quadrat. 

2. 60a + 9l6 = i\r. 
Aehnlich wie oben findet man 

a= 142650 — 91& 

6 = 1 + 60A; 
x= 12, 40, 51, 79 

103, 131, 142, 170 • 

194, 222, 233, 261 

285, 313, 324, 362 

376. 
Nur fur x = 376 ist h oder y* = einem Quadrate, namlich 841 = 29*. Also ist 
8559093 = 60.376* + 91 . 29» eine Primzahl. 

Ich muss ferner auf das in dem ersten Artikel gesagte noch in einer anderen 
Beziehung zuriickkommen. An ein oder zwei Stellen, wo es sich um mehrere 
Hauptformen mit gemeinschaftlichem Gresammtcharakter handelt, war meine 
Ausdrucksweise vielleicht nicht genau genug, ich gestatte mir deshalb, um jedem 
Misverstandnisse vorzubeugen, noch einige Worte. 



28 Seelhoff : Prufmug groeaerer ZaMen auf thre Eigenschaft dk Primzahlen. 

Au8 der Determinante — 1012 lassen sich, um ein Beispiel anzufuhren 

folgende Hauptformen ableiten. 

fl, 0, 1012) ^f 11, 0, 921 
14, 0, 253 j ^^^ 123, 0, 44J ' 

Die beiden Formen in der ersten Klammer haben denselben Gesammtchar- 
akter, ebenso die beiden in der zweiten Klammer. Nennt man nun nach Oauss 
einen solchen Complex von Formen mit demselben Gesammtcharakter eine 
Gattung (genus), bo ergiebt sich fur sammtliche 192 Determinanten folgendes : 
Erh&lt man aus eammtlichen Formen einer Gattung nur eine Darstellung der 
Zahl N, BO ist diese eine Frimzahl; erhalt man keine Darstellung, so ist N 
zusammengesetzt. Erhalt man mehr als eine Darstellung fiir eine und dieselbe 
Form oder auch fur mehrere der Gattung angehorige, so lasst sich aus einem 
Paare solcher Darstellungen ein Paar Faktoren von N ableiten. 

Wie dies geschehen kann fur den Fall, dass beide Darstellungen durch 
dieselbe Form gebildet werden, habe ich in dem ersten Artikel nach dem Vor- 
gange Eulers gezeigt ; es bleibt also noch der andere Fall iibrig, dass zwei 
verschiedene Formen zur Darstellung dienen. Sei also fiir die Determinante 
— mnp mna? + pj^ = N (1) 

so multiplicire man (2) mit no? und (1) mit ^^, dann ist 

fnn{^xy+ p{^yy=eJ^ 

mn {^xy + p {nrixy = rvsfN 
und hieraus p \ {j^yy — {nrixy } = (^* — nsi?) N. 

Bestimmt man jetzt noch den grossten gemeinschaftlichen Divisor von ^y + nrix 
oder fy — ni^x und N, so ist dieser einer der gesuchten Divisoren. 

Bbbxbn im liai 1885. 



D 


Formen. 


Charaktere. 


D 


Formen. 


Charaktere. 


— 1 


1,0, 1 


8n+l, 5 


— 43 


6,0,7 


8n+r, 7n— r; 8n+5, 7 


- a 


1 


, 0, 3 


8n+l, 8 


— 45 


1 


0, 45 


8n+r, 5n+r; 8n+l,-5 


-8 


1 


0,8 


8n+r ; 8n+l, 8, 5, 7 




5 


0, 9 


3n— r, 57i+r; 8n+l, 5 


— 4 


1 


0,4 


8n+l, 5 


— 46 


1 


0, 46 


28n+r ; 8n+l, 7 


— 5 


1 


0, 5 


5n+r ; 8n+l, 5 




3 


0, 23 




— 6 


1 


. 0, 6 


8n+r; 8n+l,7 


- 48 


1 


0, 48 


3n+r ; 8n+l 




3 


0, 8 


8n~r; 8n+3, 5 




3 


0, 16 


3ti+r ; 8n+8 


— 7 


1 


,0,7 


7n+r;8n+l,8,5,7 


— 55 


1 


0, 55 


5n+r, lln+r; 8n+l, 8, 5,7 


- 8 


1, 


0, 8 


8n+l, 




5 


0, 11 




9 


1 


0,9 


8n+r-, 8n+l, 5 


— 57 


1 


0, 57 


3n+r , 19n+r ; 8n+l, 5 


-10 


1 


0, 10 


5n+r ; 8w+l, 8 




3 


0, 19 


8n+r, 19n— r; 8n+3, 7 




3 


0, 5 


5n— r ; 8n+5, 7 


- 58 


1 


0, 58 


29n+r ; 8n+l, 3 


-13 


1 


0, 12 


8n+r ; 8n+l, 5 




3 


0, 29 


29n-r; 8n+5, 7 




8 


0,4 


8n+r ; 8n+3, 7 


— 60 


1 


0, 60 


3n+r, 5«+r; 8n+l, 5 


-18 


1 


0, 18 


13n+r ; 8n+l, 5 




3 


0,'20 


8n— r , 5n— r ; 8n+3, 7 


-14 


1 


0, 14 


7n+r ; 8n+l, 7 




4 


0, 15 


8n+r, 5n+r; 8n+3, 7 




3 


0,7 






5 


0, 13 


3n— r , 5n— r ; 8n+l, 5 


-15 


1 


0, 15 


8n+r, 5n+r ; 8»+l, 8, 6, 7 


- 68 


1 


0, 63 


3n+r , 7n+r ; 8n+l, 3, 5, 7, 




8 


0,5 


8n— r , 5»— r ; 8n+l, 3, 5, 7 




7 


0,9 




-16 


1 


0, 16 


8n+l 


- 66 


li 


0, 66 


8n+r, lln+r 


; 8n+l, 8 


-18 


1 


0, 18 


8n+r; 8n+l, 8 




3, 


0, 33 


n, 


(( 




3 


0,9 


8n— r ; 8n+l, 8 




3, 


0, 83 


3n— r, lln— r 


; 8n+l, 8 


-30 


1 


0, 30 


5n+r; 8n+l, 5 




6 


0, 11 


u 


i( 




4 


0, 5 


il . u 


— 70 


1, 


0, 70 


5n+r, 7n+r; 8n+l, 7 


-31 


1, 


0, 31 


8n+r, 7n+r; 8n+l, 5 




2 


0, 85 


5n— r , 7n+r ; 8n+8, 5 




8 


0,7 


8n+r, 7n-r; 8n+8, 7 




5 


0, 14 


5n+r, 7n^-r; 8n+3^5 


—33 


1, 


0, 33 


lln+r; 8n+l, 7 




7 


0, 10 


5n— r , 7n— r ; 8n+l, 7 




3 


0, 11 


lln— r ; 8n+8, 5 


- 73 


1 


0, 73 


3n+r ; 8n+l 


-34 


1. 


0, 34 


8n+r ; 8»+l 




8 


0,9 


8n— r; 8n+l 




8, 


0,8 


8n— r ; 8n+8 


- 78 


1 


0, 78 


3n+r, 13n+r; 8n+l,7 


-35 


1 


0, 35 


5n-|-r ; 8n+l, 5 




3 


0, 89 


3n— r, 13n— r; 8n+l, 7 


-38 


1 


0, 38 


In+r ; 8n+l, 5 




8 


0, 36 


8n— r, 18n+r; 8n+3, 5 




4 


0,7 


7n+r ; 8n+8, 7 




6 


, 0, 18 


3n+r, 13n— r; 8n+3, 5 


-80 


1 


0, 80 


8n+r, 5n+r; 8n+l, 7 


-83 


1 


0, 83 


41n+r ; 8n+l, 8 




3, 


0, 15 


8n— r , 5»— r ; 8n+l, 7 




3, 


0, 41 


(I . Ik 




8 


0, 10 


3n+r , 5n— r ; 8n+8, 5 


- 84 


1 


0, 84 


3n+r, 7n+r; 


8n+l, 5 




5 


0,6 


8n— r, 5n+r; 8n+8, 5 




4 


, 0, 31 


(( . 


11 


—88 


1 


0, 88 


Sn+r , lln+r ; 8n+l, 5 




8 


0, 38 


3n+r, 7n— r; 


8n+3,7 




8 


0, 11 


8n— r, lln+r; 8n+8, 7 




7 


0, 13 


(( . 


(fc 


—84 


1 


0, 84 


17n+r ; 8n+l, 8 


- 85 


1 


0, 85 


5n+r, 17n+r; 8n+l, 5 




3 


0, 17 


11 . i( 




5 


0, 17 


5n— r , 17n— r ; 8n+l, 5 


-36 


1 


0, 86 


8n+r ; 8n+l, 5 


— 88 


1 


0, 88 


lln+r; 8n+l 




4 


0,9 






8 


0, 11 


lln-r ; 8n+8 


—87 


1 


, 0, 87 


87n+r; 8n+l, 5 


- 90 


1 


, 0, 90 


8n+r, 5n+r; 


8n+l,3 


-89 


1 


0, 89 


3n+r, 18n+r; 8n+l, 8, 5,7 




9 


, 0, 10 


(( 


fc( 




8 


0, 18 






3 


0, 45 


3n — r , 5n— r ; 


8n+5, 7 


-40 


1 


0, 40 


5n+r ; 8n+l 




5 


0, 18 


u 


Lt 




6 


0,8 


5n— r ; 8n+5 


— 93 


1 


0, 93 


3n+r, 31n+r; 8n+l, 5 


-43 


1 


0, 43 


8n+r, 7n+r; 8n+l, 8 




3 


0, 31 


8n+r, 31n— r; 8n+8, 7 




3 


0, 31 


8n— r ; 7n+r ; 8n+5, 7 


—100 


1 


0, 100 


5n+r; 8n+l, 5 




8 


0,14 


8n— r, 7n— r; 8n+l, 8 




4 


0, 35 





L»] 



D 


Formen. 


Charaktere. 


i !> 


Formen. 


Charaktere. 


—102 


1, 0, 102 


dn+r, 17«-f r ; 8n+l, 7 


-165 


1, 0, 165 


8n+r, 6n+r, lln+r ; 8n+l, 5 


' 


2, 0, 51 


8n— r, 17n+r ; 8n+8, 5 




8 


, 0, 55 


8n+r, 5n— r, lln+r ; 8n+8, 7 




8, 0, 84 


8n+r, 17n— r ; 8n+8, 5 


1 


5 


0, 88 


8n— r, 5n— r, lln+r ; 8n+l, 5 




6, 0, 17 


8n— r, 17n— r ; 8n+l, 7 


1 


11 


, 0, 15 


8n— r, 5n+r, lln+r ; 8n+3, 7 


—105 


1, 0, 105 


8ri+r, 5n+r, 7n+r ; 8n+l, 5 


; -168 


1 
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15,0, 
85, 0, 

1,0, 
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8,0, 
11,0, 

8,0, 
17,0, 
24. 0, 
51,0, 

1,0, 

9,0, 

5,0, 
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8,0, 
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26, 0, 
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2,0, 
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1,0, 
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287 
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408 
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88 

4680 
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104 

585 

72 

860 

117 

4810 

481 

185 

74 

2405 

962 

870 

180 

4880 

105 

2415 

210 

1610 

138 

966 

230 

805 

70 

690 

822 

488 

115 

845 

161 

5160 

129 

1720 
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8n+r, 5n— r, 7n— r, 41n— r 
3n— r, 5n+r, 7n— r, 41n+r 

Ik 

3n — r, 5n— r, 7n4^, 41n — r 
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if, 
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(k 
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Ik 
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(I 
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(( 
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n 
it 

kC 
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(( 
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(I 

8n+l 

kk 
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n 
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(( 
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ik 
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k( 
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li 
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u 

8n+r, 6n— r, 7n+r, 28n— r 

8n+r, 5n— r, 7n— r, 28n— r 

ki 

8n— r, 5n+r, 7n+r, 28n— r 



8n+l,7 

k( 

8n+l,7 

k( 

8n+8, 5' 

i( 

8n+8,5 

(I 

8n+8,5 

(k 

8n+l,7 

kC 
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(4 
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Nova methodus numeros compositos a primis dignoscendi 
illorumqtie /adores inveniendi. 

P. Sbelhoff. 



QuaeruDtur divisores numeri N. 

'ait N=:y^ + r 

atque N=p{p), p significante residuum aliquod quadrati cum ipsius p, numeri 
primi, ita ut t^ = p (2?) existat, 

Sumatur N=:v^ + {w + Wi){w — Wi) +r et designetur {w + Wi){w — w?i) + r 
litera b, unde sequitur b = tJi^ + r — i/^f . 

At v^ + r= p (p) 
— uJi= — p{p) 

hinc 6i=t/;*+r — v^ = {p) 

Radix Wi in tci + py amplificata dat 

^=(«^i + i>y)*+ \'^ + {y^i + py)\\w — {w^ + py)\ + r. 

Repertis ergo valoribus w, pro numeris primis usque ad 97 circiter, nisi N 
nimis magnus est (16 figuras non excedens) et pro binariis illorum potestatibus 
(pro 2, 3, 5 altiores etiam potestates adhibendae sunt), sin autem N major est, 
modulo congruentiarum pari passu extenso, plures simplices binariae quadratae 
repraesentationes comparando illos valores evadent et sequentia statui possunt. 

Si numerus N compositus est, mox aut duas repraesentationes ejusdem 
determinantis aut plures adipisceris, e quibus elimininandis communibus factoribus 
duae ut a\ + m(\ = fiN 

et oi + wicf = vN 
sequuntur, quae ad dispares radices congruentiae 7?=. — m {N) pertinent itaque 
duos divisores ipsius N producunt. 
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Sin vero numerus N est primus, baud secus facile ad tales eliminationes 
pervenies, quae e contrario ad eandem radicem dc z perducunt. N numerum 
primum esse pluribus determinantibus unius factoris evadentibus aut ambobus 
determinautibus + A et — A saepius occurrentibus afiSrmatur. Certitudinis causa 
auxilio determinantium repertorum omnes illi numeri primi quorum bi non- 
residua sunt quasi inepti ad divisionem excludi possunt. 

Variatio quaedam utilis erit, nisi N formam Sn + 1 praebet. Sit e. g., 

iV'zz: 8n + 3 ; jam ponatur iV= 3t^ + r ei v^ = P'T'P^ ^^j^ j^.^^ ^^ ^^jj-g nmj^eris 

primis opus sit. Hoc modo factor 2* pro h non omittitur. 
Habemus similiter atque prius 

N= SicJ + 3 (ii? + w^{w — t£?i) + r. 
At 3t/7^ + r = p {p) 

— 3t£?J = — (p + px) = — p(i>), unde 

6 = 3 (zi; + w^{w — iTj) -|- r = (/?) . 
Pro calculo ipso ponatur 

w =F (w?i + py) = a I unde 

t(?i + />y = ifc {w — a) et 

^ + (^1 + py) a-ut w — (t^j + py) = 2?c — a 
N:=z(w — af + 2{w — a)a + r. 

Sit praeterea 2w = dc 2/3 {p) 

r= y(/>), 
tum solvenda est congruentia 

' (db 2/? — a)a = — y{p) sive 

a? =F 2/?a = y (p) et ponendo 
a= ±^ + z 
;^-{^ + y) = 0{p). 
Est autem ^ = vf 

(? + y = v^ + r = p{p)f sive ut antea 
z* — p = et z = t£?i. 
Sit, ut ad finem perveniam 

^ =^ dt{w — py) J habetur atque prius 
a = w^{wi + py). 
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Gongruentiae igitur et aequationee, quibiis tota methodtis hititur, hae sunt : 
N=vf + r N=pi{p), «? = pi(j?) 

a = ± j3i + «?! 
praeterea N=pi{i^), «4 = p,(^) 

a = ± /3, + tcji 
pro 2, 3, 6 denique N= p, (/)"), toj = p, (p") 

a = ± ^« + w, 
5 
i\ri= («J — tt)* + (2to — o) a + r . 
Si Humerus N= 8n + 3, etc., ponendum eat N=^ Sv^-\-p, et loco congruentiarum 

v^ = pt{p), vi = p,{^), w»=p,(i>") 
ponendae sunt 

et loco iV" = (to — a)' + (2«> — a) a + r aequatio 

b 

^= 3 (w — a)» + 3 (2W — a) + r 

ponenda est, etc. ; reliqua intacta remanent. 

Dentur exempla : 

1. N= 7.2»* + 1 = 120259084289 

N= 346783* + 635200, unde 
w = 846783 

N=t (346783 — a)» + (693566 — a) a + 635200 
^■=20(31), pi=20; M)=+17(31), /?i = — 14 
wj=20(3l), Wi=± 12 

a = — 14± 12=6 et 29 
siye a=31y + 6, 29 
W=764(31»), p,= 764 «>= + 823(31»), /3i= — 128 
m5=764(81»), «j,= ± 198 

a = — 128 ± 198 = 60 et 626 
sive a= 31»y + 60, 625. 

Vouvm. 
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Hoc modo reperitur 

o=2»y + 0, 2, 4, 6; 2^ + 0,6,8, 14; 2»y + 0, 14, 16,30; 

' 2«y + 0, 30, 32, 62; 2^ + 30, 32, 94, 96 ; 2»y + 30, 32, 158, 160 ; 
2»y + 158, 160, 414, 416; 2"y + 158, 160, 670, 672. 





a = 


5y+ 0, 1; 


, 6V+ 0, 


16 ; 6«y + 16, 50 ; 6*y + 141, 300. 




a = 


7y+ 2, 4, 


7»y+ 2, 


18. 




a = 


iiy+ 2, 3| 


ii'y + 47, 


68. 




a = 


19y+ 1, 8 


; 19»y+ 115, 


331. 




a:= 


Sly + 5, 29 


; 31»y+ 60, 


626. 




a = 


37y + 12, 26 


; 37»y+ 271, 


581. (1369) 




a = 


47y+10, 24; 


; 47»y+ 762, 


1387. (2209) 




a^ 


53y+12, 49 


, 53V + 261, 


2291. (2809) 




a^ 


67y+ 2,47, 


; 67»y+ 114, 


2146. (4489) 




a = 


71y+ 1,37 


; 71»y + 3871, 


4119. (5041) 




a^ 


97y + 45, 68 


; 97»y+1911, 


4798. (9409) 




a = 


127y + 49, 97 


; 127»y+ 1748, 


14400. (16129) 




Habetur 






(1) 


iV= 


344833» + 2.7.1 


1.2960»(Exa = 


1950, 5y + cum 37»y + 581) 


(2) 


N= 


20335 1» + 7.106172» (Ex a = 143432, lly + 3 cum 127»y + 14400) 


(3) 


N= 


350619'— 2.11 


.11026»(Bxa = 


— 3836, lly + 3 cum 37»y + 271) 



Ex (1) et (2) sequitur (4) 11.832082029* — 2.150479740* = 62953059.^ 
unde, comparando cum (3), 

50469950484647* — 26380527979530* = /«.iV. 
Maxlmus commimis divisor differentiae 50459960484647 — 26380527979530 et 
ipsius N, i. e. 317306291 est factor quaesitus, alter est 379. 

11. Membrum quadragesimum octavum seriei 0, 1, 1, 2, 3, 5 . . . est 
N= 2971215073 = 64508* + 93009, et 
w — 54508 

h 

N = (54508 — a)» + (10916 — a) a + 93009 . 

Simili modo atque in antecedente exemplo habebitur 
pro 1, a= 59 h= 2.7.17.72* 

2, a= 4109 6= 2.3.7.3204* 

3, a = — 1 h= 2.3.23.29.2* 

4, a = — 387 6 = — 3.7.17.344* 
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5, 


a = — 


831 


b = — 2.3.23.31.146» 


6, 


a = — 


6987 


6 = — 2.7.97.7 12« 


7, 


a ^ 


93 


b = 17.29.144* 


8, 


a = — 


■ 7619 


6 = — 2.31.37.618* 


9, 


a = — 


3187 


6 = —2.3.7.31.624* 


10, 


a = 


1517 


6= 2.7.17.828* 


11, 


a = 


3323 


b= 3.7.17.992* 


12, 


a = 


3827 


6= 3.7.29.43.124* 


13, 


a = — 


7051 


6 = — 7.10812* 


14, 


a:= 


15421 


b = 7.31.37.424* 


16, 


a = — 


28707 


b = — 2.7.23.3604* 


16, 


a = 


31143 


b = 2.3.43.3066* 


17, 


a = 


20661 


b = 2.17.7314* 


18, 


a = — 


■ 6891 


6 = — 23.37.43.136* 


19, 


a = — 


■ 13673 


b = — 3.7.23.1866* 


20, 


a = 


18306 


b = 2.3.7.23.73.406* 


21, 


a = — 


■ 94267 


6 = — 2.3.23.3204* 


22, 


a = 


21801 


b= 2.3.17802* 


23, 


a = — 


24383 


6 = — 2.7.23.29.31.106* 


24, 


a = 


19 


b = 7.656* 


26, 


a = — 


99 


6 = — 2.3.1336*, etc. etc. 


(a) Ex 16 habemiis 


83216*— 2.7.23.3604»= JV 


» 19 


68081» — 3.7.23.1866»= JV, unde sequitur 



3.4969913»— 2.4826470*= 9259. JV^ et 
1670196466*=6(iV^). 
Eadem congruentia ex 25 

54607» — 2.3.1336* = N 

derivari potest. Idem attingit in aliis casibus. 

(b) Perspicuum est, multas repraesentationes atque a:*+c^ = ^£jV climin- 
andis commuDibus factoribus formari posse, quarum determinans ex uno factorc 
coDstat. 

(c) Habentur determinantes + 7 (13) et — 7 (24) ; + 6 (25) et — 6 (22) etc 
Unde concludi potest, numerum N esse primum. Revera auxilio deter- 

minantium repertorum cuncti numeri primi usque ad V^ quasi inepti ad 
divisionem excludeudi sunt; numerus 2971215073 est igitur numerus primus. 
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Ut valor ipsius a quam faeiUime obtineatur, tabulaa composui, exhibeDtes 
radices congruentiae «4 = pi (p) 

pro numeris a 7 usque ad 199, radices congruentiae ufi^p%{f^ 
pro numeris a 7* usque ad 47', radices congruentiae «i^ = p»(p*) 
pro 2* usque ad 2", 3' usque ad 3*, 6' usque ad 5*. 

Fraeterea autem tabulas auxiliares construxi pro modulo ^ a 63* usque ad 
199*. 

Nam (H = pi(2>) sive pt = q.p + pi 

u^=pi{p) sive tt^= q^p + f^ 
2piw=l(i>) et 
{q — q.)u = S{p) 
sequitur to, = ± 5 + ti?i. 

Tabulae auxiliares amplectuntur igitur quatuor columnas, quarum inscrip- 
tiones sunt pi • 9o • ^ • ^i* 

Brbmen, Mai 1886. 



Analysis of QuinHe Equations. 

By Emort McClintock, LL. D., P. I. A. 



1. The solution of equations of degrees below the fifth depends in each 
case on that of an auxiliary equation, or resolvent, one degree lower than the 
given equation. On applying the same principles towards the solution of the 
general quintic, its resolvent is fbund to be of the sixth degree instead of the 
fourth, for reasons which it is not necessary to recite. Abandoning therefore the 
idea of a solution, mathematicians have nevertheless considered it an interesting 
problem to accomplish in the simplest manner what is known as the resolution 
of the quintic. This has been defined by Sir James Cockle* as " the expression 
of its roots in terms of those of its resolvent sextic.'^ Assuming that a sextic is 
discovered, appropriate for the purpose, the object to be attained is the expression 
of the roots of the quintic as a function of those of the sextic. Methods of 
resolution may be divided into two classes : those in which the usual theory of 
equations is illustrated by the intervenience of four auxiliary quantities which I 
shall herein call the elements, and those in which it is not In methods of the 
first class each root is regarded as a sum of elements affected by powers of roots 
of imity as coefficients, and the problem consists in finding the simplest expres- 
sions for the elements as ftmctions of the roots of the resolvent. In methods of 
the second class the intervening elements are omitted. If the chief object of 
effecting the resolution be considered, as I think it must, to be the illustration of 
the general theory of equations in the case of the lowest degree for which 
algebraic solution is impossible, the methods of the first class wiH be preferred. 
Before closing, I shall present one or two methods of the second class ; but my 
leading purpose, apart from the indication of suitable resolvents, is to exhibit the 
elements most directly as functions of the roots of resolvents, by what I shall for 
brevity call element-formulae. 

* *^ On the Resolution of QaintioB,V Quarterly Journal, June, 18tt). 
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2. The only resolvent hitherto* known is that of Malfatti. It has been 
independently rediscovered by several analysts, and has been shown in various 
different forms. The simplest rational function of the roots of the quintic which 
can be determined by Malfatti's resolvent is a quantity which I denote by v. 
The importance of this quantity has, I think very singularly, been wholly over- 
looked. I find that, analogous to Malfatti's resolvent, which I call the dexter 
resolvent, there is another which I call the sinister resolvent, and a third, so to 
speak between the two, and of greater importance as well as greater analytic 
symmetry than either, which I call the central resolvent. The simplest rational 
functions of the roots determined by the sinister and central resolvents, respect- 
ively, I denote by s and t. Between the three auxiliary quantities just mentioned 
e:£ists the relation s^=:fv. I shall state what seem to be the most direct formulsd 
for expressing t and v as rational functions of each other, and indicate means for 
similarly expressing s and v. Whenever, therefore, one of the three auxiliary 
quantities is found by means of one of the three resolvents, the others become 
known. The element-formulsB to be shown in the next paragraph contain only 
the auxiliary quantities and the coefficients of the quintic, and are thus available 
whichever of the three resolvents is employed. Beginning with a summary 
statement of what appears the best attainable method of resolution, with illus* 
trations, I shall proceed to give a sketch of the history of the subject, in which 
I shall endeavor to give due credit to each discoverer. Entering then upon a 
more general discussion, I shall develop the theory of the three resolvents, 
followed by that of the element-formulaa, and of the expression as functions of 
each other of t and v. After treating of various subsidiary matters, I shall 
conclude with a number of suggestions relating to methods of resolution of the 
second class, and to solutions of the quintic by means of tabulated functions. 

3. If the general equation of the fifth degree be 

a^+6bx^+ lOca? + lOda^ + 6ex+/= 0, (1) 

1®* y = a~* {ac — ft*) , 

.5 = a-« {a^d — Sabc + 2i«) , 

£ = a-* {a^e — 4a^bd + 6ab^c — 36*) , 

^ z= a-«(ay— 6a^be + lOa^b^d— lOaJV + 46«). 

* Except as given in a recent paper by the present writer, '^ On the Resolution of Equations of the 
Fifth Degree " (American Journal of Mathematics^ 1884, Vol. VI, pp. 801-815). Such parts of that paper 
as appear to possess permanent value will be embodied herein as original, with footnote references to 
*•'• Vol. VI. " I take this opportunity to point out certain errata. Page 302, line 2, for p^ read p^ . Page 
810, line 12, for ^' and ^ " read '^ when ^ is, and sometimes when ^ ^-. Page 811, last line, for — 2<$fC read 

-^2<J^^ 



(2) 



( 
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Let there be an auxiliary quintic, Ay = <* + lOy** + lOii' + 5et + ^, with its 
canonizanty Cy=:^c^+Cifi + c^ + c^, and its simplest linear co variant, l^ =?<,< + ^ , 
where 

Co=— y* + ye — 5*, 

ci = — y*5 + y^ — ^e, 

C3= 2y5£ — /f-5«, 

Z; = — 15y^f + 10y«5«— ^S^ + 1 ^f*— 22y5»e + y^ + 95* — 2^6^ + e«, 

4 = 9/^ - 20/«6 + 10/5^ + 8/f^ - 1 2y«£» - 2yb'^ + 66h + 5^ -- £»^ 

Let a value of t be found by the numerical solution of the central resolvent* 

AyLy— 26Cj=0, (3) 

which may be written thus : 

(/o — 25c^) t^ + ih— 50c6Ci) <» + 5 (2y/o — 6^ — lOCoC,) <* 
+ 10 {yh + 5?o - ^0^ — 5cxCi) <» + 5 ( 25^1 + £/o — 5^ — lOcyC^) f }- (4) 
+ (66?i + ^7o— 50ciC8)< + ^;i— 25cJ = 0. 

Also, after t is known, let v be found by using either of these expressions : 

V = — CyA-^ = — A Ly<V^ (5) 

Then the five roots of (1), say jci, a^, Xg, X4, 0:5, are severally determined by 
the equationf 

Xr^i=' cul^t^ + (J^fii + i^v^ + a)''tt4 — har\ (6) 

where o is any unreal fifth root of unity, and r is 0, 1, 2, 3, or 4; and where 
t^, t^, W8» ^41 *^r^ determined by the element-formulae 

t/|=iri — ir, + >v/(«i — «»), 
wS = iri — ir, — V(«i — «,), 

where ri = — ^ — 20ft;, (8) 

+ y«<»w + }?to — 2yetv + Sev — y^S + /5g — y5«) t;-*, ) ^ 

«i = TVrJ + iVi^ + / + lOy^t? + 5yi^, (10) 

«» = i n^> — (5/ + 10/t? + ^) vK (1 1) 

The result is unaffected by any change in the signs given to the square-roots. 

*Vol. VI, p. 815. The quantity t was there taken with the contrary sign. Its existence and proper- 
fies appear to have remained nnnoticed by previous writers. 

t According to Ettler ^8 weU-known theory ; the quantities Ui ) ti, , Us , U4 , remaining to be ascertained. 



(7) 
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4. As an illustration let us take the equation 

a*_6x*—26(r»+125a^— 36a;— 180 = 0. (12) 

Here a =1, 6 = — 1, c= — i, <i = V, c = — V, /= — 180. Hence, by (2), 
y=— }, a = 3, c=-4A, f=_12o. We have therefore ci,= — Hf^, c, = HF, 
cj = — AW^, c, = H^, ?o = "»|" , ?i = — "W* , and when these values 
are substituted in (4), and the result cleared of fractions, the resolvent is 

— 118277109<* + 4973134020<* — 48088660860«* + 166697190880<» ) ,.^. 

— 187938837936<»—11132130240< + 17736889600 = 0. f ' 
One root of this is < = 30. Using this value in (6), we find that « = iV. The 
other values of t, with the corresponding values of v, are 

130 66 22 _18 

51 19 69 61 

841 2601 361 4761 3721 

* 600 600 500 500 600 

Taking <= 30, tJ=T^, we have ri=90, r,= 6V6, «i=— "4*, »»= — W/V5, 

so that by (7) 

«J = V + I V5 + VC- -4* - -SW V6), 

«| = Y-IV6 + v'(— H* + ^WV5), 
«S = V-iV5-V(-H* + Wl^V6), 
«J = V + iV6-V(--4*~-SWv'6). 

The arithmetical evaluation of these quantities is not possible, since they are 
imaginary. There are five real roots in the example selected, and the same 
difficulty arises as in the corresponding (" irreducible ") case in cubic equations, 
where there are three real roots. Yet we have here the correct analytic 
expression for the elements of the roots. 

6. As another example — this time with but one real root — let 

a:» + 6a!* + 9»»+5a? — 4x— 6 = 0. (15) 

Here a=l,6=l,c = iV)<^ = ii « = — t. /= — 5, so that, by (2), y = — tVi 
i = — i, 6 = — I, f = — 1; whence c, = .001, Cj=.022, C| = .04, <^ = .002, 
fo = — .0062, 7i = — .0353, and by (4), after multiplying by 2600, 

— 15^i^—9lf—19it^+ 9<» + 102<»+ 182< + 88 = 0. (16) 

One root is < = i, and this substituted in (6) gives t; = .018. Hence ri = .52, 
r8=.104V6, »i =. 019928, «a=. 00660256^6, and by (7) 

t4= .13 + .026^5 + V(.019928 + .00660266^5), 
t4 = .13 — .026 V5 + ^(.019928 — .00660266 -v/6), 
t4 = .13 — .026 m/5 — V(.019928 — .00660266 V6), 
«»z= .13 + .026 V5 — -\/(.019928 + .00660266 V5), 



r 



(14) 



(17) 
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and from (6), putting r = 0, we have afi the real root of the quintic, 

a:i = t*i + ti, + W8 + t^4— 1 ) 

= 0.82161 + 0-67843 — 0.05036 + 0.28501 — 1 = 0.73469. ) ^^^^ 

6. It was proved by Lagrange that in determining the elements the 
extraction of more than one fifth-root is unnecessary. We shall see later that 
WiU4 = — y + V*, and tf^u^ = — y — t?*, so that u^ and u^ are readily found when 
til and ti| are known. For finding v^ we may note that ti, = {v^u^ tij (wiii3)'"\ 
and we shall see that t\v^ = — ^h — i ft^ + ^/{s^ + ^4)1 where «8 = y^ — yt? +i3* 
+ i^t;, and «4 = (r — y* +i&)t;*. No perceptible benefit is derived, bowever, 
from the latter variation. To illustrate the determination of u^ and u^ when u^ 
and til are known, let us take the example in the preceding paragraph. Here 
y = — .1, v*= .13416, um^ = .23416, ti^w, = — .03416, Oi = .82161, ti, = ,67843 ; 
hence W4 = .28501, w, = — .05036, as before. 

7. The foregoing method of resolution is available for all equations of the fifth 
degree wherein (5) is not indeterminate, except those in which t? = y* and those in 
which 9=0. In the former case, UiXi^u^u^^ =: , or say 1^4 = , since the final result 
is the same when one element vanishes, whichever be chosen. In the latter case, 
w^U4 = w,t/,. The quantity UiU^u^u^^ was called *'the resolvent product " by Sir 
James Cockle, who pointed out''' that all quintics are solvable in which the resol- 
vent product vanishes, and furnished a criterion by which to recognize a quintic 
of this class when met with. The following is a modificationf of the criterion 
in question : t; = y* when 

[I600y« — 640y*6 + 160y^a* — 52/5^ + 64/£» + y^ 



'-52yd^ + 64y£' + y^ y 

+ iHyhh — 2he^ - 16S* + E»]» = 'i^l>,\ ^^^^ 



where d = discriminant x a"® = 8 [432/^ — 1440/^6^ + 800y*f» + 640y«y^ 

— 400y«5V — 180/e^ + 330y*A*^ + 660y*i€*^ — 320y«f* — 1260yS«ef + 720y5V 

— 16y^ + 20yfi»^ + 4323»^ — 2705V + 45i*e^— %QhB% + 32€» + 1 ^^] . In any 
such case, one or two critical cases excepted, the process of solution about to be 
described will no doubt be found satisfactory. When t? = y*, 

_ 800y^^ +16;^C +920r»<^g — 56 0r»^'— 8r»<— 38r^6»— 48r(yC+443«g— ^C*+ ^C /oan 
~ — 10400^+1960;^e— 240r'd^+48r*aC— 86/^€'+28^o^e + rC'— 16d^— 2^^^^ ' ^ 

* Appendix to Lady^s and Gentleman 'a Diary, 1858, p. 82, as quoted by Harley, Manchester Memoirs, 
Vol. XV. Mr. Harley gave a convenient process of solution, but different from that now presented, 
and more complex. 

t Vol. VI, p. 812. 

VOUVIIL 
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Supposing ti4=0| we have t^s}^, and ii|tt|S — 9^' fP^^^i ^ when ti, is known. 

Then 

«5 = iy-»(y< + «y(y<-«) = i(y<» + af-y-W-y-*«'), (21) 

ii,= _tir»(y< + 5). (22) 

Take for example this equation, 

a^+Sa' + Sa^ + Sx — V=0. (23) 

Here y = i, 3 = i, c = 1 , f = — V, and by (20) < = 3, so that v^ = 4*, 
ti,= — 2i, 11,= 2-i, 1^4= 0, and hence a root of (23), the only real root, is 
1.31961 + 0.87055— 1.14870= 1.04136. Among the exceptional or critical 
cases are that of De Moivre, wherein 3 = and s = 4^^, and that of Euler, 
wherein y = and 16i* + 23f^ — €*= 0, of which solutions are well known. 

8. The second class of quintics spoken of in the last paragraph as requiring 
special treatment is that wherein VriU^^:^u^, a class first separately discussed, so 
far as my knowledge goes, by Mr. G. P. Young,* who noted ihat within it are 
included, with others, such quintics as might be employed, under Gauss's theory, 
in the determination of roots of unity. I gave somewhat laterf a method of 
solution for this class of cases, less circuitous than that indicated by Mr. Young, but 
much more so than that which will now be presented. I also supplied a criterion^ 
by which to recognize such cases when they occur, as follows : u^u^ = ti^ii, when 
i; = 0, and t; = when 

25/— 35y*«+ 40y»5»+ 2y»5^+ Hy^^—y^— 28y^c+ 2^bC+ 163<— €*=0. (24) 
In any such case, not critical, the quintie may be solved instantly by 
employing the normal formulae (7) for the elements, but putting ri = — ^, 
r,= (3y^-4/€+4y6»-i^ + €«)(y*-ye + «*)-i,«i = iVr! + TVrJ+/,*, = ir,r,. 
For example, let 

a:»+ 10a'—80aj> + 145» — 480=0, (26) 

Here y=l, i = — 8, e=29, f=— 480, ri = 480, rg= — 476, «i= 28662, 

*i = — 28660 , and these may be substituted at once in (7). When y* — ye + A* = 0, 

the expression for r, must be replaced by — (y~*i' + 4y^)- Thus, if 

^ + 20aj> + 20aj» + 30aj + 10 = 0, (26) 

we have y= 2, i= 2, €= 6, ^= 10, ri = — 10, r, = — 18, «i = H^, ^=5= Vi 

and by (7) we have wj= 2, u}= — 4, t4= 8, tij = — 16, whence aji= 2^—2* 

+ 2» — 2*. 

*'^ Resolution of Solvable Equations of the Fifth Degree,'^ American Journal of Maihematie$^ VI, 
108 (1888). 

t Vol. VI, p. 818. t Vol. VI, p. 811. 
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9. Thus far we have had only a statement of certain results without proofe, 
brought together for the convenience of those who may have occasion to deal 
practically with the problem of the resolution of the quintic. Let us now con<- 
sider the subject in due order. 

10. Referring to the general equation (1), let y = a? + 6a~^ ; then substi- 
tuting, y» + lO^y + lOV + 56aj + ^ = 0, (27) 
where the coefficients have the values shown in (2). Let 

Xi + Q^Xf -f Q^x^ + 6)***a54 + o**flf5 = 6w,„ , (28) 

where m has any integral value from 1 to 4 inclusive. From this, bearing in 
mind that Xi-^-x^ + x^ + Xi + aj5 = — 6ba'^\ and that 6)**-f-0***+a)*" + «** = — 1, 
we have at once the proof of (6). We may write y for x in (28) without changing 
the result, since the addition of fta*"^ to each root in the first men^ber adds merely 
to the second member the expression 6a^^ (1 + o*" + ©•* -f o^ + a^) = . Then, 
on development, 

22/»=10(tiit*4 + «|M8), 

2y« = 16 (wjiis + wjti, -f wjtii + ii'tt^) , 

2y* = 30 (Wjl*; + tlJO + 20 (t^Mg 4- Wjtt, + t4u4 + t4Mi) + 120Mill,t«8U4, 

2y* = 62w* + 100 (tijti,tt4 + ujt/j|tii + t4t«iM3 + i4^iU^) 
+ 160 (t/j[M|t«4 + ttjwjui + tijttJWs + t^t^iii) . 
But 2y> = — 20y , Sy* = — 80« , X^ = 200/ — 20f , 2/ = bOOyS — 5^. Hence, 
by comparison with the above, we obtain four equations, which contain as 
unknown quantities the four elements, and which we may refer to hereafter as 
the Bulerian equations,* namely, 

— 2y=tti«4 + ti,ti„ (29) 

— 2« = ttjwj + Mjtij + t^tti + ti?t«4, • (30) 

— c = t/J«, + ujws + «Jw4 + ttjwj + SuiU^UsU^ — 4y*, (31) 

— ^ = 2w*^ — 10 (wJttsWi + wjtijt/i + t4ui% + wSw^t^,) + 20y3. (32) 

1 1. The elements (wi , t<, , «j , u^) were discovered and discussed independently 
by Euler and Bezout,t and fUrther light was thrown on the theory by Lagrange 
and Yandermonde, also independently.^ Such of their results as we shall need 

» " ■ ' .. — ■ I. ■ .l.l. ■ M .I .11 ■ ,..^. ■ . ... ■■ ..I ■■■ ■! ■■,■■■ .,. I., 

* ThiB Baocinot expoBition of the theory as it stood in 1771 is substantially copied from Mr. Barley's 
'' Theory of Quintics," Quarterly Journal of Uathematios, January, 18<M). 

t Euler, ^' I>e Resolutione ^uationum ouiusvis Gradus, " Not! Oomm. Petrop. IX (17(KM8) ; Bezout, 
'* Sur la Resolution g^6rale des Equations de tons les Degr^,'' Paris M6moires, 1765. 

tThe best known paper of Lagrange on algebraic equations and Yandermonde 's paper on the reso- 
lution of equations were read about the same time, in 1771, before the academies of Berlin and Paris 
respectively. 
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to make use of are embodied in the preceding paragraph. Lagrange was the 
first* to recommend the resolution of the quintic by the use of an auxiliary 
sextic. He showed that 2^i^ or t^ + t^ + ^ + **4i ^^ six values, which he 
proposed to take as the roots of a resolvent sextic, whose coefficients might be 
determined in terms of those of the quintic. Supposing that by such a resolvent 
there were once ascertained a value of Xu^, say — ^3, he showed that a biquad- 
ratic might be taken, 

w^ + p^u^ + jHU^+piW +^0=0, (33) 

of which the four roots would be tiJ, m|> ^» and w5,t and of which the remaining 
coefficients, p%, pu po, might be determined by a process which would have been 
mathematically feasible, though in practice involving much labor, and which was 
never carried out in detail by any one, so far as appears. It is but a momentary 
digression from our course to inquire into the real form of the unnecessary 
biquadratic in Lagrange's theory, as a mere matter of historic interest. The 
four values of w are given in (7). Putting these together to form (33), we see 
that i>8 = — ri, ^ = irj — Jr| — 2r8, pi = ^r, + r^n^ ^0= ^ — ^» where r^ 
and r, have the same values as in (7), and r, = y*+ lOy^v + Syv*, r^=z (5y* 
+• 10y*i? + t^)vK Since po is the product of the roots of (33), it is the fifth 
power of the "resolvent product" ttiv^v^u^, and Lagrange's method of 
resolution was so far modified by Messrs. Cockle, Harley, and CayleyJ as to 
start with po as the first coefficient of the biquadratic to be determined, for 
employment instead ofps as the basis for finding the others ; a proceeding equally 
laborious with that suggested by Lagrange, and apparently never undertaken. 
A slight improvement upon Lagrange's proposal for a resolvent was suggested 
by Meyer Hirsch in 1808, without practical result.§ We may illustrate (33) by 
the first example (12) before chosen, wherein v=^t^, y=^ — |,ri=90, r2=6i\/5, 
so that rj = — HV-f U = ^l\l^ V5, and the biquadratic is 

4 nrx 8 . 15367 . 1173342 , 844596301 ^ ,^,v 
^'-^Q^'+-6— ^--25-y+ 3126 ="' (^^> 

* For a historical sketch of the views of different writers on the solvability of the quintic, see Cockle, 
'^On the Method of Symmetric Products, '' Philosophical Magazine, Feb. 1854. The impossibility of a 
solution was not conceded by all— Jerrard being apparently the last disputant— before 1868 ; see Ck)ckle, 
*^ Concluding Remarks," Philosophical Magazine, Sept., 1863. Schulenburg^s ^^ solution " was translated 
and printed in the Analyst in 1877. Meyer Hirsch ^s '^ solution " was once famous. 

t The elements discussed by Lagrange were five times as large as these, with corresponding differ- 
ences throughout. 

t Cay ley, *^ On a New Auxiliary Equation in the Theory of Equations of the Fifth Order," Philoso- 
phical Transactions, Vol. 151, p. 268 (1861). This paper contained, as will be stated later, an unexcep- 
tionable method for determining po • 

2 Ross, Translation of Hirsch ^s Sammlung, p. 282. 
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12. Lagrange afterwards reviewed his theory of equations in comparison 
with the closely similar theory of Vandermonde. Of this review we need to 
note but a single point.* Any one who takes the trouble to develop t^f , t^i t^|, u^, 
as the elements are defined in (28), will find that t^ + vl + i^ + ul, say ri, is a 
rational function of the roots, and that wf + wj — 14 — i/J, say r,, is another 
rational function multiplied by V 6 . In carrying out a certain numerical example, 
Lagrange found the fifth-powers of the elements, according to his theory, to be 
of a form which we may write briefly thus : 



Wi = in + i^» + ?i, 



vl=ir,-ir,-q,.) ^ 



This arrangement is indeed a necessary one, if we define qi to be i(t4 — w5)» 
and q^ to be i (tif — 1/§) . But Yandermonde had worked out the same example 
thus : ^ = i^i + J r, + g^i, t/| = in — ir, — ji, 

^'i = in + in — ft 1 ws = i n — in + ft. 

In compariiig Vandermonde's result with that obtained by his own method, 
Lagrange pointed out that the former was erroneous even according to Vander- 
monde's theory, as he showed by revising Vandermonde^s work and producing 
the correct result (35). 

13. It was not until 1858 that any one noticed that Gian Francisco Malfattif 
had, in the very same year that Lagrange and Vandermonde brought out their 
almost identical theories, done more than either of them towards the resolution 
of quintic equations.^ For eighty seven years his successful method of resolution 
was looked upon merely as a fruitless eflFort towards algebraic solution, as indeed 
Malfatti himself would seem to have regarded it. He pursued a method for 

* Lagrange, Thtorie dee fiquations Num^riques, Note XIV, paragraphs 80-86. 

t My authorities ooncemiiig Malfatti are Harley, '^ On Recent Researches in the Theory of Equations,^' 
Manchester Proceedings, Nov. 8, 1863 (who quotes from Brioschi, '^ Sulla Risolvente di Malfatti per le 
Equation! del Quinto Orado,'' Reale Istituto Lomhardo— Rendioonti, IX, 215) ; Brioschi, '^Ueber die 
Auflosnng der Gleichungen vom fftnften Grade," Mathematische Annalen, XIII, 109; and Minich, 
^^Sulle Equazioni del Quinto Grado" (I have seen only the second chapter of the *^ first memoir"), 
Atti del Reale Istituto Veneto (5th series), VIII, 898. Mr. Harley ^s paper contains a striking statement 
of the enormous difficulties attending the solution of the Eulerian equations by any usual method of 
elimination. 

X like most sweeping statements, this remark, that no one noticed what Malfatti had done, has its 
exception. Ruffini wrote in 1805 (Memorie della Societd Italiana, XII, 322) : ^' L'illustre Autore ha cosi 
il vanto di avere, senza punto conoscere le corrispondenti osservazioni del Lagrange, ottenuta comple- 
tamente una trasformazione, rapporto alia quale I'immortale Matematico di Torino non aveva infine 
determinate che il grado, ed un solo coefficiente." The last four words might well have been omitted. 
Malfatti ^s memoir, ^^De ^quationibus Quadrato-cubicis Disquisitio Analytica," appeared in the Siena 
transactions for 1771. 
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solving equations of the lower degrees by means of a resolvent, the resolvent 
in each case bemg one degree lower than the equation to be solved. In applying 
this method to the quintic, he actually obtained, to his disappointment, a resolvent 
sextic, in which the unknown quantity was what I should denote by 269+ S/'+lf • 
I presume that he did this by the solution of the Eulerian equations, or by some 
equivalent process, and it is certain that he indicated some simpler method for 
the final determination of the elements than the solution of a biquadratia But 
with all this he had a sense of failure, for he continued during many years to 
avow himself a believer in the solvability of the quintic. Possessed of high 
reputation in Italy, he was chiefly known in other countries* as taking a conspi- 
cuous part on the wrong side of that question. The result even in Italy was 
to deter inquirers from study of his writings on the quintic, which are indeed 
said to have been superciliously disparaged and before long overlooked and 
forgotten. The existence of Malfatti's resolvent was brought to the notice of the 
Venetian Institute, in 1858, by Professor Minicli, and a paper concerning it was 
read in 1863 by Signer Brioschi at Milan. 

14. Meantime, all went on as if Malfatti's work had never been done. A 
resolvent was wanted. In 18 36 Jacobif showed that a resolvent can be constructed 
having for its roots the six values of a quantity which we may, following Professor 
Cay ley, denote by f>, equal in our notation to 10\/(5t?). His reasoning would 
seem to have been substantially as follows, or at any rate the following reasoning 
will justify his conclusions. 

16. Let c represent a cycle, by which term let us understand the sum of 
five similar functions of the roots (oti, x^f^ztXij x^), in which the subscript num- 
bers differ cyclically according to a fixed sequence. If, for example, the sequence 
is 12345, we may have 

Osix^ = 4x^ + arjofg + 4xi, -f ajx, + arja^g, 
while if the sequence is 12354, 

Cxjar^ = 7\x4, + arjari + jrjar, + arJsTg + ix^iX^. 
When necessary to distinguish difierent sequences, let 12346, 13426, 14236, 
12634, 12463, 13264, be denoted respectively by the symbols c^, Cj, Cj, 0^, Cj, c^, 
and 13524, 12364, 12543, 13246. 14325, 12436, by cf, of, c^, ci, c^, c^ (I have 



* Peaoook, Report to the British Association, 1888, p. 813. 

t Jaoobi, ^^Observatio de .^uatione Sexti Gradus ad quam .^uationes Quinti Gradus Revooari 
Possunt/^ in a paper entitled *' Observatiunculaa ad Theoriatn uSquationum Pertinentes,^' Crelle, XIII, 
840, as cited by Cayley, '^ On Tsohirnhausen^s Transformation/' Philosophical Transactions, v. 162, p. 578. 



J 



MgClintock: AfitaJysia c/ Quintic Equatuma. 65 

here followed Mr, Oayley's order,) These twelve comprise all possible cycles, 
since reversing the sequence — as 15432 for 1 2345-— does not change the cycle. 
We may look on CiXiora as a group of five products, each of two different roots, 
in which group each root appears twice. Conversely, every such group is a cycle 
comprising the products of adjacent rootfii and the number of possible cycles (12) 
is the number of possible groups. Similarly, C^Xisra is a group of the same sort. 
Conversely, every such group is a cycle comprising the products of non-adjacent 
roots, the possible number being 12. In fact, CxXiO^ = Cx^xOij , and so on, the 
roots being adjacent in the former cycle and non-adjacent in the latter. Let 
^ = doTi (scji — jTa) , a cycle comprising the difference between the products of 
adjacent and non-adjacent roots. It will be found that 04X1(0:8 — X5) = — ^. 
Taking all possible combinations, we have 

^i = CiXi(xg— x,) = — c{xi(x8— Xft), 4)4 = c^xi(x|— Xj) = — cixi (xg— xi), ^ 
♦»=c»xi(x8— X4)= — c^xi(xi— X,), 4>5 = C5Xi(x,— X4) = — cixi(x4— a^), M36) 

^ = OffCl{Xi — ^) = — CiXi(X8 — Xb), ^8 = C^i{Xs — X2) = — C^Xi^X, — X4). ) 

The function ^ has therefore 1 2 values, of which six are respectively identical 
with the other six, but with contrary signs. Hence ^' is a six-valued flmctioni 
and if its values be taken as the roots of a sextic, the coeflScients of the sextio 
will be rational and integral symmetric functions of the roots of the quintic, and 
therefore rational and integral functions of the coefficients of the quintic 
Regarding this sextic as the product of a sextic whose roots are the values of ^ 
by another whose roots are the values of — f»» we have for ^ a sextic whose 
coefficients can contain only rational and integral functions of the coefficients of 
the quintic or square roots of such functions. Suppose that two roots are equal, 
say X8= X4, and that the discriminant (D) therefore vanishes, by the usual theory. 
Then q = q(, so that f>i = — ^, and similarly f>8= — ♦» and ^4 = — ^. Hence 
^^ has in this case but three values, the roots of a cubic, so that the odd powers 
of the sextic severally vanish, whence we must infer that some power of the 
discriminant is a factor of each coefficient of an odd power in the sextic for ^. 
In this sextic, since 4» is a function of the roots of two dimensions, the coefficient 
of f> must be a function of 10 dimensions, that of 4^' of 6 dimensions, and that of 
^^ of 2 dimensions, while VD has ten dimensions, and this can appear only in 
the coefficient of 4», whence it follows that 

<^* + a,^^* + a^ip^ ± n VD <^ + a« = . (37) 

This is the form given by Jacobi, n being a numerical factor whose value he 
determined correctly, leaving the other coefficients to be investigated by others. 
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16. Jacobi's resolvent is substantially the same as Malfatti's, the one being 
the result of an endeavor to improve on Lagrange's proposal by building up a 
sextic from a chosen function of the roots, the other the result of elimination 
from the Eulerian equations or their equivalent The identity of the two resol- 
vents is shown by an equation which, as v has not yet been formally defined, we 
shall adopt as a definition, namely,^ 

The following might, however, be taken as the definition of the same symbol : 

V =: y* — tiiv^u^u^^ . (39) 

Or, we might define v* by a separate symbol, as has already been done by at least 

one writer.* It will then be easy to define v as the square of vK Thus, observing 

(29), we may put 

v* = y + Uiu^ z=z — y — tiji/g. (40) 

The connection between (39) and (40) is obvious, since (39) may be derived 

from (40) by multiplying the value of Uy\i^ by that of Wgr^. The connection 

between (38) and (40) becomes clear when we substitute for the elements their 

values as defined by (28), aided by one or two of the most elementary formulae 

in the theory of symmetric functions. We find, for instance, that 

251^1^4 = Ci (icf + (M^ipc% + i^'X^^ + Ci)^J"i5C3 + cj^arxCCj) = — 25y i J V 54> . 

17. The use of a special symbol for the quantity t? may not seem to consti- 
tute an important step in advance in the theory of this well-known resolvent 
It is to be observed, however, that the relations of this quantity with <, as shown 
in (5), make the introduction and discussion of it a necessity in any event ; that 
either t;* or some other symbol for the same quantity is needed in (40) and else- 
where, and that v^ is to be preferred as marking the fact that it is an irrational 
function of the roots ; and that the use of the quantity ^ instead of t? is not 
indicated, after the rudiments are left behind, by any analytic advantage. It 
will be observed that v is rational whenever t is, and vice versa ; that v is rational 
whenever ^ is, and sometimes when ^ is not. Finally, we shall see that the use 
of a symbol for the quantity v facilitates materially the derivation of the three 
chief resolvents from the Eulerian equations.f 

18. Unaware of what had been done by Malfatti and Jacobi, three English 
analysts, by one step after another, went on improving the theory as then known 

* Schlfifli, in a paper referred to later. 

1 1 observe that in one place Signor Brioschi employs a symbol for v, but only momentarily, as a 
stepping stone from y^ — i; to v^. See his paper previously cited. 
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until the same resolvent, in Jacobi's form, was brought out in the fullest detail. 
Mr. (now Sir James) Cockle discovered a resolvent for the special case a^ + lOch? 
+ /= 0, identical, as far as it goes, with that of Malfatti ; Mr. Harlej worked 
up the subject further, and Mr. Cayley, carrying out elaborately a hint given by 
Mr. Harley, calculated the complete resolvent.* About the same time Captain 
von der Schulenburg gave the same resolvent in the course of what he supposed 
to be a solution of the quintic.f He made no claim to novelty, and may be 
presumed to have seen Jacobi's paper. Finally, the same form of Malfatti's 
resolvent was rediscovered about 1863 by Professor Minich,J who was then 
unaware of what had been done in Germany and England. 

19. Some account of the reinstatement of Malfatti 's resolvent has already 
been given. In its presentation by Signor Brioschi, the work was simplified by 
suppressing S and afterwards showing that the result was not thereby affected. 
For solving the Eulerian equations two auxiliary quantities (besides seven others 
afterwards eliminated) were introduced, namely, r, which I call — 5 — to*, and 
«?, which I call y* — v. Both were finally eliminated to produce the (dexter) 
resolvent in x, which I call t?*, substantially identical with that of Jacobi. 
Whether these details were taken from Malfatti or introduced by Signor Brioschi, 
I do not know, but infer that several simplifications were made by the latter. 
The relations given by the Eulerian theory were made use of to determine the 
values of UiU^, tt^u^j i/Jwgi ^^-t ^^^ ^^^ values of the elements were obtained by 
the formulsB 

t4 = (i4 uiY wj w, (t^iWi)""*, ui = (wj ti^y t4 u^ (wjWs)"*- ' 

A somewhat different statement of Malfatti's method was published in 1869 
by Professor Schlafli.§ The two quantities taken by him for discussion, after 
reducing the Eujerian equations to manageable form in substantially the same 
manner as that exhibited by Signor Brioschi, are t , which I call t?*, and another 

* Cockle, ^' Researches in the Higher Algebra,'^ Manchester Memoirs, XV (1858), 181 ; ^' Theory of 
Equations of the Fifth Degree," Philosophical Magazine, July, 1859; Harley, ''On the Method of 
Symmetric Products," Manchester Memoirs, XV (1859); ''On the Theory of Quintics," Quarterly 
Journal, Jan., 1860 ; Cayley, '* On a New Auxiliary Equation in the Theory of Equations of the Fifth 
Order," Philosophical Transactions, 151 (1861), p. 268. Mr. Cayley 's statement (1863) of Jacobi's prior 
discovery has already been cited. 

t Already referred to: Auflosung der Gleichungen FQnften Grades, Halle, 1861. Mr. Cayley 'b 
memoir had been read in February of the same year. 

t See his statement, Atti del Reale Istituto Veneto, VIII, 906-008 (1883). 

2 " La Risolvente deU' Equazione di Quinto Grado sotto la Forma di un Determinante Simmetrioo a 
Quattro linee," Annali di Matematica, 3d Series, III, 171. 
Vol. viil 



«?=0, (43) 
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which I call «*, and which — see (30) — may be explained thus : 

fi* = 5 + ^^ + ^4^4 = — ^ — ^^ — ultii. (42) 

He finally obtains a single equation of the twelfth degree in t, which I call 
V*, in the form of a symmetric determinant. Of this the first row and first 
column contain only odd powers of the variable, and the other constituents only 
even powers, so that the determinant becomes, on evaluation, a sextic in ^, 
equivalent in substance to Malfatti's resolvent It is only another instance of 
the simplification resulting everywhere from the use of a symbol for the quantity 
V that, if we change the notation and divide one row and one column by «?*, 
Professor Schlafli's determinant becomes expressly a sextic, namely, 

A, H, G, f 

H, B, P, L 

G, F, C, S 

?i L, 5, — y 

where 

A = 625^;»— 25 (20)^+ 7e)t? + 100y*+ 45/6 + 31e»+ 25yS»— 165^ + (25/— S5yU 

+ 40y«a* + 2/3^ + 1 ly V — y^ — 28y5»e + 25f ^ + 1 65* — ^) v'\ 
B = — 250yv + 25/ — lOye + 165*, 
C = 25t; + y*— 6, 

G = — i6yv + 35/— 19ye + 255*, 
H = 255t; + 15/5 + 195f — 24y^, 
L = 25t? — €. 

That he did not himself put it in this shape can only be due, I think, to his being 
embarrassed by the second irrational, «*, the value of which he proceeds to determine, 
after finding t?*, by means of the minors of his determinant. (We shall see further 
on how, after introducing the quantity <, which, like v and «, ia arational function 
of the roots, the same minors, in simpler form, may be used, if any one chooses 
that course, to better purpose.) Having ascertained v* and 6*, he employs, like 
Signer Brioschi, the relations given in (29), (30), (40), and (42) to determine the 
values of v^u^, u^u^, ulu^y t4^i ^l^t ^^^ thence he derives those of the elements 
by these formulae : t^J = (t^i/3)*t4^(^^)""*i ^ = t^!.Wit^(t*it^4)"*, t^ = Mji/g.i^f *, 
U4=^VqU4^.v:r^. 

20. Two lines of progress will have been noticed in the historical sketch 
just given. The building up of a sextic upon a simple function of the roots was 
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suggested by Lagrange and accomplished finally by Mr. Oayley, but this did not 
result in expressing the elements in terms of that function.* On the other hand, 
Malfatti and his followers obtained substantially the same sextic by elimination, 
without regard to the relation of the variable to the roots, but with the advantage 
of determining the elements as the immediate result of a solution of the sextic 
It will presently be found that the function of the roots, 4>, upon which Jacobi's 
form of Malfatti's resolvent is built up, is only one, and not in all respects the 
most important, of three such functions, and we shall accordingly proceed to 
discuss the two other resolvents. Examining the theory deduced by elimination, 
we shall find that the introduction of a new quantity, t , and of a special symbol 
for a quantity hitherto neglected, v, lead to notable simplifications in the deriva- 
tion and form of the two fundamental equations referred to in the preceding 
paragraph, and that from these equations each of the three resolvents can at 
once be derived. We shall find it possible also to deduce simple expressions by 
which to determine the elements in terms of t and v, or t and «, and the coeffi- 
cients of the quintic. 

21. Any six- valued function of the roots may be used for a resolvent sextic, 
including, in certain cases, six values of a twelve-valued function. Of such 
functions the number is unlimited, because the simpler six-valued functions admit 
of any number of six-valued combinations. Comparatively few six-valued 
functions have been definitely pointed out. That first suggested by Lagrange, 
^u^, is complex. A slightly simpler function for the same purpose was suggested 
by Hirsch, viz., 2CixJ {x^^ + x^^) + SCiorJa^ (a^ + x^^). But it may be remarked 
incidentally that the only sextic needed for the immediate determination of the 
values of Xu^ is one in which the roots are of the form Cj^Jy, (y| -|- y%yi)j where 
y = x + ba'\ as in (27) . The function c,a:i (a:, — x^) x^ was observed by Schulen- 
burg as having six values. M. Hermite suggested, and Dr. Salmonf carried out, 
the calculation of a sextic whose roots ace squares of functions of the form 
<hP^i (a^a-s — a5«6 + ^4^ — «l»i + 2x3X4^^6 — SxjTjaJ, or (x^ — x^){Xi — Xj;){x^ — x^ 
{x^ — x^{xi — oji). This function does not seem well suited to serve as a resol- 
vent. Of all six- valued functions of the roots of the quintic, I find three pre- 
eminently suitable for the formation of resolvent sextics. These are Ciari(a:i — 0:3)1 
which we call ^ after Mr. Cay ley ; o^Xi {x^ — x^ X5, which let us call -^ ; and 4>v^~\ 

* Attention was called to this defect in a paper by Cockle, ' ' On the Theory of Equations, ' ' Manchester 
Proceedings, Nov., 1863, p. 171. 

t Modern Higher Algebra, 3d Ed., pp. 328-230. 
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which let us call r. The separate values of ^ have been shown in (36). Those 
of T are Ti = ^'4'~\ t, = ^^■"•, and so on, and those of^nre 
^i=OiXi{x^—X2)xy=i—cixj{x9—x;^x^, '4^4=0^i{^t—x^)x4=—&^i{x2—x;)x^, ^ 
^%=(^i(xt—X4)x^=—c^i{x^—x^)x4, '4^^ = C^i{xt—X4)x9=—cipri{x4—x^)x^, V (44) 
4s=C3Xi(ar4— a:i)ar5=— C^i(x8— a:5)a:3, '4'«=CVri(x,— iB|)x4=— piari(x,— ar,)x,. ) 

22. Of the three functions just mentioned, only ^ has, I think, been 
suggested heretofore as suitable for a resolvent It underlies that resolvent whose 
history, under various forms, has been given above, the only resolvent hitherto 
found feasible.* In his investigation of the sextic in ^, Mr. Cayley proved that 
function to be a seminvariant, or function which remains unaltered when any 
given quantity is added to each root (This fact is made instantly visible by the 
use of our notation, since Cj [xi+ A:] [x, + k — a^— A:] = CiX, [x% — Xj] +iCi [x^ — x,], 
the last term vanishing.) The coeflScients, he remarked, must therefore all be 
seminvariants, as follows from their being functions of the several values of ^ . 
He then shortened the calculation of them by assuming that one root vanished, 
whence /= 0, and afterwards filling out the missing terms by reference to the 
known properties of seminvariants. The full values of the coefficients as 
computed by him will be given presently. The independent term, equal to 
^ii>t^z^4^ii^%f is stated by him at length, and I find it reducible to this shorter 
expression : 

♦it»4>3*44»5*« = 40000a-«(a7i— 26ci»). (45) 

Here /« is the leading coefficient of the simplest linear covariant of the quintic, say 
l^x + lif the full expression for which will be stated further on, as given in various 
standard works ; and c^=:ace — acP — h^e + 26cd — c*, the leading coefficient of 
the canonizant. Or, 

4^1 1»*8*44^4^« = 40000 (k — 25c^) , (46) 

where 4 ^^^^ <^ have the same values as in paragraph 2. The coefficients of the 
sextic in 4», which for distinction I will refer to as the dexter resolvent, are best 
exhibited, I think, in the following form : 

^* + 100 (— 3y» — e)q>^+ 2000 (15/ — 2y»E + 8y5* — 23^ + 35*) ^ ) .^^. 
±800V(5n) + 40000(4— 25c5)=0. ) ^ ^ 

Here d, the discriminant X a~', has the same value as in (19). For brevity, let 
us express (47) thus : 

4^«+ lOOd^^^ + 2000^4^ ±1 800 >v/(6d) <^ + 40000rfe = 0. (48) 

* I exclude, of coarse, sex tics caUed resolvents ux the solution of the quintic by elliptic functions. 



D)i; + dj = 0.) ^ 



= d,. (51) 
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Since by (38) we put t? = rb 4>*i we have ^ = 2 V5 (5i/*), and (48) becomes, after 
dividing by 40000, 

i (5t?*)« + e?g (5t?*)* + rf, (5t;*)» d= i Vd (5i>*) + rf« = . (49) 

Transposing the odd power,' and squaring, 

6V+ 2. 5»c?,i;«+ (2.6^^4+ 6««5)t?*+ 2{5^d^+ b^d^^^ 
+ (2. SV^rfe + 5*rfJ) t;> + (2. 5^^^ • 

A very slight modification of this will give the sextic of Malfatti, mentioned in 
paragraph 13. It will be seen that (50) coincides with the determinant (43), and 
we may remark that 

25y» — lOye + 165*, yS — ^, e 

yS — ^, y* — e, 5 

6, 5, . — y 

For the present, we may consider the coeflScients of the dexter resolvent, so 
far as they were left undetermined by Jacobi (see paragraph 15), as having been 
proved for us by the process followed by Mr. Cayley, of which it is not necessary 
to repeat the details. A different proof will be given when we discuss the 
Eulerian equations. When v = y*, (60) becomes (19). When ?; = 0, e?^=0, 
which proves (24). 

23. For the second function named at the close of paragraph 21 we are 
now enabled to obtain at once what I call the sinister resolvent, which is merely 
the dexter resolvent of the quintic when the order of the coefficients is reversed, 
/ being interchanged with a, e with 6, and so on. This is equivalent to supposing 
that X is replaced by x""\ when <^i, or Ciajj {x^ — scg), is replaced by Ciarr^(a:i"^ — xj^\ 
which is equal to — o/^^^i , since a/"^ = — Xi^x^^xj^x^^xj^ and 4i = <h^i {^s — x%) ^ > 
as will be seen on comparison. The other values of ^ are similarly equal to the 
'corresponding values of — a/" V. The dexter resolvent of the reversed quintic 
is therefore a sextic in ^ , and we may write it out by reversing the several letters 
as stated. Mr. Cayley's determination of the dexter resolvent is as follows, except 
that I abbreviate the last term as already explained : 

ay— 100a*(a6 —4bd+ 3c*) ^^ + 2000a* (— 2aV/ + 3aV + 6abc/ \ 

— 14aMe — 2ac*c + Sacd^ — 46*/+ 10i*ce + 20iW — 40tc*d I (52) 
+ 15c*)<^* ± 800a* >v/(5n)<?> + 40000 {all— 2dc^) = 0. ) 

Here D = discriminant, and Zq and ci have the same meaning as in the preceding 
paragraph, namely, 
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V^ = a^cf — 2a^def + a^(? — al^P — 4abc€f^ Hdbd^f — 2abd^ — 2a4?df '\' \4aj(?^ 

— 22accPe* + 9ad*+ 66V— 1 2^0^/— 156W+ lOVd^e + %Mf+ SOlx^de 

— 20bc€P — 16c*c + 10(^d^, 
Co = ace — a(P — Ve + 2bcd — c*. 

These are respectively the leading coefficients of the simplest linear and cubic 
covariants of the quintic, the other coefficients being 

1{ = o?df'—cf&f— 2abcf— 4abde/+ 6abe^ + Sac^ef— 2ac(P/— 12acd^ + 6a€Pe 
+ i8/»_ 2l/ce/+ l4Vd^/— IS^de*— 22ftc»c//+ 106c*e*+ SObc^e 

— I6bd^ + 9cy — 20(^de + 10c»cP, 
c[ = acf — ade — V/+ bce + bd^ — c*d, 

ci = adf — oe* — bcf + ftcfe + (^e — ccP, 
ci=bd/—b^ — (^/+ 2ctfe — cP. 

Reversing the letters in (62) as just explained, we have the sinister resolvent, 
aV — 100a*(J/— 4ce + 3d^) 4^^ + 2000a* (— 2ac/» + 6adef— 4ae^ \ 

4- 3jy» _ I4bce/— 2bd^/ + 106(fe» + S(?d/ + 20c»e* — 40c<p6 1 (53) 
+ 15d*) ^^ T 800a/ V(6n) ^ + 40000 {/!{ — 25c?) = 0. 3 

24. The elements were shown in paragraph 10 to be seminvariants, so that 
in using any resolvent we shall find it well to employ functions of the roots that 
are themselves seminvariants. This was done necessarily in paragraph 22, in 
discussing the dexter resolvent, since ^ and v are seminvariants. It is better to 
modify the sinister resolvent somewhat, since il^ is not a seminvariantf Any 
function of the roots can be transmuted into a seminvariant by deducting from 
each root one-fifth of the sum of all, that is, by adding ba"^ to each root. In 
lieu of '4^y equal to 0x^1 (arj — Vs)x^t let us take cr, denoting Ci(xi+ ba''^){xj^ — x^) 
{x^+ ha"^ ^). This is the same as CiXj (ic, — a'8)(^6+ ^"" + ^*^'" ^ (^«~ a'8)(^6+^"' ^)- 
The latter term vanishes, since o^^^x^^ — 0^''^XiX^=- and CiJ*a"^*(a*, — a:g)= 0. 
Hence a = OiXi {x% — x^ x^-^r o^xi {x^ — x^ ha" *, or 

a = '4'\'^lxr^. (54) 

Now a is that function of the roots of the quintic (27) which '^ is of the general 
quintic. As a special case of (53), therefore, we have this modified form of the 
sinister resolvent : 

a*+ 100 (4y6 — 3S») (T^+ 2000 (8y»^f + 20y»e»— 2y^— 40yS^+ 6hB>^ ) ,g^x 
+ 15g4_ 4g8) ^% ^ 800^>v/(5d) a + 40000 {^k— 25e^) = . ) 

* The wrong sign is given to this term in Fad de Bruno^s table. 

1 1 have devised fortnulas for deducing the values of t and v from V f hut they are omitted as 
circuitous and, in comparison, useless. 
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Here d, ?i, and Cg have the same values as in (19) and (4). The result thus 
obtained corresponds closely to (47). Let us write (55) in this form : 

a*+ 100eia*+2000c4a»=F800^^/(6D)a + 40000ee = 0. (56) 

This corresponds to (48). Let 

This definition corresponds to (38). Then a=2^/5(5«*), and (56) becomes, 
after dividing by 40000 , 

i (5«*)* + ^t (6**)'+ ^i (5«? =F iW^ (6«*) +^6 = 0. (58) 

Transposing the odd power, and squaring, we have, as a final variation of the 
sinister resolvent, this sextic in s : 

6V + 2. 5 V + (2. 5\ + 6'4y + 2 (5% + 5Vi) ^ \ /gg) 

+ (2.5V6+6V,)*«+(2.5V«-^i>)« + ^=0. J 
The last two equations correspond respectively to (49) and (50). 

25. The third function of the roots named in paragraph 21 as suitable for 
a resolvent is of all three the easiest to deal with. Let 

r = '^<^-\ (60) 

tz=:aqr^=r + bar\ (61) 

Thus r = ^ ^^ ^^ f° . If we divide both numerator and denominator by 

^^^a^sx^x,, we have ^^= 0,^^11^^!^!^^ ' Now c,xtW = o^aT'^\ 

CiXi'^xj^ = CiXT^x^^f CiXf^xZ^xf^ = Cjxr^af^xfS CiXl^^xZ^x^^ = GiXi^x^^x^'^ . Hence 

r = /, , -TT^ y the reciprocal of the same function of the reciprocals of 

the roots. It is therefore a covariant function, and having six values is to be 
determined by a covariant sextic, say 

(<^r — '4^0(<?>«'^ — '4'i)(^^ — '^sX^i'^ — '4'i)(4>5'r — '4^^)(!p,r — il.,) = . (62) 
To determine the coefficients we need to know but one, either the first or the 
last, the rest being obtainable at once by the usual rules for the formation of 
CO variants. Considering (62) under this form, 

^i^^s^i^^l^y + . . . + ^iMsMAt = , (63) 

we see that this is the correct form of the covariant, the leading coefficient being 
a function of the roots of twelve dimensions, the final eighteen, and the weight 
eighteen. The covariant is therefore of the sixth degree and sixth order. 
Examining the list of covariants of the quintic, we find that any covariant of the 
sixth degree and sixth order must be of the form wijAL + m^Q^ + r/igBQ + iw^o*, 
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where wij, m,, tw,, m^, are unknown numerical multipliers, a is the quintic, l its 
simplest linear, Q its simplest quadratic, c its simplest cubic, and b its simplest 
biquadratic or quartic covariant. Ascertaining in any manner the value of 
^i^i4>8^4^ft^«» we find that ?Wi= 1 , 7w,= m^=> 0, m^=^ — 25. This can be done 
by Mr. Cayley's method, by symmetric functions, assuming that one root vanishes, 
or by discussion of the Eulerian equations, as will be shown further on. The 
latter method is no doubt the simpler. We thus derive the central resolvent, 

AL— 25c»=0. (64) 

Here a = ar* + hhr^ + 10ct« + lOrfi* + ber +/, 

= c^T* + CiV+ cir + cj, 

where the coefficients have the same values as in paragraph 23. If we obtain 

a value of r by this resolvent, the corresponding value of < is at once found by 

(61). In most cases it will be easier to use a variation of (64), being that special 

case of it which results when the quintic has the form given in (27). In this 

case r = ^ and we have 

AyLy— 25(^=0. (65) 

This is the resolvent (3) explained and exemplified near the beginning. 

26. Of the different forms which the dexter and sinister resolvents may 
assume, (47) and (55) are usually most convenient in practice. To illustrate 
them we may take one of the examples (15) employed for the central resolvent 
(3). In that case we have, for determining ^ by the dexter resolvent, 

^«+ 37^^+ 115^»± 1504^—249 = 0, (66) 

and for determining a by the sinister resolvent, 

a«+4(y^— 32j»± 1504<t + 1408 = 0. (67) 

A value of ^ by (66) is =f 3, and a value of a by (67) is t 4. It happens that 
these values are consistent with each other, as is shown by the result of (16), 
< = f, but we could not assume it without some such verification. There is 
little choice in point of convenience between the dexter and sinister resolvents. 
As between either and the central resolvent, it may be remarked that with the 
latter the chief difficulty lies in the calculation of 1^ and Zi, while either of the 
others requires the calculation of one of these quantities, besides the more- 
laborious evaluation of the discriminant, though on the other hand there are 
fewer coefficients to be determined. Were nothing further involved, we might 
find one as convenient as another ; but it is necessary to determine two quan- 
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tities, t and v or t and s, and we shall see that on the whole, both for theoretic 
symmetry and practical availability, the preference is to be given to the central 
resolvent. 

27. Observing (38), (57), and (60), we see that the three quantities t, v, 
and Sf obtainable by the central, dexter, and sinister resolvents respectively, are 
connected by the necessary relation 

8^=tvK (68) 

For each value oft, six in all, there are con^esponding values of v and s, and 
vice versa. By the simultaneous use of all three resolvents, with (60), the values 
corresponding to cadi other could be picked out; but the determination and 
minute comparison of eighteen roots would be most laborious. Means of deter- 
mining, from a single root of one resolvent, any other necessary quantities, are 
therefore requisite, but before entering on that question if is desirable to inquire 
which of these quantities are needed for expressing the elements. 

28. From (41) we know that for expressing the fifth powers of the elements 
it is sufficient to know the values of the combinations Uit^4, t^ttg, tifug, t^t^i 
14^4, u\v^. We shall shortly find that the relations stated in (40) and (42) 
enable us to express these combinations in terms of the twelve-valued quanti- 
ties v* and »* and of the coefficients. We need a value of t?*, and a corresponding 
value of sK It is obvious from (68) that we get these when we have corres- 
ponding values of v and t, or of « and t, all six-valued functions. We may 
therefore dismiss either v or s from flirther consideration. Let us retain v as the 
simpler function of the two, merely remembering that in all places where v 
occurs it may be replaced by »r"*. 

29. That the s^ appearing in (42) is the same quantity as the s^, equal to 
tv^, defined in (57), is proved on replacing the elements in (42) by their equiva- 
lents as given in (28). By (40) and (42), 

Uiu^=—y + v^, 74,«a= — y — »* ) ^g^x 

^4% + ti5w»= — i — to*, t^Wi + ^3^4= — i + to*, i 
Hence 

2t4u,= — i — to* + (t^w, — ulu^), 

2t4u9 = — i — to* — (mJmj — **!^), 

2i<5tti'= — 5 + to*+ (wjtti- t^w^), 

2t4u4= — i -f to* — (tijtti — t^Ui)* ^ 

VokVUI. 



(70) 
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Multiplying the first pair together, and also the second pair, and remembering 

that v{%j\u^v^ = (y* — v)( — y + ^*) I ^^4^^ = (y* — ^)( — y — ^*) » ^® ^^^ ^^^ 

Kt^3- t4t^)'= (« + tv^)'+ 4(y*- t>)(y - t;*), 1 /^jx 

If the square roots of these quantities be substituted in (70), the combinations 
forming the left hand members are expressed in terms of <, t?*, and the coefficients. 
Then, since 

wj = {v{u^Y ^^ (w»W3)-», i4 = (wjwi)* t*X (th«^4)"'. 1 (72) 

we have all that is needed to express the fifth-powers of the elements in terms 
of <, v*, and the coefficients. There is nothing new, except the quantity t and 
the use of a symbol for v, in this paragraph, which merely states the reasoning 
which justifies the formulae of Signor Brioschi. We can, however, improve upon 
these expressions, which are simple only in appearance. 

30. We have seen in (35) the form of the fifth-powers of the elements as 
arrived at by Lagrange and Yandermonde, after investigating those powers as 
functions of the roots. If we put 2/?i= tef + wj, 2^= m{ + t^, 2gi= w{ — uj, 
.2^1=14 — vl, we have 



Wi=i>i + ?i» 



^4= Pi 



qu yl = p%+q%A (73) 

qi, K=p% — q%'i 



Multiplying by pairs, we have g^ = pi — wjwj, gf = pj — 4^- This is substan- 
tially the form reached by Sir James Cockle.* If we combine (35) and (73) by 
putting 2pi-t- 2^>,= 2w*=ri, 2pi — 2/?a=r,, we find that pi^=\ri+ \ri, and 
^,= i ri — irj. It renTains to determine the values ef rj and r, in terms of t, t;*, 
and the coefficients. We are obviously able to do this by substitution, observing 
(72). The results, however, are unnecessarily complex, and to simplify them we 
shall find it advantageous to resort to the Eulerian equations (31) and (32). 

31. For brevity in handling the expressions in (70), let 2mi= — i — ft?*, 
2?w,=: — S + to*, 2ni= y^v^ — wX» 2/1,= v^v^— vlu^. Then t^= wi^ + n^, 
ulu^ = iWi — nj, ultii = ?w, + w,, v^u^ = wig — w,. Since u^u>%tiiu^ = v^u^.tijfli^ 
= ( — y + «?*)( — y — r*) = y* — V, we may write the third Eulerian equation 
(31) thus : 

B = }^+Sv + {v— /)- ^ [wXi^'W4 + -wX^'^ + tiJuX^ + t4»^itf|tij . (74) 
The expressions within the bracket are severally equal to (wij + ni)(mj -f /i,) 

* ^^ On the RoBolution of Quintics," Quarterly Journal, June, 1860. 



McCuNTOCK: Analysia of Quintic Equations. 67 

(_y4-v*), (mi — ni)(^, — w,)(— y + t?*), (wi— ni)(m, + /i,)(— y — v*), (mi + nO 
(m, — w,)( — y — t;*), and their sum is — 4ymiWij + 4nin2V*. Therefore 

6 = y»+3r + (t; — y«)-^(y<»t; — y3» + ^), (76) 

where ^ =: t?*(ti5ii8 — i^Jti,)(t4t^ — 14^4) , and hence also 

p = yS^—yfv + (v — y*)(6 — /— 3t?). (76) 

Again, we may write the fourth Eulerian equation (32) thus : 

Zu^= — ^ — 20y5 +10 [{mi+Tii) v^u^ + {rn^— n^ UjU^ + (m, + n^) u^u^ + ( Wj— ^)'Wa^] 
= — ^— 20y3 + io[(— i — ft;*)(— y + v*) + (— « + ft;*)(— y — v*)] 
= — ^— 20to. (77) 

This equation coincides with one given by Professor Schlafli, except, of course, 
that instead of tv he writes what corresponds in his notation to v^a^. 

32. We are now able to proceed with the subject of paragraph 30. Since 
ri = 2^5 + ti} + ^ + ^4» we have from (77) 

r^ = —^—20tv. (78) 

For determining r^, equal to u\ + v\ — v^^ — t^, we must expand these powers 
separately by employing (72). To avoid fractions, let us multiply each by 

t^ti}^^! ^ (y* — ^)*- Thus, 

(y»— vft^ — {m\ + 2m^n, + wj)(m, + n^){f— 2yt?* +v)/ 
(y* — vy ul = (mj — 2?WiWi + wj)(?w, — /is)(y* — 2yv* + v) , 
(y»— vfvl = (mi + 27W,w, + f4){m^ — ni)(/ + 2yt?* + t?) , 
(y* — t?)X = (»i2 — 2mj«2 + n|)(?Wi + ni)(y* + 2yv* + «;) . ^ 
The sum of the first two, less the sum of the last two, is (remembering that 
4ni/ijt?* = p) 

(/— v)S= {^1 + wi«) [p^""* (y* + v) — 4mim2yt7*] j 

+ 2{m^ — fn^)[m,m^{y' + v)—py] V (80) 

+ 2 (y* + v){nl7n2 — «imi) — 4yt?* (wf mg + n|mi). 3 
The values of 4?^ and 4n| are given by (71), and that of p by (76), while ?Wi + m, 
= — S, nil — wi, = — ft?*, mifn^ = i (5* — <*t?) . Substituting these values, and 
dividing throughout by (y* — t;)*, we have 

r^={y» — v)-i(12y<t?» — 5v» — <3t?» + 4yHv + 2y^Sv + yhfv ) ,g jx 

+ 5»to— 2yefo+i€t; — y*5 + y»i6 — y5*)v-*. ) 

For determining q^ and g^,, we have — see (73) — 

3? = (ir,-ir,)» + (y + r*)^i 



(79) 
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Let 2«i = 55 + 55, and 2fl, = 5f— 5}; ih^n q^— i^ {$1 + e^, ft = V(*i— «i), where 
«i = Wrf + iVii + / + lOfv + 6 



«i = TVrf + TVti + /+lV^ + 6>^J (83) 



And (73) becomes 

t4= i^i + ir, + V(»i + «,), t4 = ir^ — ir, + V(», — «,), I ^g^j 
«^4=in + i^i — V(«i + «,), wS = iri — ir, — V(«i — ^,). ) 

We have thus demonstrated the element-formulad first given, numbered (7) to (12). 

33. For the critical cases r = y* and t; = separate element-formulae were 
presented in paragraphs 7 and 8, and these will now be proved. For the case 
1; = y*, we had u^ = 0, t?* = y , u^u^ = — 2y . From (69) we find that t^ti, = 

— (y< + 5)» ^^ = Yt — h. Hence, by (72), t^ = (y< + «)V — *)(V)"^ ^^^^ 
proves (21). Also, m, = t/|t£3.wf*= — (y< + 5) t^*, which proves (22). It is 
to be remarked that the substitution of these simpler expressions does not 
impugn the generality of the element-formulae (7), which are applicable to this 
as to all other cases. The expression given in (9) for the quantity r, is indeter- 
minate in the present instance. Its value is uf — vi — t^. . We know what ti{ 
is, and that u\= — 32y*t^'. To determine i4, we have vi=^u^u^{t\u^\v{u^'^ 
= 2y {yt — h)\Yt + h)-\ For DeMoivre's quintic, 7? + lOyoi? + 2Qfx + ^ = 0, 
we find t; = y*, < = 0, Wj = W4 = 0. In this case r, = — i4 — t^ = — ri = f , 
and the solution follows by (7). For Buler's quintic, of + lOiac* -}- 6m + f = 0, 
where 165* + €"= 2^6^, we find i? = y* = o, whence by (7) ti{ = Jri + ir,, 
?i5==iri — ir,, v^ = u\ — Q. Here rj = — ^. By (30) and (31), ti5t^ = — 2i, 
t4ti)= — 6, whence «f and w{ are found, and r,=Wi — v\. The binomial quintic 
a:^ + ^ = may be regarded as a special case of DeMoivre's, with u^ vanishing, 
or of Euler's, with u^ vanishing. 

34. When t? = 0, the element-formulae are valid, but r^ becomes indeter- 
minate. In. this case the quantity t must be dispensed with, being usually infinite, 
while «, equal to ^t;, is finite. Where t appears, we must substitute s^v"^. Then 
tv = «*i7* = 0, and by (8) or (78) rj = — ^. Putting t; = in (79), we obtain, 
by appropriate summation, 

y^Tj = 2 (fill + m,) wijwi, + 4 (iHi — m,) nj/i, 
y^Ti = 2 (mj — m<) iWim, + 4 (m^ + wi,) njn, 

Here ri = — ^, wii + wi, = — 5, wij — w, = — «*, 4i}iini|| = ^ — «, wj = wij + y*, 
n|=wlH-y^ whence 2wim|-t- 2/4»ii = 2(mi + m2)(»ii«i| + y'), and 2nfm| — 2njmi 
= 2 (nil — m^{mim^ — y^) . Substituting these values. 



+ 2v\mi — 2nfj\mi. ) 
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_y«^=_5(«»_^+ V)-4%Vl (86) 

y»r, = — 8^{S* — 8— V) — 4wiw,5. ) 

Prom (76), since p = 4nin^v^ = 0, we obtain 

8 = y^ — ye + b\ (87) 

Eliminating mn^ from (86), 

r, = «-* (3/ — 4y»6 + 4yS^ _ ^^ + f») . (88) 

We have thus demonstrated the special element-formulad of paragraph 8, except 
for the case « = 0, We may express (88) more briefly thus : 

r, = 8-^{4y8 — / — 5^ + 6*). (89) 

When ^ = 0, we have from (86) r, = — ^riin^y'^^S ; also, by multiplying together 
the two equations (71), 16njw} = (3* + 4y')*, or 4nin, = 5* + 4y^ ; so that 
r, = — y*^ — 4yi, as stated in paragraph 8. The contrary sign might be given 
to 4nin^ without affecting the elements otherwise than by changing their order. 
35. Results not uninteresting may be obtained by assimilating the element- 
formulsB to the forms of the fifth roots of unity. We know that ri is a rational 
function of the roots of the quintic, and since 500v = <^' we see that r^^/S is 
another. The quantities q in (35) were found b3' Lagrange to be of the form 
a ^/{ — 10 d: 2 ^6) ± b s/{ — 10 qp \/5), where a and b are rational functions of 
the roots; and this may be verified by expanding u* in terms of the roots. 
Taking (14) as an example, we may replace \/( — ^J^ ± Wi? V6) by 
H ^/{— 10 d: 2 V5) =F If V{— 10 qp 2 V5) . The values of a and b may be 
readily ascertained from another form, which will be found equivalent to that 
just given as having been indicated by Lagrange, namely, {a — i6=Fi6\/5) 
V (— 10 dz 2 \/5). Let us denote a — i 6 by Ai, and — i ft \/5 by A, ; then hi 
and Af\/5 are rational functions of the roots, and it only remains to determine 
their values. We have (Ai ± A,) V (— 10 db 2 ^^5) = V (^i dz «,), whence 
{hi ± 2AiA, + AJ)(— 10 it 2 V5) = fii ± «,, and (^ — AJ) 4 V5 = V(«i — 4). 
From these equations we find that 

400AJ = 10 V (5«} — 5^) — 25«i — 5 V5«„ ) ^g^x 

400A; = — 10 V(5«! — 5^) — 25«i — 5 V 5«,. ) 

Taking the same example (14) as before, we obtain Af = (rt)*i AJ = (ff \/6)*. 
The quantities q may therefore be represented by (H ± !♦ \/5) V( — 10 db 2 V5). 
A similar modification, subject to the same remarks, may* be made in the form 
of fii and Uf, which have the form \^{8^ =t: 54), as may be seen from (71), where 
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«8 and «4 >v/5 are rational functions of the roots. The values of these symbols are 

8^ = ^h^ + \fv + f — Yv,) ,gjV 

8^={^ht-y^ + v)vK ) ^ ^ 

The quantities n may be put under the form (A3 dz A4) ^/{ — 10 dz 2 V5), by 

formulae precisely similar to (90). 

36. Assuming the coefl&cients of the quintic to be rational, t and v may be 
rational or irrational, but each is normally a rational function of the other, by 
Lagrange's theory, since each has six values respectively corresponding, and we 
shall, in fact, see each expressed rationally in terms of the other. Any rational 
function of ^ or v is a rational function of the roots, but the contrary does not 
hold. The quantities a and 6, h^ and h^h/h, for example, discussed in the 
preceding paragraph, are not necessarily rational functions of t and v. But by 
(76) 2?, or 4win,i?*, is such a function, and so, it may be shown, is ^'i^jV*, which let 
us denote by h. We note first that n% = 4^~^w|v*Wi, and therefore is of the form 
Tig = (ai + Ojt?*) Wi, where a^ and o^ are rational functions of t and v. If we 
expand ji = i (wj — t^J) by means of (79), it will take the form q^ = (61 + i^t?*) Wi, 
where h^ and 6, are rational functions of t and t?. Similarly, 5', = (ii — 6,i;*) n^ ; 
hence 4^ =: 2) (6? — 6Jt?), and A; is a rational function as stated. 

37. Let B = V(«i«r* — 1) = foj-^t?'"*, z = B*+ l=5fsf*, H=5f^^, B = iri, 
b' = J r%Sx\ ; then 1 r, = b'z*, ^j = hz, «, = hz*, and if these be substituted in (7) 
we have 

Wj = B + b'z* + V (HZ + HZ*) . (92) 

The quantities here introduced seem arbitrary, and are in reality complex in 
character, yet they will all be recognized as rational functions of i and v . That 
the fifth-powers of the elements can be exhibited in the form shown in (92) was 
ascertained by Mr. G. P. Young, by a minute consideration of the possible surds 
involved in the roots of the general quintic* The quantities b, b', H, e, were 
shown by him to be rational functions, of unknown form, of each other. He 
indicated no means of determining them by a resolvent, nor did the quantities t 
and V enter into his discussion. We have now found the values of his undeter- 
mined symbols. Taking (12) as an example, where v = ^V, rx = 90, r2 = 6 \/6 , 
«i = — H^, 5, = — \W V5 , it will be found that b = V, b' = Aftft^, z = tMH*, 
and H = — V b W ^- By the same investigation, Mr. Young arrived at the following 
form, without determining the values of the quantities : 

wjt^g *= — i 5 + cz* -H (© + <I>z*) V(hz + HZ*) . (93) 

* See note to paragraph 8. 
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We observe that cz* = — i fe*, so that c = — i tsi;^\vK Using the same illustra- 
tion, where t = 30, it follows that c = — VW^. 

38. Let us now consider the most important question remaining, namely, 
how to determine a value of v from the corresponding value of t, and the contrary. 
The theory of Lagrange, elaborated by Meyer Hirsch, supplies formulae for the 
value of an n-valued function of roots in terms of the corresponding value of 
another w-valued function. It would be more troublesome, however, to pursue 
that method than to make use of the Eulerian equations in the manner which 
will now be exhibited. 

39. The product of the left hand members of the equations numbered (71), 
multiplied by i?, is the same as J9^ as defined in paragraph 31. Hence, 

y = (S» — fivfv + 8 {f—v){y6* + yev + 2Stv)v + 16 (y«— vfv. (94) 
If we set this equal to the square of 2> as given in (76), we see at once that the 
resulting equation is divisible by (y* — v). This done, 

25t7«+(— ^*+ 14y<»+ 165< — 35/— 6€)v* ) ,gg. 

+ (— 2c/+ 2yi»+ 4/6 + 11/ + 6»)«? — cj = 0. ) ^ 

Here Co = — / + ya — 5', as in paragraph 2. Again, summing the expressions 

in (79), and dividing by (/ — t?), we find that 

Xu^ = {f/ — v)''^[yfv — Sfiv + etv + yCf^— 10ftv—5tv^+^^— 2ySB] = 0. (96) 

Equating this value of 2w* with that in (77), and clearing of fractions, we find 

that 

26t^ + {—ye +hf—Bt— 10/^+ t)v — yc^ + Cg = 0. (97) 

Here Cj = — /^+ 2y5e — S^ as in paragraph 2. The two equations in t and t?, 
(95) and (97),* are substantially equivalent to two of Signor Brioschi's and to 
two of Professor Schlafli's, though more simply deduced and expressed, owing 
to the advantages secured by employing the quantities t and v. By substituting 
sC^ for v, equations in t and s may be obtained upon occasion. The equations 
in t and s will be found useful for determining the value of t in any case where s 
has been ascertained by the use of the sinister resolvent. I have throughout 
considered it unnecessary to state separately the formulsB in terms of t and s 
which may be derived from those in t and v by replacing v by sf*. 

40. By subtracting (95) multiplied by t from (97) multiplied by v there 
results a second quadratic in v, say &o^+ ^i^ +^2 = 0, where 6o='*^ — Ihyf 
— Ibhe + 25y«< + 5f< + f , 6i = 2c/— y^t — bfst — lOyH — eH + Cj, 6, = cj*. 

* Vol. VI, pp. 814, 816. I supposed them entirely new. 
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We may write (97) as Oo^ + Oit? + a, = 0. Prom these two quadratics we have 
by elimination 



t; = -- 



(98) 
(99) 



(oj&o — «i&o)* + («i*o — «a*i)(«i*» — «A) = • 

The resultant (99) contains, as extraneous factors, the quantity t just introduced 

into one equation, and also the expression in t corresponding to the factor y* — v, 

previously introduced. From (96) we find that when y* — 1?=0, yV — y^hf 

+ (2^6 — 16/— yS*)< — iyhe + 5» = 0. Dividing (99), after expansion, by this 

extraneous factor, and by ;, we obtain the central resolvent in t (3) already 

repeatedly mentioned. It was in this manner that I first obtained that resolvent,* 

but it may be demonstrated with much less labor, as follows. 

41. Let us resume the discussion of the central resolvent as we left it when 

stating (64). The mere definition of r as a function of the roots was suflScient 

to demonstrate the resolvent, assuming as determined the quantities m in the 

equation 

fWiAL + mjQ* + fWgBQ + m^& = . . (100) 

To determine these it will suffice to take a = 1 , & = d =/= Oi whence r = <, 
y = c, 6 = 6, 5 = ^ = 0. In this case, referring to the tables of co variants, the 
leading coefficient of al is — 15/€+ 14y*€^+€'; that of q' is 27y*+ 27y*£ 
+ 9/6^+€»; thatofBQi8 9/— 9y^€ — /6« + €^; and that of c» is / — Vf + y^e*. 
In (99) we have 00= 25<, Oi=— y^— 10y*<— rf, a,=(— y*+/6)<, h^^fi—lhyf 
+ (26y*+56)^ 6i=2(y€ — y«)<«—(10y^+5y»i? + €•)<, 6,= (y«— 2/^ + y»€»)<. 
The highest power of t in (99) which does not vanish is <*^ and the only terms 
of (99) in which t^^ can appear are a\b\ -{- aXhjb^ — OiO^bJbi. In this expression 
the coefficient of fi^ is — 25y* + 35y^e — lly*6* + y*el This is, as we have seen, 
to be divided by the extraneous factor y*, and the result must coincide with the 
leading coefficient of (100). Therefore 

(27m, + 9wi, + ^4)y« = — 25y«, 
(— Ibm^ + 27 wi,— 9wi,— 2m^)y^e = 35y^e, 
(14mi + 9wi,— ms +m^)f^ = —l ly»€*, 
(mi + wi,+ iW8)c'=c^ 
From these, m^ = 1 , 9ii| = m, = , 1114 = — 26 , as assumed in paragraph 25. 
The central resolvent is thus proved to have been correctly stated in (64). 



(101) 



* Y6L. VI, p. 815. 
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42. Either of the two expressions in (98) will determine a value of v when 
the corresponding value of t is once known. Simpler formulaa, presented in (5), 
remain to be demonstrated. Expansion of both sides suffices to establish the 
identity 

Ly(«i*o — «o*i) + 25Cy {aib^ — a^bi) =a<|(AyLy — 25c^). (102) 

The second member vanishes, by (65), and by (98) we know that ajft, — Ot&i 
=:v{aJ>Q — Oo^)- Combining these, we derive the formulae (5) for expressing 
V in terms of t, 

V = — A LyCj"^ = — GyA^K (103) 

In the statement of (27) it will be seen that the factor a was dropped from the 
original quantic, so that a^ = Aa""\ and hence also c^ = ca""^ Ly = la"^] where- 
fore the corresponding expressions of v in terms of r are 

(104) 



v= —j\i,cr^a''* = 



CA" 



'^a-\ 



43. We might similarly eliminate t from (95) and (97), dividing the resultant 
by the extraneous factor {v — y^)V, and so obtaining the dexter resolvent (50) ;* 
or, after substituting sf^ for v in the same equations, we might eliminate t to 
produce the sinister resolvent (59). 

44. To obtain an expression for t in terms of v, we may consider (95) as 
briefly written Oot^ + a^fi + a^t + a^ = 0, and (97) as Sq^ + b^f + b^t + b^ = 0. 
By the usual theory for the determination of common roots, 

t = Numerator -^ Denominator (105) 

where the numerator and denominator are expressed by determinants thus : 

Denominator. 





Numerator. 




ao 


Ot Ug 







Oo o, a4 




i. 


6i J, ij 







bo bi bt 







bo bi bs 





— <h 





a. 


a. 


a^ 





Oo 





<h 


a, 


-h 


h 


J. 


bs 








h 


b. 


h 


h 








bo 


b. 


h 



(106) 



Dividing both, after evaluation, by {v — y')V, we obtain these formulas, 

Numerator = 5*(2y5 + v* — 5»(20/« + 22/f — S6ySe + 245« + 26^) v 
4- 60/« — 59/^ + 20/^6 + 40/5« 
+ 42/6^ — 48y5*^ - 38y«6* + 445^6 - 5^ + 6*^, 
Denominator = — 6V — S.b^d^f^ — b^d^v + d^. 

Here the symbols have the same meaning as in (48). If the dexter resolvent be 

* I have actoaUy performed this operation, and do not advise any one to repeat it unnecessarily. 
Voii. vin. 
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used in any case, in preference to the central, these formulte, with (7), will be 
found best fitted to complete the work. The proof of (20) is furnished by (106), 
when v = <y^. The following expression is equivalent to (106), the origin of it 
being due to an examination of the minors of Professor Schlafli's determinant, 
referred to in paragraph 19 : 






H, 


p, 


— L 




B, 


F, 
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o, 


0, 


-s 


"T" 


F, 


0, 
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«. 


r 




L, 


«, 


—y 



(107) 



It will be remembered that the quantity denoted by t was not discussed by or 
(so far as appears) known to the author just mentioned. 

45. Let us, for present convenience, call y, 5, «;, and t the Constituents of 
the quintic. I have before * pointed out that for each such set of constituents 
there are two conjugate equations, and that " when v and t have been determined 
for any quintic, we can at once construct the conjugate quintic. Equation [95] 
is a quadratic in €, one value being the given value of e, the other being that 
of 6 in the conjugate quintic. From the latter value, that of ^ may be obtained 
by [97]. For example, if the given quintic be a^ + ^ a; + 3750 = 0, the 
conjugate is jb* + ^^ a; + 31 25 =0 ." Here it is assumed as known that < = — 5 , 
V = ^^, y =0, 5=0. The solution of (95), regarded as a quadratic, is given 
by (75) and (94), namely, 

e = y»+ 3t; + («; — y«)-i(y<«t? — y5*+ p). (108) 

where p is such that 

y = (5»— H)^v + 8 (y«— t;)(y5»+ yH + 2«to)t? + 16(y*— 'of v. (109) 
In the simple case taken for illustration, a trinomial of the form of + Sex + ^= 0, 

this becomes 

6=3t?± V(<*t?— 16t;»). (110) 

Hence e = 3. J^H ± V(5^ ^^ — 5«) = (3 ± 2) ^, namely, ^ or ^, as stated. 

The value of ^ by (97) is 

f = (t? — y*)-^(— 25<t?* + yfv— hfv + rft? + 10y*<t? — yH \ 

+ y'Bt -• yhH — 2y«€ + 5») . f 

In the case of the trinomial in question, this becomes 

^ = <(f— 25t;). (112) 

Hence ^ = — 5 (lJi — *^) = 3750, or f = — 5(^|^ — H*^)= 3125, asstated. 

46. In addition to the illustration just quoted, we may take equations (12) 

♦Vol. VI, p. 815. 



(Ill) 
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and (16), which give the following: 

r d t V t c 

(12) -y ^ ^^ 20 250 750 

_Jl _JL 1 A. 6932 db 632 200040 =b 246480 

^^^^ ~10 ~"5" ^ 500 5.61 61* 

Since each quintic has six sets of constituents, it has six other quintics conjugate 
to it, and these have others, the only apparent limit to their formation being that 
they must all be of the same class as regards the number of real roots. This I 
infer from the fact that in (79) a change of sign in either Wi, n,, or v*, while not 
afiFecting the reality of the elements, will change the sign of p, and therefore 
lead to the elements of the conjugate. The construction of quintics from a given 
set of constituents is useful chiefly for obtaining examples wherein the consti- 
tuents are simple in nature. To construct a quintic with rational coefficients and 
constituents, rational values must be found for the symbols employed in (109) 
such as will satisfy that equation, and the rest follows. For example, the values 
y = 0, 5=1, <= — 2, t?=l,2>=±6, satisfy (109), and it follows that 
€=3±5, ^=41=FlO. Perhaps the simplest values possible for y and h are 
y =z 0, 5 = 0, producing the trinomial jc*^ + 56aj + f = 0, for which (110) and 
(112) are available. In this case we have only to find values of the symbols 
consistent with the relation embodied in (110), 2>*= <^ — 16t;^, or 

t;=<*(yt;-»+ l6)-^ (113) 

and for this we may assign any values we please to the quantities t and pv"^.* 

47. For the trinomial just spoken of, a:* + 560?+ ^= 0, the element-for- 
mulsB (7) become most readily applicable. In this case 

ri=— ^-20fe, r, = <»t;*, ) ^^^^^ 

«i = TV(^ + r|), s^ = ^Tir^ — vi. ) 

Let us take, for example, the case quoted in paragraph 45, wherein < = — 5 , 
^-^ = — 2, t; = -^H, a = 3v+^ = ^, f=<(6— 25t;) = 3750. Thenri= — 5^ 
r, = — i 5* ^/5 , Si = Vt 5', «2 = A 5^ \/5 , and these values, substituted in (7), 
complete the element-formulae. 

* The construction of trinomialB of this form by assigning values to quantities identifiable with the 
two here named has been effected by Mr. 6. P. Young (American Jcmmcd of MatheTnatics^ VII, 170) in 
a different manner— the quantity v not appearing at all, and the quantity t being introduced as the 
fourth-root of a fraction. He also gives a method (indirect, and requiring the solution of a biquadratic) 
for deducing the elements from the two arbitrary quantities. Mr. J. C. Olashan states that Mr. Young 
informed him of this discovery in the latter part of 1888, at which time my paper just quoted had not 
appeared. 
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48. Since the element-formula9 (7) enable ub to express the elements in 
terms of the constituents, the problem of solving any quintic is reduced to that 
of determining its constituents. For the general quintic this can only be done 
by the aid of a sextic resolvent. For such individual quintics as exhibit certain 
relations between the coefficients the task is easier, and the quintics are said to 
be solvable. I say **said to be solvable," for the word solvable has received no 
exact definition. The knowledge of a value of t; or of < is enough to eflfect a 
solution. This knowledge must be obtained legitimately. We have no right, 
for example, to construct a quintic from arbitrary values of the constituents, as 
in the last paragraph, and then declare it solvable because we know what the 
values are. If we had that right, we might determine the constituents of any 
quintic by means of a resolvent, then reconstruct the quintic from the values of 
the constituents so obtained, and thereupon call it solvable. The same quintic 
cannot be solvable to one inquirer and non-solvable to another, although the 
first may have constructed it from arbitrary constituents of which the second 
does not possess the secret. Wherein, then, does the distinction lie ? 

49. Shall we say that the formulae (108) and (111), which express e and ^ 
in terms of the four constituents, are criteria of solvability, and that all quintics 
are solvable whose coefficients are of that form ? Then every quintic would be 
solvable, for all are of that form. Shall we limit the statement to cases wherein 
the constituents are rational ? On the one hand no good reason can be given for 
such a limitation, and on the other hand it might be urged that the boundary is 
still too extended. Where else can the line be drawn ? I am imable to answer, 
and think that the use of the word '* solvable," so far as it implies a distinction 
between two supposed classes of solvable and insolvable quintics, should be 
discontinued. To justify this opinion, I shall take up several cases wherein 
solvability is conceded, and proceed to others between which and the first no 
dividing line can be established. 

50. Any equation is solvable if any relation is known between its roots. 
If it be ascertained, for example, that the function of roots known as t;, or that 
known as t, has a given value, the quintic is solvable. If in (50) v = y* and 
5=0, that equation becomes reduced to 4y^ — 6=0. Therefore, y'+ lOyy' 
+ 20y^y + ^ = is solvable, since we know that t? = y*, nor is it necessary that 
either y or y* be rational. This is the oldest of the solvable quintics, and was 
discovered by DeMoivre. If in (50) t? = y*, without restricting the value of S, 
we have the relation between the coefficients shown in (19), or if t? = 0, we have 
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(24). Whenever we meet with a quintic whose coefficients are observed to be 
related in either of these modes, we know the value of r, and the equation is 
solvable. Let us go a step further. If in (69) we put « = 0, we have as the 
criterion for a new class of solvable quintics, 

f/i=25c|. (115) 

Whenever this relation is observed to exist between the coefficients, we know 
that s = and (unless t? = 0) < = , and the quintic is solvable. It would be 
possible to form a table of criteria to any desired extent, for given successive 
values of t or i? , so that the number of solvable classes is unlimited. But the 
argument can best be enforced by an illustration. 

51, Let < = — 2, and for simplicity let y = 0. Then (4) becomes 
10245*+ 128^— 646'+ 32^^— 14085'€— 326*^ + 1200SV— 8005»f ^ 

+ 3205»— 32056^+ 2406*e^ + QOb^^— 2205*e — 1205€*f + 80^4 (116) 
+ 6^6^- 405V+ im'^ — St^^ + 265«- 65X — ^^+ f'r=0. ) 
I say that any quintic whose coefficients are connected in this manner, when 
^ = , is solvable, because such coefficients indicate a known relation between 
the roots, namely, < = — 2. In every such case, by (5), 

„- _ 1 -18i^ + 43<-2s'+6ye + (?C'-e»C 
^— 25 s8^ — 43e—2di: + 2^—8' ' ^ ^ 

Then the elements of the roots are known by (7). We have here a ** class of 
solvable quintics," with a suitable criterion, and an immediate solution. For 
instance, if we meet the equation y*+ 10^ — lOy + 61 = 0, and test it by the 
criterion (116), we find the latter satisfied, and by (117) we find v = 1, so that 
by means of (7) it is at once solved. We might take any value of <, or any 
value of V, no matter why chosen or how determined, and obtain for it an 
equation like (116), to be thereafter regarded as a criterion for a "class of 
solvable quintics." But if any equation is ** solvable" after such a criterion is 
laid down, it must be "solvable" before. I am unable, therefore, to concur in 
the usual assumption that some quintics are intrinsically solvable and that all 
others are not. Solution in every case depends on the recognition of the quintic 
as one of a previously discussed class, by observation of certain relations between 
its coefficients. The number of such possible classes is not limited. "An 
infinitely large accumulation of solvable quintics would leave none of the other 
sort, by which to illustrate the fact that the quintic cannot be solved algebrai- 
cally ; yet it would not change the fact." * 

^ *Vol. VI,p. 818. 
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52. Quintics "solvable" by peculiar methods may be brought under the 

general theory now presented. Reciprocal equations form a class of such quintics. 

their form being 

oa^ + 6x^ + car' ± ex* db 6aj ± a = 0. (1 18) 

Comparing (62) and (63), we find that in this case <^ = ::t='4', whence by (60) 

r= =F 1, and by (61) < = =f 1 + ha^^. The solution of each such equation 

follows at once by (97) and (7). For example, if 

:k? + x^ + 7? + 7? + x+1 = 0, (119) 

we know that the roots are — 1 , 2~~" ' ^^^ ~ 2 "^^ ^^^ ^^^' 

sent theory, we should proceed as follows to discover these roots. Since r = — 1 , 
< =z — 1 + 6a~* = — |. This value substituted in (97) gives t^ — ^ b^^v 
+ ^V 6"* = 0, and the same result is obtainable from (96), or from the '* second 
quadratic" of paragraph 40. Hence i? = 3*A ± uWr. Taking t? = ^V, we have 
ri = — 104.5"^ r, = — 4.6"" V 5 , »i = V^ 6"^, 8^ = — ^ 5~® ^/5 , and employing 
these values in (7), 

5X = — 26 — 25 V5 + f V(1950 — 474 V5), 
5X= — 26 + 25 v^5 + f V(1950 + 474>v/5), 
6X = — 26 + 25 ^/5 — f V(1950 + 474 ^5), 
6X = — 26 — 25 V6 — f V(1950 — 474 V5). 
From this, by (6), the real root of the reciprocal equation (119) is 

ari = t^ + w, + t^ + n4— i = — 0. 2977659 + . 5666772 ) .j^iV 

— 0.6094635 — 0.5494478 — 0,2 = — 1. ) 

The other four values of v are 0.026 db 0.016 V(— 3) and — 0.022 db 0.008 V(— 3). 

53. It is evident from (5) and (106), as well as from their mutual relations 
as functions of the roots, that v is rational whenever t is rational, and vice versa, 
assuming the coeflScients rational. An apparent exception to this rule is found 
in some cases wherein v or t has two equal values, t oi v having irrational values 
corresponding. In any such case, (5) or (106) becomes indeterminate, and 
recourse must be had, as in the preceding paragraph, and in other cases when t 
or V has equal values, to the equations (95) and (97). In the exceptional cases 
here spoken of, two equal values, say m , are to be regarded as a pair of irrational 
values, say mdbA^n, wherein n vanishes. Thus, if the roots be denoted by 
ajby c, d + V^, d— ^/e, v (not t) will have two equal rational values it e = 
c? — 2ad + a{b + c) — be. For instance, if the roots be — 29, 21,-4, 
6 + V( — 25) , 6 — >v/( — 25), V has two equal values, namely, — 1 25, which we may 
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regard as — 125 db VO, and the corresponding values of t are — 29 ± >\/(— 25). 
By referring to the definition in (38) of t? as a function of the roots, it will be 
found that all of its values are real when all five roots are real, that some of its 
values are real when only one root is real, and that when three roots are real 
and unequal all of the six values of v are unreal, unless two are equal as just 
explained. 

54. With a single exception, all efforts to resolve the quintic algebraically, 
with which I have become acquainted, have belonged to what I have called the 
first class, and have had for their object to illustrate the general theory of 
equations by determining the quantities required under that theory which I have 
here called the elements. The object is theoretic rather than practical, and 
when it is attained we have merely the satisfaction of knowing that we have 
accomplished for the fifth degree all that is possible under the uniform theory 
which affords solutions for the inferior degrees. I presume that the determi- 
nation of the elements will continue to be regarded as the object of greatest 
interest in the resolution of the quintic. Nevertheless, it is not mentioned as 
essential in the definition quoted in paragraph 1, wherein the problem is broadly 
stated as the expression of the roots of the quintic in terms of those of a 
resolvent sextic. It is possible to accomplish this without reference to the 
elements, by some method of what I have called the second class. This view 
of the problem has, in the exceptional case referred to, been acted upon by a 
writer of the highest authority. Professor Oayley. I quote his statement* in 
the paragraph now following. 

55. " The roots of the given quintic equation are each of them rational 
functions of the roots [^] of the auxiliary equation, so that the theory of the 
solution of an equation of the fifth order appears to be now carried to its 
extreme limit. We have in fact 

<h<?>6+ ^4>8+ <?>4<?>e= (*Ia:8, 1)*, 

<?>1<?>8 + <?>»<?>«+ ^4^5 = {*\^i > 1)S 

<^i<?>4+ ^^i + <?>8<?>e = (*K, 1)S 
where (*][5ri, 1)*, etc., are the values, corresponding to the roots, ari, etc., of the 
given equation, of a given quartic function. And combining these equations 
respectively with the quintic equations satisfied by the roots Xj, etc., respectively, 

* ^' On a New Auxiliary Equation,'' Philosophical Transactions, Vol. 151, p. 264. 
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it follows that, conversely, the roots Xi, qc%, etc., are rational functions of the 
combinations ^i4>6+ ^4>4+ ^W>5> 4>i^+ <?>s^4+ ^e» ®te., respectively, of the 
roots of the auxiliary equation. It is proper to notice that, combining together 
in every possible manner the six roots of the auxiliary equation, there are in all 
fifteen combinations of the form ^<^s+ 4^4+ ^b^c* ^^t the combinations 
occurring in the above-mentioned equations are a completely determinate set of 
five combinations: the equation of the order 15, whereon depend the combina- 
tions 4>i4>, H- 4>3<^4 + <^B^e , is not rationally decomposable into three quintic 
equations, but only into a quintic equation having for its roota the above- 
mentioned five combinations, and into an equation of the tenth order, having 
for its roots the other ten combinations, and being an irreducible equation. 
Suppose that the auxiliary equation and its roots are known ; the method of 
ascertaining what combinations of roots correspond to the roots of the quintic 
equation would be to find the rational quintic factor of the equation of the 
fifteenth order, and observe what combinations of the roots of the auxiliary 
equation are also roots of this quintic factor." Here, as Mr. Oayley states 
elsewhere, 
(*][a?i, 1)*= 20(2a^ Sab, 22ac— 106», iSad— 106c, 7ae—10bd+6(^\xi, 1)*. 

66. The method just described requires for determining each root the 
ascertainment of the common root of a quartic and a quintic, and the process 
suggested for selecting fit combinations involves considerable diflficulty. Two 
other methods of the second claas will now be presented as alternatives. 

57. If the several values of ^ as defined in paragraph 15 be added two 
and two, there results the following scheme : 

<^+ <?>»= 2(a:i— arsK^B— 3^4), ^2+ <?>e= H^— ^i){x$— ^) f 

<h + ^3 = 2(a:i— x^){x^—Xs), ^s+^^= 2{xi— x^){x^— x^), 

^i+<^4= 2(a:i— a:4)(a^ — Xs), ^^+^^=z 2{Xi — Xs){x^—x^), 

4>i+^5= 2(a:i— X5)(ar,— ^4), ^+ ^^= 2{xi — Xs){x^—x^), 

<Pi+^6= H^—^){^—«i)^ ^i+^s= 2(xi— xs)(ai— 0:5), 

<?>»+<?>3= 2(a:i— X4)(x5 — Xs), ^^+ ^^= 2(xi — x,)(x4— Xj), 

^+^4= 2(X8— X4)(Xb— Xg), ^H-^«= 2(Xi— X4)(X3— X5). 

<?>2 + ^5 = 2(Xi— Xsj)(X3— X4), 

In these products of differences each difference occurs three times, each time with 
different values of ^. If any pair of values of ^ be taken at random, the 
remaining four values can be arranged as different pairs in three sets, two of 
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which will exhibit common factors with the first pair, while the third will not. 
Let any three pairs having common factors be represented by ^ = 2 (a*, — x^) 
(»4 — «»)» P% = ^{^ — ^)(p^i — ^)j and^3= 2(a:i — ai)(x4 — ajj). Then 

PiXi +p^ + p^=0. (123) 

With the three quintics in Xi, sr,, and otj, respectively, we have now four equations 
from which the values of these roots may be obtained by elimination. Once in 
three times, as has been seen, this process will fail, in which event the use of 
another combination will be successful. The method here given is simpler in 
appearance than that of Mr. Cayley, but it is open to the same objections, that 
it is only tentative, and that it is so laborious as to be unavailable in practice. 
The second method, now to be given, will be found free from both objections* 

68. If we add two and two the several values of ^ as defined in (44), and 
compare the results with (122), we find that 

4i + 4e = ^1 (<h + ^«). '4^4 + 4e = «3 (^4 + <?>e)» 

^2 + '4^4 = ^1 (^ + ^4), 'J'l + ^8 = ^4 (<^ + <^8), 

4^3 + 4^^ = Xl (^8 + <?>5)f '^t+'4^9 = »4 (^ + ^9)1 

^1 + ^4^% = ^t (^1 + ^), '4'4 + '4'B = ^A {^i + ^h)j 

'4'8 + '4^4 = a^2 (4>8 + ^4)1 '4'! + ^4 = a56 (<?>1 + ^i) i 

^5 + 'J'e = a^ (<?>5 + ^e). '4'2 + 'J's = «6 (^2 + <?>5)f 

4l H- 4* = «8 (4>1 + 4^)» '4'8 + '4'6 = »5 (<P3 + 4>e)- 

'4'2 + '4'8 = a?8(^2H-^8), 

Hence any pair of values of 'J/ divided by the corresponding pair of values of ^ 
gives a root of the quintic ; and the five pairs formed by combining any value 
of '4/ with the other five values respectively, each pair being similarly divided, 
give all the roots. It is to be remembered that 'J/ = r^, where r = t — bar\ 
that 4)* = 60(h?, and that a = y — bar\ The values of y are therefore to be 
found by dividing pairs of values of t^ or to* by the corresponding pairs of values 
of ^ or t?* respectively. In practice, there are two modes of determining the 
needed values. We may determine the values of ^ by the dexter resolvent, and 
from these the corresponding values of t by (106) ; or, in many cases preferably, 
we may ascertain the values of t by the central resolvent, and employ them 
in (5) to obtain those of v. The signs to be given to the several values of t?* or 
^ in the latter case must be such as to agree with 2t?* = 24> = , and if more 
than one such arrangement is possible, with 2to* = 2^4) = 0. In the highly 
improbable event that moie than one arrangement fulfils both conditions, recourse 
voL.vni. 
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mny be had to (49) or (48)«<^A8 an illufitrntion^ let us take (12X for which the 
several values are 

t^ 160 " 174 130 — 66 — 22 — 18 ) r^^gx 
^ 5—20 51—19—69 61 ) 

Here the sum of any two values of ^, divided bj the eum of the oorresponding 
values of ^, gives a value of y, which iucreased by 1, the value of — bar\ gives 
a root i^f the quintic. If any one value of t(p be added successively to eax^h of 
the othera, and the sums be separately divided by the corresponding pairs of 
values of i^, we shall obtain all five values of y, and, by addmg 1 to each^ i^il 
five roots of the given quintic. 

69. Various transcendental solutions of the quintic^ by the aid of elliptic 
Sanctions or of hypergeometric series, have been proposed in recent years. It 
would seem that no solution involving series can rival in simplicity the use of 
Lagrange's theorem. The employment of elliptic functions appears to have been 
suggested by De Moivre's transcendental solutions, by circular functions, of the 
cubic and of the solvable quintic known by his name. The use of tabulated 
functions has long been recognized as legitimate in analysis whenever necessary, 
with the implied understanding that no new function is to be introduced for 
tabulation so long as those already recognized will serve. Solutions by elliptic 
functions are circuitous and di£Scult, yet we are bound to prefer them to others 
which would require new tabulations. Were it not for this restriction, we might 
devise solutions of the quintic with great ease. Two such possible solutions will 
now be shown, in each of which it is assumed that the quintic has been brought 
by Jerrard's transformation to the form of + bex + f = . 

60. In the case just mentioned, if we put t? = iVfiz» the dexter resolvent 
(50) becomes, with slight changes, 

{z— iy{^— 6z + 26) = ze^^^K (126) 

^* In this compact equation we have the unknown quantity expressed directly as 
a function of the parameter 6~^^*. Were tables for such purposes worth calcu- 
lating, a table of single entry might be constructed with great ease, showing a 
value of the parameter for each value of 2, and therefore the converse, which 
would supply all that is needed to exhibit the roots of the trinomial in their 
normal form."* 

61. A second possible solution involving special tabulation will be found 
to follow from consideration of De Moivre's solution of the cubic. If a = cos 6 

♦Vol. VI, p. 307. 
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= i (exp [iff] — exp [ — iff]), where i = V(— 1) , 

ix?— f a? — i cos 30 = 0. (X27) 

To quote De Morgan's remark on the Irreduoible Case,* ** the best method of 
obtaining the roots is by having recourse to a registry of the roots of cubic 
equations, which is in the hands of every tyro, namely, the tables of sines and 
cosines." In other words, if a table of cosines (or sines) were needed for no 
other purpose, it would be useftil at any rate as a registry of the root9 of cubic 
equations. As a table of rootsv however, it would be incomplete, since this 
method serves only when there are three real rootfi, and it would neod to ba 
supplemented, were no other solution known, by the values of exp 6 + «xp ( — 6). 
For quintics a similar "registry of roots" might be prepared, which would like- 
wise serve only for roots all real, and would therefore need to be similarly 
supplemented. The function to be tabulated would be cosd + ^^ cos |0, which 

let us denote by GO. Then 

of— ix — ^066 = (1 28) 

The trinomial to be solved having been first reduced to the form x^ — fx — k=zO, 

the value of 66 would be found from the new table, and, as before, a; = cos 9. 

Or, we might have as = sin 6, and tabulate S6 = 8ind — 6 sinffi, when the 

equation would be 

a^— la;— i*,r 85^=0. (129) 

62. I close with the suggestion that the solution of the speeial Jacobian 
sextic discussed by MM. Hermite, Kronecker, Brioschi, Eiepert and others (and 
therefore, bs shown by Signer Brioschi,f of the Malfattian or dexter resolvent), 
by means of elliptic functions, should be combiaed with the methods of exhibiting 
the roots now shown in paragraphs 2 and 68. 

MiLWArXEB, August 5, 1885. 
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On Linear Differential Equations whose Fundamental 
Integrals are the Successive Derivatives of the 

same Function. 

By Thomas Craig. 



I. 

It is known that having given a linear differential equation of the nt^ order, 
one of whose fundamental integrals is a function of another, the equation can 
be reduced to one of the order n — 1 . For example, having given the linear 
differential equation 

of which the fundamental {%. e. linearly independent) integrals are 
then if ^1 = ^ (^^), equation 1 can be reduced to the form 

^ + ft ^, + ft^ + • • • + ?«-iy = 0' 

where jj, g^,, g^s . . . g'n-i are known functions of pi^ p%^ pz * * . Pn- 
Assuming now the equation 

2. ^ + i>n5^r=i +i>i«^^, + . . • +Piny = 0, 

having for integrals a ^ ^ ' <^"V 

it is required to find the form of the coeflScients pm pu • • • Pin* We have to 
start with the following system of equations 
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Differentiating the first of these and subtracting the result from the second we 
have, using accents to denote differentiation^ 

4. p'u¥^'^' + P\%¥''^'' + . . . + 1^^ = 0. 

one integral of which is of course the function ^. Differentiating now the 
second of equations 3 and subtracting the result from the third, then differen- 
tiating the third and subtracting from the fourth, and so on, we have the 
equations j^<?><*^ + i?w^^*"^' + . . . + pm^ = 

^;,<^^-+^) + i>M^^~^ + . . . + l/uf ' = 



and these are what 4 becomes if we substitute for ^ the derivatives 

Equation 4 therefore has all of its integrals derivatives of the same function, 

viz. the integrals are ^ ^ ^ d*"V 

^' dx' daf •••€&»-"»* 
Dividing out 4 by p'^i &Q^ denoting the new coeflScients by ^, ^, etc., gives 
the new differential equation 

The linearly independent integrals of this being 

we can, as before, form a differential equation of the order n — 2, viz. 

6- db^^'^P'^dL^^ + • • • +Ky = 0, 

where jpjj =^ -7-^i,, etc., the integrals of which are found just as before to be 

d^ d^ip <I*"V 
^' d^' d?** 'da^»* 
Continuing this process we arrive at the equation of the second degree, 

the integrals of which are ^ and -^ • Reducing this equation to one of the first 
order we have dy , j/»_i.» _ 

<KB P»-l.n-l 

or for brevity, ^ 4. ^, — n 

giving y,=^,=:e-ftdM, 



V 
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We have thus determined the complete set of mtegrals of 2 and oonsequently 
also of the derived equations 5,6, eta 

Writing the equation of the second order in the form 

we have for its integrals 

where, as before, 5 = ^ • Substituting these integrals in the equation we 
obtain the identities 

Multiplying the first of these by — q and subtracting from the second we have 
8. 9" + (i>i-2<?)s'=0. 

as the condition to be satisfied by the coefficients of 7, in order that it may have 
the above integrals. The equation is of course only, theoretically, integrable 
when we know ^h : ai^d in fact it is obvious that jpi must be known, for even if 
we had a differential equation in q independent of pi it would still be necessary 
to know j5i in order to find p^ from gr, = :?! . 

The solution of 8 can be obtained in an infinite number of cases. First 
make ^ — 2} = F{x) where F is any functional symbol. We have then 

and 2>i = 2g + ^(jc). 

P% =Jp'iqdx. 

Similarly we may write jpi — 2q=:F{q) and obtain values of pi and p^. 
The only practical difficulty la this seoond assumption is that x will be determined 
directly as a function of q instead of the converse. 

Examples : 

a. q" + {p,-2q)i^=0. 

Make jh == ? a^d we have 5" — jj* = ; 

assuming ^= Q this becomes -j^ — q = 0, 
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giving, if we add no constant of integration, 

and finally 2^ 

We have therefore 2 

and 2 
The differential equation is then 

of which the integrals are » and af. 
h. Making again pi^^q^r^ have 

or, if ^ be replaced by §, dQ _ 

Integrating and denoting by — the constant of integration, we have 

dy , 9^+C 

from which follows ^ . Ob? 

and the equation is readily found to be 



2 ' 



^y . ^ X Cx dy , C^ ^Ox 
the integrals of which are 

yi = (cos-2-; 

y, = ^=-C7sin~(cos 2-; 
c. Making •p^:=i2q the equation is 

^ + 2C(1 — (7x) ^ + a»x((7x - 2)y = 0, 

of which the integrals are y^ = e^(x"V» 

y,= ^^=a(C7x-l)e-(?-0. 
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d. Making pi — 2q=^ F{x) , assume F{x) = — : then q=G log x + C", and 

OS 

the differential equation is 

g+(,Olog.+ i)| + ((Ologx).+ £^ + ^),= 0, 
of which the integrals are 

y. r= g— (ggtogg— c») 
y, = ^ = — C log X e-(t-«to«— c«)^ 

e. If we write !''(») = . we find 

_Ctt' 

/. For F{x) = a (a a constant), we have 

dvi G «. ^ --«* 

Writing now as above ^"^ *'* = g^ we have g" + (p'n^i^ n-i — 2^) g' = 0, 

which determines in the manner indicated q and jpn-i,i»-i. Substitute in the 
equations cPy , dy 

the value y = e"^'"** and we have 

S* — ff'— i>«-i,n-i?H-i>»-i,n=0, 

In these jpjj_i^««i is already known, so the first one sulBSces to determine jpj,_i^„. 
Going one step further baok to the equations 

d'y . # <?y I / dy , , 

^ i- i>»-2. »-. ^ + i>— ». —1 ^ + />«-». • da, — " ' 
voi^ VIII. 
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we have for y the same value, viz^ y ^ ^■^«**, = ^, where q is known, there- 
fore for i>;_,.,_„ K-t.— 1. i>»-».» we have 



Pn-t, 1.-1 = — 



4»«V ^. ^ 



i>n-». «-l — 



Pn-t,n = — 



Denom. = 






^' ^"' 4»" 

^' r * 
^" ^>' ^' 

¥' i>' r 

q,"> ^" 4)«* 
^>^ ^"' ,^^ 

And so the process is to be continued back to the equation of the n"* order, 
of which the general coeflScient will be 



Pii = — 



1 



<?>' 

^(•) 



% i 



..4)' 






,(• + 1) 






Denom. = 









The only thing at all arbitrary consists in the choice of a value for 
_p»_j,«_i — 2} in order that the equation 

may be integrated. Parting from the equation of the second order 

all the coeflScients jpj; up to jpi^t are determined by the solution of sets of linear 

equations, the coefficients of which are known functions of the known quantity q. 

Assume now that the coeflScients of the equation of the n*^ order, viz., 

Pni ih»» i>i8> • • -JPln 
are simply periodic functions of the first kind, having c^ for their common period. 
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It is known* that such an equation possesses at least one integral which is a 
periodic function of the second kind, and that the multiplier of this function is 
a root of the fundamental equation. If we choose, as we may,f yi for this 
integral, say yi = ^, where ^ (a? + o) = e^) (x) , then 

will all have the same multiplier as ^, so that the roots of the fundamental 
equation will all be equal and be equal to e. 

It is easy to see that from the form of the integrals of our equation that 
yi, = ^, actually is the integral which is periodic of the second kind. If it were 
not such an integral it would have to be, as is well known, of the form 

Vx = '4'ii + ^\% + a*^i3 + • • • + a*""N^in, 
where '^^ is a periodic function of the second kind having o for a period and b 
for a multiplier. All the derivatives of yi would now be of the same form as yi, 
and consequently no integral of the equation could be a periodic function of the 
second kind having o for period and f for multiplier. But there must be one such 
integral : therefore it follows obviously that y^ is this integral. 

We have now ^^ + (jpn-i, »-i — 23^) j' = 

and yi = ^, = e--^****, 

therefore JL ^ — 

if dx ^' 

changing x into x + q, the left-hand side of this equation remains unaltered, and 
therefore y is a periodic function of the first kind having a> for period. Writing 
then i>Ui,n-i— a?=i^(x) 

it follows that F{x) must also be a periodic function of the first kind, having o 
for period, since, from the manner of formation of ^^-i, n-i this quantity is such 
a function. Assuming then that 

PllJ PU^ * 'pin 

are periodic functions of the first kind having a> for period, and forming by the 

method above indicated the equation 

a- 3" + (K-i,«-i-2?)(z' = 

it is only necessary to assume for 

i>n-l,n-l— 2^ 

* G. Floquet : Th6orie des Equations diff^rentieUes Iin6aire8 A coefficients p6riodiques. Annales 
de r£cole Normale Sup6rieure, 1888. 

t Vide Floquet ^B memoir cited above, 28. 
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a periodic function of the first kind having the same period, and then determine 
q, and consequently j?^-i, n-i fr^na a, and ^n-i, n from 

The remaining coeflBcients p'^ and finally jpu will then be determined as 
above.^ It is easy to see that the multiplier e is equal to unity. We have in fact 

^{x) = e'-^^^^'^ 
4) (a + (o) = 6^ (jc) = e--^^^*^^ 
since ? (^ + ^) = ? (^) ; 

the right-hand members of these two equations being equal, the left-hand mem- 
bers are also equal, and consequently 6=1. 

It is easy to see that a similar result holds in the case where the coefficients 
jPu> i^if • • • 2h» 8're doubly-periodic coefficients of the first kind having q andij' 
for periods. 

If ^ (a:) is an integral, doubly-periodic of the second kind, and having e and 
fi' for multipliers, i. e. if ^{x+ g))= e^ {x) , 

^{x + J)-^<l>{x)i 
we have ^ (x) = e'-^^^ , 

where ^(a; + co) = y (a; -f co') = q{x). And so just as before it is seen that 

Differentiating twice the first of equations 3 , and subtracting the result from 
the third, we have, since 

Pny'""^ +Puy''''^' + . . . + Ky = 0, 

9. pW^'' +pW''' + . . . +Ky = 0. 

This has for integrals ^ ^ ^ <f*"V 

where z has to be determined; this of course is easily done, since, knowing 
n — 2 of the integrals of an equation of the {n — 1)** order we can reduce the 
equation to one of the first order, and so determine the remaining integral. 

Again, differentiating the first of equations 3 three times, and subtracting from 
the fourth, we have, after some simple reductions, 

10. pn^-'' + 1^^-*' + . • • + pZy = 0, 

of which we know n — 3 integrals, viz. 

d<p ^if d^^^if 

and which can therefore be reduced to an equation of the second order, which 
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on being integrated will enable us to find the remaining two integrals of the 
equation in question. 

Similarly we find the equation 

of which A ^ ^ d*^V 

are integrals, and which can consequently be reduced to an equation of the third 
order ; and jpri3^~""^^ + i^ii^""'^ + • . . + plnV = 

of which - d<p d?<p d^-^^(p 



^' IZ' 13 



daf" 



-6' 



and which can consequently be reduced to an equation of the fourth order. 
Finally we come to the equation 

of which ^ is the only known integral, and which can therefore be only reduced 
to an equation of the order n — 2. The order of these equations may in turn 
be reduced by unity, and so new sets of equations will arise. The consideration 
of these equations will, however, be deferred until later. 



IL 

Equations whose integrals are 

yi y% > ' ^ Va 

dx dx ' ' ' dz 

d^? da? ' ' ' d^ 



c?x^> dah * ' ' do^o^ 

where \ + 7^+ . . .'k^'=n. 

We will suppose the quantities Xi, ^ . . . ^» arranged in descending order 
of magnitude, or, at least, in case any of them are equal, in such an order 
that no one shall be greater than any preceding one. The differential equation is 
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Taking the integral y^ we have the system 

From the first and second of these we obtain as before 

(ii) ^£^'+^»^' +...+Ky =0, 

from the second and third we have 
from the third and fourth 

and finally 

Pn ^n+..-»+P» cS^+*r-8 + • • • +i^» d^^T^- *^- 
These last equations are merely what the first becomes on replacing j/i by 
-^ ' 7^ • • • j>,_> • These quantities therefore are all integrals of the equation 

(10 i>i'iy'"-"+i'l,y'"-" + . . . +i>i»y = 0. 

A set of equations similar to Ai are to be formed for each of the integrals 
J/n Vf ' 'Va'i call the general set A^. this is 

^+V-^ d'»+V-^ <^+N-»j^^ ^ ^**~Vi — n 

From these, as before, we form the system 

(i<) 2>i'iy?-' +i>liyr* +..-+i'i»yi =o, 

(2.) 2)(iy? +i>{,y?-* +...+Ky< =0. 



^',yj+\-» + i>,',y?+^-''+ . . . +KyJ*-*= 0. 
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Referring now to equation (Ij) it is clear from equation (1|) that y%y y% • > • y^ are 
all integrals, and, since A,, A^ . . . >l« are none of them greater than ^ and no 
element in this series is greater than any preceding one, it also follows that the 
derivatives of y,, ya . . . y. up to the orders 7^ — 2, Xj — 2 . • . >l. — 2 are the 
remaining integrals. That is, the complete set of integrals of (li) is 

dy^ ^ dh^ 

^'' dx da^ " da^^'^ 

dy^ ^ d^-hj^ 



^^' 1^ dsf '" d^?p^^ 



or taking the general set of integrals, 

(2i) piiy7 +Puyi'^ +.-.+i>xnyi =0. 



(p,) (^<) piiyi'^ +2>ity?"* + . . . +pinyi = o. 



The first of these is also satisfied by 

yii yi • • • y«-i> yi+i • • • y«- 

It is clear from what precedes that the following also satisfy (1«), 

dyi^ ^ ^^'"'yi , 

dx' dj? * ' * cfcc^'""* ' 

dx ' d?^ ' * ■ da?^""* ' 

%i~i , ^y<--i d^<-i"*y 
da: dx* ' * ' da^<-i~* 

fej, ^yi+i dN-fi-*y«4.i ^ 
da; d<x? ' ' ' da:^i+i~* 

dx da;* ' ' * da^*"^ 

will obviously also satisfy (1<). We have thus the same complete set of integrals 
as before obtained, viz. the known integrals of the derived equation 



The quantities 
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where ^iV = pu -^pii , are 



dyi, 

dx 






dx 




d^*y. 


dx' 




d'^-*y. 



We have in all these Xi4-Jl, + --- + ^a — «> =w — a, known integrals, *• e. 
there remain a — 1 integrals to be determined. It will of course be noticed that 
if for any value of i ;i| = 1 the corresponding function y^ is not an integral of 
the derived equation. Referring now to the system (P|) : writing as above 

£«=^), £«L=pa).etc. 
Pu Pu 

this is 

yi-» +i>ayr-" +...+i^y. =0, 

We have now as is easily seen, for the integrals of the equation 

pa) p^V'*'*^ + i>S'y-» + . . . + i^^'y = 0, 

the following system, 

^' dx da* ■" dx*'-» ' 

^/» ^ d'^-% 
^* dx d^ '•' W^-' ' 



^* dx da^ '" da^i-' ' 

V ilk ^ ^*-~''y. 

^' dx da:» • • • da^.-» * 

We have thus n — 2a integrals of the equation of order n — 2, leaving 2 (a — 1) 
integrals to be determined. Again we can form a new equation of the degree 
n — 3 of which we know n — 3a integrals and 3 (a — 1) to be determined. This 
process will be continued until n — ha. becomes either equal to or less than a. 
If Jli = /I, . . . \ then we shall have n — 7«a = a as the number of integrals of 
the equation which cannot again be reduced. These will be yi, y, . . , y.. If 



MAYER &- MXJLLER, Publishers, Berlin. 



-A-OT-A. ^v^-A-T: 



3^^ 



TIO 



Zeltschrlft herausgegeben von Journal redig6e par 

G. MITTAG-LEFFLER. 



4to. Vol. VI in progress. $S per Volume. 



Band L 



Niels H. Abel's Portrait in Lichtdruck. 
Appell, sur les fonctipns uniformes d'^un point analy- 
tique {x,y). 2 Memoires. 

— d^veloppements en serie dans une aire limitee par 
des arcs de oercle. 

BouRGUET, note sur les integrales Euleriennes. 

— sur quelques int6grales definies. 

FuCHS, tlber lineare horaogene Differentialgleichungen, 
zwischen deren Integralen homogene Relationen i 
hoheren als ersten Grades bestehen. ; 

GouRSAT, sur un th6ordme de M. Hermite. 

Gyld^n, eine Annaherungsmethode im Probleme der 
drei Korper. I 

Hermite. sur une relation donn^e par M. Cayley dans ' 
la theorie des fonctions elliptiques. 

Maijisten, zur Theorie der Leibrenten. 

NETTO, zur Theorie der DiBcriminanten. 

PiCARD, sur une classe de groupes discontinus de sub- 
stitutions lineaires et sur les fonctions de deux 
variables independantes restant invariables par ces 
substitions. 

PoiNCARfe, theorie des groupes fuchsiens. I 

— memoire sur les fonctions fuchsiennes. 
Reye, das Problem der Configurationen. 

— die Hexaeder- und die Octaeder-Configurationen 
(12., 16.,). 

SCHERINQ, zur Theorie der quadratischen Reste. 
Zeuthen. sur un groupe de th^oremes et formules de 
la geonietrie enumerative. 

Band II. 

Appell, sur une classe de fonctions de deux variables 
independantes. 

Bendixson, quelques theoremes de la theorie des en- 
sembles. 

BOURGUET, sur les integrales euleriennes et quelques 
autres fonctions uniformes. 

— sur la fonction eulerienne. 

Cantor, sur une propri6t6 du systeme de tons les 
norabres algebriques reels. 

— une contribution a la theorie des ensembles. 

— sur les series trigonometriques. 

— extension d'un theoreme de la theorie des series 
trigonometriques. 

— sur les ensembles infinis et lineaires de points I-IV. , 

— fondements d'une th6orie gen^rale des ensembles. | 

— Bur divers theoremes de la theorie des ensembles de 
points situ6s dans un espace continu a n dimensions. 
Premiere communication. 

Crone, sur une espdce de courbes symetriques de la 
sixieme classe. 

Elliot, sur une equation lineaire du second ordre a 
coefficients doublement period iques. 

Goursat, sur une classe de fonctions representees par 
des integrales definies. 

Hermite et Lipschitz, sur quelques points dans la 
theorie des nombres. 

Mellin, tiber die transcendente Function 
Q(x) = r{x)-P(x), 

PiCARD, sur des fonctions de deux variables indepen- 
dantes analogues aux fonctions modulaires. 

PoiNCARE, sur les fonctions de deux variables. 

Valentiner, zur Theorie der Raumcurven. 

Band III 

Beltrami, sur les couches de niveau 61ectromagnetiques 
Halphen. sur les invariants des Equations differentielles 

lineaires du quatridme ordre. 
Konigsberger, iiber die einer beliebigen Differential- 

gleichung erster Ordnung angehorigen selbststandi- 

gen Transcend en ten. 
Kbausb. sur la transformation des fonctions elliptiques. 
— sur la transformation des fonctions hyperelliptiques 

de premier ordre. 



Krause, sur le multiplicateur des fonctions hyperellip- 
tiques de premier ordre. 

Krazer und Prym, fiber die Verallgeraeinerung der 
Riemann'schen Thetaformel. 

Le Paige, sur les surfaces du troisi^me ordre. 

Lindelof, une question de rentes viag^res. 

Mellin, eine Verallgemeinerung der Gleichung 

r(i+x)r(i-.» = ^^. 

— fiber gewisse durch die Gammaf unction ausdrfick- 
bare unendliche Producte, 

PoiNCARt, memoire sur les groupes kleineens. 
Prym, ein neuer Beweis ffir die Riemann'sche Theta- 
formel . 

— Ableitung einer allgemeinen Thetaformel. 

C^® DE Sparre, sur une equation differentielle lineaire 

du second ordre : Deux memoires. 
Steen. note sur certaines equations differentielles 

lineaires. 

Band IV, 

Appell, sur les fonctions de trois variables r^elles 
satisfaisant d Tequation differentielle AF= . 

Bjerknes. recherches hydrodynamiques. 1. Les equa- 
tions hydrodynamiques et les relations supplemen- 
taires. 

Cantor, de la puissance des ensembles parfaits de points. 

Darboux, sur I'equation aux derivees partielles du 
troisi^me ordre des systemes orthogonaux. 

Goursat, demonstration du th6oreme de Cauchy. 

Hermite et Fuchs, sur un developpement en fraction 
continue. 

— et Lipschitz, sur Tusage des produits infinis 
dans la theorie des fonctions elliptiques. 

Kowalevski, fiber die Reduction einer bestimmten 
Klasse Abel'scher Integrale 8^'° Ranges auf ellip- 
tische Integrale. 

Laquerre, sur quelques points de la theorie des equa- 
tions numeriques. 

Matthiessen, Untersuchungen fiber die Lage der 
Brennlinien eines unendlich dfinnen Strahlenbfin- 
dels gegeneinander und gegen einen Hauptstrahl. 

Mtttag-Leffler, sur la representation analy tique des 
fonctions monogdnes uniformes d'une variable in- 
dependante. 

— demonstration nouvelle du theoreme de Laurent. 
PoiNCARi:, sur les groupes des equations lineaires. 
Scheeffer, Beweis des Laurent 'schen Satzes. 
Sonine, sur la generalisation d'une formule d'Abel. 
Zeller, zu Eulers Recursionsformel ffir die Divisoren- 

summen. 

Band F. 

Fiedler, uber die Durchdringung gleichseitiger Rota- 
tionshyperboloide von parallelen Axen. 

Goursat, sur une classe d 'integrates doubles. 

Hermite, sur quelques consequences arithmetiques des 
formules de la theorie des fonctions elliptiques. 

Krey, einige Anzahlen ffir Kegelflachen. 

Le Paige, nouvelles recherches sur les surfaces dii 
troisieme ordre. 

Malmsten, sur la formule sommatoire d'Euler. 

Phragm6n, Beweis eines Satzes aus der Mannigfaltig- 
keitslehre. 

PiCARD, sur les formes quadratiques ternaires indefinies 
d indeterminees conjuguees et sur les fonctions 
hyperfuchsiennes correspondantes. 

PoiNCARE, memoire sur les fonctions zetafuchsiennes. 

Scheeffer, allgeraeine Untersuchungen fiber Rectifica- 
tion der Curven. 

— zur Theorie des stetigen Functionen einer reellen 
Veranderlichen. 

ScHR()TER, Beitrage zur Theorie der elliptischen Func- 
tionen. 

Zeuthen, sur les pentaedres complets inscrits d une 
surface cubique. 
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the ;i's are all different, then n — ka will be equal to unity, and yj will be the 
only known inte^^. The number of known integrals will of course depend 
upon the number of X's which are equal to Xj. It is easy to find the order of 
the equation which can be no further reduced. We know that Xi is the greatest 
of the /I's, at least it is not less than any succeeding X. By continuing the 
process of reduction long enough we must come to an equation of which 

y, and ^ 

are integrab; other known integrals such as yi, -p, ya, -p, etc., may or may 
not exist according to the relative values of the X^b. The equation having yi 
and -p for integrals is readily found to be 

^^rrrf + ?i d^-^./i + • • • + ?n-^.+ty = 0. 
The coefficients ji, g^g . . . jn-Xj+s are of course derived by known processes from 
JPui Pm * - •!>]»• As we know at least two integrals of this equation, viz. y^ and 

-^ , we can reduce it one degree more, giving 

^^^^^ + ""^ ^^ + • • • + ^* - ^> -^ ^ 2^ = ^ • 
The degree of this equation can no longer be reduced, at least in the sense in 
which the word 'reduction' has been heretofore employed. We have then 
w — A; = n — Xi+l,orA; = Ai— 1,1. ^. w — ;ii + listhe degree of the equation 
of the lowest order which can be obtained by the above process of reduction. 
Of course if we make the substitution 

y — Vif^^ 

we find an equation in z of order n — A^, none of whose integrals are known. 
Suppose now that the coefficients 

of the original equation are uniform simply periodic functions of the first kind 
having o for period. Then one or more of the integrals will be uniform periodic 
functions of the second kind having for multipliers the different roots of the 
fundamental equation. If the roots of the fundamental equation are all simple, 
then we have as fundamental integrals of the given differential equation n uniform 
periodic functions of the second kind each possessing its own multiplier, which 
is different from all the others. 
Vol. VIII. 
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Suppose A = to be the fundamental equation, and «xi Ct« • • • «f its distinct 
roots, and Vi^ v^^ . . . Vf the orders parting from which the minors of A cease to 
be all zero for f = f|(i= 1, 2, . . . <); then it is known* that the differential 
equation admits Vx + n + • • • + ^i distinct integrals, which are uniform periodic 
functions of the second kind. Again, it is known that, in order that the differ- 
ential equation may admit of n integrals which are periodic functions of the 
second kind, it is necessary and sufficient that each root of the fundamental 
equation A = shall annul all the minors of A up to the order equal to the 
degree of multiplicity of the root. Finally, those integrals of the equation 
which are not periodic functions of the second kind are of the form of poly- 
nomials, in X, the coefficients of the different powers of a; being periodic functions 
of the second kind, all having the same multiplier. In the case in hand we have 
the differential equation 

the coefficients of which are uniform periodic functions of the first kind, having 
Q for period. The integrals of the equation are 

y^' d<k da^ '-' d<3^^-^' 
dy^ d^y. d'^-'y. 

^'' dx rfof ••• da^-'' 



^•' dx d^ '" "S^V^ 
Since the derivatives of yi, yi, . . . y. must be functions of the same kind as 
the y's themselves, it is clear that the fundamental equation cannot have more 
than a distinct roots. If the equation have a distinct roots €i, f^, . . . £«, these 
will of course be the multipliers of y^, yi, . . • y,, and consequently of their 
derivatives ; i. e. in this case the equation has n distinct integrals which are 
periodic functions of the second kind. The degrees of multiplicity of the roots 
are respectively J^n ^i • • • >^«i 

and obvious, ci makes each minor of A up to the order Xi vanish, e% makes each 
minor vanish up to the order A,, and so on. The case when the fundamental 
equation has fewer than a roots is included in the above general theorem ; as an 
illustration, however, suppose that the equation has roots 

fi, fj, . . . e^, /?<a 
* Floquet : Annales de l^ole Normale, February, 1888, page 48. 
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belon^ng to the functions 

yi» yii • • • yp- 

Then it is obvious that we have 

Al + Aj + . • . + A^ 

integrals, which are periodic functions of the second kind. 

Similar remarks apply of course in the case of coefficients which are doubly 
periodic functions of the first kind, except that in this case we have two funda- 
mental equations corresponding to the two sets of multipliers. 

Resimie now the original system of equations of the n^ order, satisfied by 
f/i and its Ari — 1 derivatives, viz. 

^ +^ ^ +...+^ ^ =„, 



From the first and third of these we derive after easy reductions the equation 

piii/r-''-\-i>^y'r-*^ + . . . +i>(iy«= 0, 

or, writing 4=^,^ 4^_^, . . . ^ 

Pa ^ Pii ^ 
yi— « +i)8'yi— »> + . . . +i^V = ; 
similarly 

yi"' + i'8'yJ*+" + . . . + i«>y' = 0, 

The integrals of the equation 
are easily seen to be 

dy, d»y, (g^'-'y. 



,, dy^ <?y. <g*«~'y. 
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We have thus n — 2a integrals of the equation of the order n — 1 , and these 

are the same as the known n — 2a integrals of the equation 

pa)' ^) y— »' +jpft''y<-« + . . . + p^'y = 0, 

or say y"-»> +i)Sy"-'» + . . . + j^JJiy = 0. 

There remain now 2a — 1 unknown integrals of i**' and 2 (a — 1) unknown 

integrals of P^^'. 

From {PtX we can form again the equation 

^) y— I) ^_ _pg) y— ») + . . . + pSl'y = 0, 

or say y'— »' + ^SV""" + • . • + i>2ly = 0, 

the integrals which are easily seen to he 



dt/i <?yi ^-*y i 



r-f 



dy <?y. d^'-y. . 
These n — 3a integrals are the known integrals of 

mentioned above. There remain now 3a — 2 unknown integrals of the new 
equation of order n — 2 and 3 (a — 1) integrals of the equation of ordern — 3. 

This process can of course be coptinued just as in the earlier case, where 
the coefficients were p^^^ ; it is hardly worth while, however, saying anything 
more about it. 

We may go back, however, to the original system once more, and by com- 
bination of the first and fourth, the second and fifth, etc., and making some easy 
reductions, obtain 

y?-'' + i>g?y'— » + . . . + i>i5y = o, 

y(«-i) + ^y<«-ffl + . . . + ^'Sy' = , 



where i>g=K-K . I^=P^'-^pii', etc. * 

The integrals of 

^~ y 4. „(8) <*"~ y 4. _|_ »JB)„ — A 
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are obviously d^i (?yi <^*'~Vi 



y». 



dx da? ' ■ * • cfo**-* ' 
da ' da?"" <&*•-* ' 



y. 



dy. d*y. <^*'"V. 

da ' da» ' • " dsc*."* * 

We know thus n — 3a integrals, of 

and these are the known integral^, of the equations 

2/"-" + i>g'y'"-* + • . . + i^'y = 0, 
y'"-« + i>a'y""-*' + . . . +i'ffiy = 0. 

There remain then 3a — 3 integrals of the equation of order n — 3 , 3a — 2 
unknown integrals of the^ equation of order n — 2, apd 3a — 1 unknown integrals 
of the equation of order n — 1 . 

Taking the general case, combine the first of the original set with the i + 1st, 
the second with the t + 2nd, etc. ; we have as the result 

where ^) — d'pn^dfpa «, _ d*?,, ^ d*^, ^ 

The known integrals of this are 

dVi d'y, d*'-*~*«i 

yi. ^' ~^- ^• 



y>, 



dx da* da,^'-*-' 

dyi cPy, d**-*-V, 

da! ' da?' '" da^-*-"- ' 



y.> 



da ' da»' "' d^.-*-i" 



These are the known integrals now of the set of equations, including the p**^ 
equation, 

y'— «>+i?&-V*"" +...+i>2.-"y =0, 
y(— 8)_|.^«-.y— 4) +...+K-*'y =0. 

y'*-« + 2>?VM+iy'"~'-" + . . . + i>?4i, -y = 0. 

The numbers of unknown integrals of these equations are respectively 

•a — 1, ia — 2, ta — 3, . . . »a — ». 
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In r^um6 : we have the two equations ' 

having the common n — a integrals 

^^' dx'" da^- ' 



^" dx'" da^'-* ' 



the three equations 

(P) = 0, 






having the n — 2a common integrals 






y.. :;i^ 



<y. <?*«~'y. 



dx ' * da^' 



.— » 



and the t -)- 1 equations 
(P)=0 

havmg the n — ia common integrals 






From each of these systems we may deduce an equation satisfied only by the 
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common integralSi i. e. we would have, including the given equation, a new 
system of equations of the respective degrees 7j,n — a,w — 2a, • . .n — ia. . . 
satisfied only by the corresponding group of common integrals. The properties 
of each of the new equations will of course be exactly the same as those of the 
original equation. 

In all that precedes it has been tacitly assumed, unless statement is made to 
the contrary, that all the functions yi, y^, • • .y«, and consequently their deriva- 
tives, are uniform functions ; further, if a« denote a singular point of the function, 
the function will remain finite at the point a« on being multiplied by a deter- 
minate finite power of (x — a,) . The coefficients jpui i>u> • • • Pin are therefore of 
the form 

X — a< {x — a^y ' ' * {x — a,)* 
where p _ ^t(p-i)(a;)(g — a<)* 

p denoting the total number of singular points ; F^{x) an integral function of a; 
at most of the degree m ; and 'J' = (a — a^){x — a^)...{x — a^).* 

It is of course perfectly obvious that the coefficients of the various derived 
equations are of the same form as those of the given equation, formed as they 
are merely by differentiation, ntultiplication and division. This being the case 
it follows that the unknown integrals of these derived equations are uniform 
functions of the same character as the known integrals 






* Crelle, Vol. LXyi. FachB : Zur Theorie der linearen DifFerentialgleichungen mit yerftnderliohen 
Coefficienten. 



On Perpetuants, with Applications to the Theory of 

Mnite Quantic8. 

By J. Hammond. 



1. The following formulas are taken from two memoira^ both published in 
the American Journal of Mathematics, viz. : 

Sylvester : On Subinvariants, i. e. Semi-Invariants to Binary Quantics of 
an Unlimited Order. (§4. Perpetuants, Vol. V, pp. 106-118.) 

Oayley : A Memoir on Seminvariants (Vol. VII, pp. 1-25). 

(2) = |. (3) = 2^3. • W= 2^:4. (6)= 27^' 

(2, 2)= ^. (3, 2)=j^, (4. 2)=^^ 



«» 



(^) + (3.2)=2:5;„ + ^. 



a* 



(6) + (4, 2) + (3, 3) + (2, 2, 2) = j-^-|^^ + .S; 

The word " Perpetuant " with ita corresponding idea, and most of the for- 
mulea are due to Prof. Sylvester. The notation, in which the numbers 2 > 3 > • • • > 
printed a little larger and thicker than usual, stand for 1 — a?, 1 — x*, . . . ; and 
the corrections S^, St, corresponding to Quintic and Seztic Syzygies, belong to 
Prof. Oayley. Notice that, when m and n are unequal, we have (wi , n) = (m) X (n) ; 

^^^ (3,2) = (3) X (2). But, if (n) = ^, (n, n) = ^^±^, thus 
(3, 3) = i {^ + (^)»} where ^=^ 

^^ "9" ( ATR "'" n 9 Q Q J I which, when reduced, gives the value 
written above. 
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The value of (3 , 3) has, by a mere clerical error, been incorrectlj given on 
p. 14 of Prof. Cay ley's Memoir. 

2. The syzygies denoted by ^5 and S^ are irreducible, or ground-syzygies, 
and will be written Si^\ Sji^\ for the sake of uniformity in what follows. But 
among the syzygies of degree seven are found the compounds (2) Sl^\ formed by 
multiplying the Quintic Syzygies by the Quadric Perpetuants, and these compounds 
are not all of them independent, but are connected with certain syzygies of the 
sixth degree by Si^^ distinct relations, or syzygies of the second grade. And 
similar reasoning applies to the eighth degree. Hence 

S, = Si'' + (2) S^^ + (3) Si'' - s?\ 
Moreover, in the formula for S^ there will be compound syzygies of the second 
grade, in number (2) S?\ connected with certain of the Si^' by means of Si^ 
distinct relations, or syzygies of the third grade ; and so on for higher degrees 
than the ninth. 

We are not as yet provided with the means of obtaining generating functions 
for Perpetuants and Syzygies of degree n, or even of making the attempt with 
any chance of success ; although Capt. MacMahon's recent researches (MacMahon : 
On Perpetuants, American Journal of Matliematica^ Vol. VII, pp. 26-46 and pp. 
266-263) have rendered it extremely probable that the generating function for 
Perpetuants of the n*^ degree is 

This result will be confirmed for the cases n = 6 and n = 7 , and the case n = 5 
will be reconsidered as the simplest example of the method employed. 

It seems that in general S^' (syzygies of degree n and grade X) are not 
capable of being represented by any simple form of generating function, unless 
n= 2^ + 3, when by an extension of the method used, in the Johns Hopkins 
Circular for April, 1883 (p. 85), to find S^\ generating functions of a simple 
form may be obtained for the series of syzygies S^\ S?\ Si^\ . . . 

It should, however, be noticed that Prof. Cayley's Method of Capitation and 
Decapitation (see his memoir referred to) gives the simplest possible proof that 
the complete number of Quintic Syzygies has been found. 

This will be sufficiently obvious if we remark that each congruence of the 

form 32**~^2^ = 32^*-^2*, when completed into a syzygy, contains a distinct 

irreducible Quartic Form } so that no repetition of the capitation process is 

possible. 

Vol. vol 
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Observe also that, if 2a + 2/? + 1 = tr = 2n + 1 , the number of either 
the Quintic Syzygies, or of the special claas of included Quartic Forms, is the 
same as the number of partitions of n into two unequal parts, zeros excluded. 

By means of these partitions I first arrived at the expression q-t for the 

generating function of S^\ (see the J. R U. Circular referred to). 

3. Instead of 32* ""^ • . writing (72« + i • • • » ^.nd ©««••• instead of 2*. . . , the 
general formula for Syzygies of the S^^^ type is 

where <I).,^ denotes the Quartic Form just mentioned, and the parent Quantic 

may be either a + b~ +c — + d ^-^ + . . . , or (a, 6, c, . . .Ja:, y,)*; but 

in the latter case i must not be less than either 2a + 1 or 2^ + 1 . Hence the 
applications to the Theory of Finite Quantics. 

It is easily seen that all Syzygies of the /S/*^ type {i. e. those of the seventh 
degree and second grade) are included in the formula 

- Q^,{Gu+iQ^- G,,^^Qu — a^^,) 

+ Q^iGu^iQ,,- G^^^Q^-a^^^,) 

connecting compounds of the type {2)8^^^ with a special class of Sextic Syzygies, 
and that, if 2a + 2/? + 2y + 1 = i/; = 2n + 1 , their number is the same a3 that 
of the partition}^ of n into three unequal parts, zeros excluded. 
This may by a convenient abbreviation be written 

Qu^—Q%P^+ Q%y^ + a.^=0 
and there is a similar formula for some of the syzygies of the type Ss^\ viz. 

but this, unlike the former, will not give the complete set of S^^^ syzygies, because 
for the eighth degree the compounds are of two types {2)Si^^ and {S)S^^ {vide 
Art. 2). In like manner all the Si^^ syzygies (and a second special class of Si*^ 
syzygies of odd weight) are given by the formula, 

QuiQt^r^ —Q^^ +Q^ +am 
— Q%fi{Q%^ — <2W + Gwor + ««r^) 

+ Q%y{Qu^ — Qti^cLd + Q^a^ +aafi8) 

— Q25{Qar — Q%P<^ + ft;a^ +a€e^ 

— <^{Qu^— Qf^rS + Q^afl8~ Q^a^) = 
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connecting compounds of the type (2)a8$*^ with the special class of S^'^ syzygies, 
and if 2a + 2/? + 2y + 25 + 1 = t£? = 2/i + 1 , their number is that of the par- 
titions of n into four unequal parts, zeros excluded, 

This formula also may be abbreviated, by writing a single symbol for each 
syzygy of the second grade contained in it, i. e. for each expression in ( ) ; and 
when this is done, it will be easy to write down the corresponding formula for 
all the S^^ syzygies, which will be found to connect five compounds of the type 
(2)aSJJ'^ with one of the type a/Si?^ by a linear relation. And just as the S^^ 
syzygies were shown to form a special class only, and not the complete set, 
because of the existence of compounds of the two types (2)/Si^^* and (3)aS|[*^; so 
the Sio^ will form a special class because of the existence of the two types of 
compounds (2)/S'^*^ and {Z)S?\ The Sif on the other hand will be completely 
determined (just as S^^^ and Si^^ were), their number being that of the partitions 
of n = i («? — 1) into five unequal parts, zeros excluded. 

Precisely similar reasoning holds in every case, and leads to the following 
Theorem :—AU the S^\^ syzygies are of odd weight (tr = 2/i + 1), and connect 
compounds of the type {2)Si^:^\ vyUh a special class of /S^+ J^ syzygies^ their number 
being that of the partitions of n into X + 1 unequal parts, zeros excluded. But for a 

finite Quintic of order i, none of these parts must exceed —^ if i be odd, or-^ 1 

if i be even. 

4. Let r ? J denote the number of partitions of n into k unequal parts, 

zeros excluded. By the subtraction of unity from each part we obtain the 
partitions of n — k into k unequal parts, zeros included ; and these are the same 
as the partitions of n — k into k unequal parts, zeros excluded, + those of n — k 
into k — 1 unequal parts, zeros also excluded. This is the meaning of the 
formula 

a)=ci*)+Gio- 

Now the theorem is that 

Whence (1 -a^+')«{V. = J | (^^ i) " ("I+T ') K*'- 
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The above partition formula reduces this to 2 T^ ^ Ja^ + ^ or to 
2 (T)^*^"^^"*"*^"*"' ^^ ^® ^"*® n = m + Ji+l. So that finally we obtain 

^ + 3- i_^+»^«A + i-2.4,g_..(;i+l) factors 
Particular cases are 

Si^^ = g~-j \ Postponing, for the present, the application to Finite 

^** 1 Quantics, I remark that Syzygies of each of these foiu* types 

Si^^ = Q^ A / are recognizable in the Numerator of the Rep. Generating 

\*2i \ Function for the Binary 12*^, the type /Sff^ being represented 

Si^ = n A (\ Q ( ^y * single term. ( Vide pp. 44 and 45 of Sylvester's Tables 
* ' * «' \ of the Generating Functions and Groundforms of the Binary 

/Siff^= o A fi.ft.lO I I^^iodecimic, with remarks, Ac, Am. Joum., Vol. IV, pp. 41 

/ et seg.) 

and it should always be borne in mind that each of these generating functions 
will also serve to express the number of syaygies of a special class whose degree 
and grade are each lower by unity than those indicated. Thus the. same gene- 
rating function serves to express the total number of S?^ syzygies, and that of a 
special class of Si^^ syzygies. 

5. A simple generating function may be defined as one of the form 

(l-^Xi-Z^){l-af)... ' "^^^^^ ^,fc,v,...fiT& all diflFerent. 

It corresponds to all the partitions obtainable from a single partition of Wi 
denoted by x^, by superadding any number of each of the parts X, jt^, r, . . . 
This partition of w may be perfectly determinate or only partially so ; but in the 
case of perpetuants, here considered, both its parts and the superadded ones 
X, ft, r, . . . must be non-unitary. A good example is the generating function 
for Quintic Perpetuants where w=15, the superadded parts being 2,3,4, and 5, 
and the partition of w may be any one of the three 556, 5532, or 5433. 

A first reduction of the formulae for perpetuants is obtained by using only 
those simple generating functions in which ?.^ fi, v, . . . are all even and the 
partition of w contains a known number of odd parts ; the other generating 
functions used being expanded in a series of these. - 
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Thus in the table, which gives the first and only reduction for Quintic 
Perpetuants ; all the simple generating functions in the n^^ row correspond to 





I 


II 


Ill 


1 


a* 

2.4 


afi + a? 

2.4 


xi 


Ti 


2 


2.4 


a^ + a;» 

2.4 





3 


a41 + iB>» + iB» 

24 


2.4 


2.4 


4 


-BM + iB"+«M4.ir» 


iB^' + x" 

2.4 


2.4 


2.4 


etc. 


etc. 


etc. 


etc. 



partitions containing n odd parts. Columns I and II are obtained by decompo- 

sition, as explained below, from n ^ a f\ ^^^ O o q ? *^^ ^^^ ^X *^® ^^^ ^^^^ 
row subtraction of II from I. The addition of the positive terms of III gives 
Q ^ A R » ^^ *^® generating function of Quintic Perpetuants ; the negative term 

is the generating function of Quintic Syzygies* 

A system of partitions of the type 5^ +^4^ 3^2^ can be decomposed into 
partitions of the types 

54^2^ 54^32^,. 54^3*2^, 54^3^2^, etc- 

6*4^2^ 5»4*32^ 5*4*3«2^, etc. 

5H^2^, 5»4*32^, etc. 

6^4^2^, etc. 

and to each of these corresponds a term of the decomposition of the generating 

function of 5^+^^3^2^, l e. a term of 



2.3.4-5-2.4"^ 



i>?+^ ^ a^^ + aJ» + a^» a^' + i^^ + x'^ + x'' 



+ etc. 



2.4 ^ 24 ^ 24 

where the simple generating functions of partitions with the same number of 
odd parts have been grouped together, as in Ool. I of the table. 
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To obtain Col. II notice that products of the type (3, 2) or 3•+^2^2^+^ can 
be decomposed into the products 32^2^+\ 3*2^2^+^ 3'2^2^+^ 3*2^2^ + ^etc. 
Or passing to their corresponding generating functions 



2:5:5"" 2^ "^22 "^22 "^2.2 

The transition from this to Col. II of the table, preparatory to its ultimate 
subtraction from CoL I, though simple and even trifling in appearance, deserves 
some notice. It signifies that each of the products spoken of has to be trans- 
formed, by means of Prof. Cayley 's Multiplication Theory, into a series of simple 
partiticfia; and when this has been done, we have a system of equations for the 
reduction of the partitions of Col. I. The unreduced partitions now correspond 
to the positive terms of Col. Ill, which, when collected, constitute the Gene- 
rating Function for Quintic Perpetuants; the reduced partitions are made to 
depend on these and on the products (3, 2). To see the exact meaning of the 
negative term in row 1, or the Generating Function for Quintic Syzygies, observe 
that the products 32^.2^ + ^ may be divided into three sets, viz. 

sf 
(a) those for which /? = y, generating function -r- 

(c) " " ^>y, " " ^ 

and that either of the sets (i) or (c) taken with (a) being capable of reducing all 
the partitions of one odd part in Col. I, the other set is incapable of giving any 
fresh reductions and therefore yields syzygies. 

6. Reasoning precisely similar to that employed in the preceding article 
gives the decomposition 

a^ _ a^ . a^ + »" . ic" + it" + ig" 

2.3.4.5.6 ~ 2.4.6 ^ 2.4.6 ^ 2.4.6 

, iB» + a!'^-t-aJ» + a* . g" + a;* + g» + a^ + «» 
"•■ 2:4:16 "*■ 2.4.6 

where we may at once dismiss the first term with the remark that it corresponds 
to partitions with no odd part, and is therefore exactly reducible by means of 



r 



to the Theory of Finite QuarUics. 



Ill 



the products (2, 2, 2). The remaining terms, with their common denominator 
omitted for the sake of brevity, are arranged in the first column of the table. 

Den'. 2-46 





I 


II 


Ill 


1 


af + aF 


a» + a:>» + x" 


-a:>» 


2 


»» + «" + a^' 


aJ> + aJ*+x»« 





3 


x» + x»' + »»» + a*i 


«» + o^' + x» 


a?"- 


4 


a^« + a*» + a« + x»* + a?« 


«>• + a* + a« 


sr" + a!»« 


5 


a!« + x'» + »» + »'^ + a*' + x» 


x*^ + sc" + a^ 


a^ + jc» + a^ 


etc. 


eta 


etc. 


etc. 



The products (4, 2) yield the second column, in which the successive rows are 
the terms of the expansion 

2.23-4=' 2^1:4 "^1^24"^ 2:2:4 '*"^*''- 

after reduction to the common denominator 2- 4*6* The reasoning of the 
preceding article applies here, mutcUis mutandis, and need not be repeated. The 
third column is found, as before, by subtraction and gives the following reduced 
formula for Sextic Perpetuants. 

The syzygies denoted by the last term are easily shown to be identical with the 
special class of sextic syzygies before mentioned, given by the general formula 

Qu%.y- C»^**.y+ GtA*.,,= 0, 

and having the same generating function (see art. 4). 

For, from the way in which the reduction has been effected, it is evident 
that the syzygies in question contain no products of either of the types (2, 2, 2) 
or (3, 3), but simply connect those of the (4, 2) products in which only one odd 
part occurs with one another and with forms of lower degree. In the general 
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formula these forms of lower degree are contained in the forms 4> ; thus 
<I>8,, == 43 + 322, and so for others. 

Moreover, if we call a (4, 2) syzygy one which does not contain any (3, 3) 
product, all the (4 , 2) syzygies are contained in the above general formula. For 
it is readily seen that the capitation of aq identity, or of a syzygy which con- 
tains a (3 , 3) product, can never give rise to a (4 , 2) syzygy ; so that the complete 
set of these is obtained by first capitating all the Quintic Syzygies with 4.2 
throughout, and then capitating the syzygies thus formed with 4.2 throughout, 
and repeating the process indefinitely. We shall thus find, for the generating 
function of (4, 2) syzygies, the generating function for Quintic Syzygies multi- 

plied by -j^ ; which is precisely the result obtained previously, proving that all 

the (4, 2) syzygies have been found. 

7. The removal of the (3, 3) products from the reduced formula alone 
remains to be performed, and when this is done we shall obtain at the same time 
the generating function for Sextic Perpetuants and that for Sextic Syzygies. 

The result of removing a single (3 , 3) product, symbolized by sc*, is either 

(2:^4376 - '^O + C'^* - 2:4:^) ' 
2.3.4.6.6 +('^-'^-2:1:^)' 

where in the former — a* denotes a reduction of the partitions, and in the latter 
a syzygy. Hence we see that any (3, 3) product must either give a reduction of 

the partitions contained in n a K a ^^ ^^^ * V^Jgy- 

Now the generating function of (3, 3) is n q"^ ft » ^i^d the effect of the 

reduction of Article 6 on the partitions denoted by 

^ _ g' + a^' + g'* + a^ + g* + a^ + g* + a?*^ + eto. 

23.4.5.6" 2.3.4.6 

has been to remove the terms «• + x^^ + a?** from the numerator of this last 
fraction ; so that it would appear at first sight that no fresh reduction is given 
by any of the (3, 3) products, in which case all of them would correspond to 
syzygies, this however is known to be untrue. But if we write the generating 
function of (3, 3) in the equivalent form 

x^ + a^ + a^^-\.x'^ + 3i''+a^ + ai''' + a^ + a^ + aP a^ + a^ 

24.6 "^2. 3. 4.6 
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we see that the next two terms ^^ + «*• may also be removed from the nume- 
rator, leaving a^ = as** + aj*^ + etc. The unreduced partitions are now 

('^ = 2.3.4.6.6' 

That portion of the generating function for (3, 3) which does not give reductions 
will correspond to syzygies ; and hence we have, introducing the term oP in the 
numerator to represent the (4, 2) syzygies, 

^•= 2:4:6 

To complete the proof it would be necessary to identify this with the complete 
set of Sex tic Syzygies, which would involve the calculation of such of them as 
have not already been found by -Capt. MacMahon. The above value of 8^ may, 
by introducing common factors in its numerator and denominator, be written in 
either of the equivalent, but more concise, forms 

^•- 2:^:4:^ - 2X4^5:^ ' 

of which the second has been given by Prof. Oayley. 
8. The formulaa for the seventh degree are 

(^' 2)= 2-^.3.4.5' (^'^^=2.2.3.3.4' (3, 2, 2)= 2 2^3^, 

(7) + (6,2) + (4,3) + (3,2,2)= 2,3./5.6.7 + ^' 
by means of which we may verify the relation 

(7) + (4,3) = 2 3 45g^ + (^--2±-^), 

but remembering that 8, = /S?" + (2) aSJ" — S\*^ (see Article 2), and substituting 
for S^^ and aS,'" their values given in Article 4 ; this reduces to 

(B) (,) + (4,,) = 2_j_^_^ + ^ 



ya) 



indicating that every ground-syzygy of the seventh degree contains at least one 
term of the (4, 3) type. This theorem was originally obtained by the method 
employed in Articles 6 and 6, and there is every reason to believe that a tolerably 
simple independent proof of it is possible ; but my present object is briefly to 
indicate the formulae for Perpetuants of the seventh degree and to consider in 
Vol.. vm. 
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the remaining articles the case of Finite Quantics. We have 

_ N a!» + a* + a^ + a!* + a* 

~ 23.4.6 "^ 2.3.4.5.6 

where JV^== »»« + x» + x" + x>* + a!» + «»• + X*' + sc" + x" + a*» + a?» + x" + a« 
+ »" + «*» + a^ + x" + a^ + a^ + »" + a^ + a!" + a!" + st" + a^ 
+ a*' + a!" + x** + JC*^ 

And if we write 

a* _ a» + af^ + a^ + a^'\-af + aF' + x*-\-x"+eto. 

2.34.56.7" 23.45":^ 

the method of Article 7 will give 

(''^=2.3.4.5.6.7' 

•^^^ ^ -2:^:¥^- 2.3.4.6.6 ' 

where the second value of Si^^ is obtained from the first by introducing the 
common factor 1 — a:* in both numerator and denominator. The first value 
would be more convenient than the second if we had in our possession a complete 
list of the groundH33'zygies and wished to compare them with the indicated value 
of Si^K Such a comparison would be in itself a most complete and satisfactory 
proof of the results given in this article, but would require some very laborious 
calculations. The terms a;^* + a^ + ^^ of N are easily seen to correspond to a 
set of syzygies of the form 4* + ^3^+^2\ 32*— 54»3''"*-i2\ 2^ + ^ = ; but I have 
not attempted to compare any of the remaining twenty-six terms with syzygies. 
Two different reductions have been made use of in these articles ; the first 
of these corresponds to the reduction of the generating function of a Finite 
Quantic to its Representative form, and consists in removing all terms which 
contain Quadric Factors ; the second reduction removes all terms with Cubic 
Factors. For the eighth degree the formula after the first reduction is 

(0) (8) + (5, 3) + (4, 4)=2^^;4^;j^ + ^«+(W+(2:^-«.'"). 

the terms (6, 2), (4, 2, 2), (3, 3, 2), (2, 2, 2, 2), and {2)Si^\ which contain 
Quadric Factors, having been removed. The term whose numerator is si?^ corres- 
ponds to the "special class of S^*^ syzygies'' mentioned in Article 3. This 
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reduction does not assume the knowledge of either (6) or Si^\ but only of their 
difference ; the result is therefore unaffected by any error in the determination 
of (6), should any such error exist. 

9. To the formula (5) = g n a c and to (A) , (B) , and (0) of the preceding 
articles may be added one for the ninth degree, viz. 

(D) (9)+(6, 3)+(5, 4)+(3, 3, 3) = g 3 ^ ^^g y q q +^J«+ (3) S.^^+ (4) S,^^- S?^ 

but the proof of this formula, a3 well as that of (C), has been omitted for the 
sake of brevity. 

Observe (1) that in each of them all terms containing a Quadric Factor have 
been removed from both sides of the equation. * 

(2) That the expressions found in Article 4 for S^\ S?^, and S^^^ have been 
substituted for them in the formulae for degrees 5,7, and 9 respectively, 

(3) That each of them contains a term of the form 

2%.\.n ' ^^^^^ ^ = ^y 6, 7, 8, 9. 
This term alone expresses the unreduced partitions, viz. if the partition expressing 
any Quintic Perpetuant be 5*+H^+^3^+*2*, the unreduced partitions in (A), (B), 
(C) and (D) may be found by the successive superaddition of e+ 1 parts each = 6, 
f + 1 parts each = 7, 77 + 1 parts each = 8 , and 6+1 parts each = 9 ; so that the 
unreduced partitions in (D) will be of the form 9*+^8^^7^+^6'+^5^4^^3^*2*. 

Applications to the Theory of Finite Qicantics. 

10. In a recent number of the American Journal of Mathematics (Vol. VII, 
p. 337) I found for the Generating Function of any Binary Quantic the expression 

77(1 — aV) 
where (r.s) is the deg. order of any groundform, and the product 11 contains a 
factor corresponding to each groundform. If there be two groundforms of the 
same deg. order 11 will of course contain a corresponding square factor, if three 
a cubic factor, and so on. In the numerator 2„ is the aggregate of terms corres- 
ponding to the irreducible syzygies of the n*^ grade, or say the irreducible n^^ 
syzygies ; and the portion of the generating function corresponding to the 
portion 2^ of the numerator will, when expanded, give a series of terms corres- 
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ponding to all the n^^ syzygies reducible or irreducible. The generating function 
when written in this form serves to express the fact that, for any given deg. order, 
the number of asyzygetic covariants is equal to the total number of covariants 
minus the total number of first syzygies, of that deg. order, plus the total number 
of second syzygies minus the total number of third syzygies, and so on. 

It may now be easily shown that the numerator of any Representative form 
of Generating Function for a Binary Quantic will consist of blocks of alternately 
positive and negative terms; the terms in the first block representing covariants, 
which may be either irreducible or compound, but none of the compounds are 
divisible by any covariant represented in the denominator ; the terms in the 
second block, in like manner, representing first syzygies not divisible by any of 
the denominator covariants ; those in the third block second syzygies, and so on. 

To see this it is only necessary to replace all the factors (1 — aV, 1 — a*" V ) 

of n which do not occur in the denominator of the representative form under 
consideration by geometrical series multiplying its numerator, which will there- 
fore be (1— 2i+23— 2,+ . . .) X (1+ aV+ af'a?'+. . .)(1 + a*" V+ a^*a?''+. ..)...; 
viz. the compound covariants of the first block will simply be powers and 
products of (r.d), (/.«'), . . . ; and the compound syzygies of the subsequent blocks 
will be simply divisible by these powers and products. If after multiplying by 
these geometrical series, we allow terms such as + a^x"^ and — a^x^ to cancel 
each other,* there will result a Representative Generating Function of the form 

C—8, + 8, — 8^+... . 
D ' 

in which 2) is a representative divisor of 11, i. e. it is the product of factors 
(1 — a^x^){l — a^V) . . . representing groundforms whose deg. orders are 
ip'Q)j {p''9f)f • • • ; ^^^ ^^ ^^^ covariants in G, or the n*^ syzygies in S^ those 
which are reducible will be divisible by powers and products of the groundforms 
(r.fi), (/«') . . . , but not divisible by any of the groundforms {p.q)f (i>V) > • • • 
represented by the factors of D. 

11. Dr. F. Franklin, in a paper **0n the Calculation of the Generating 
Functions and Tables of Groundforms for Binary Quantics" {American Journal 

* Positive and Degative termB may in most cases be freely allowed to destroy one another, for 
a (n + 1)*** syzygy may be considered as a relation between the compound n"* syzygies diminishing their 
number. But subsequent corrections will have to be made, not only for cases of the coexistence of 
groundform and syzygy, but also wherever (n +!)*** syzygies exist simultaneously with irreducible 
n^ syzygies of the same deg. order. Examples of this do in fact occur even for the Binary Quintic, 
which has irreducible first and second syzygies of the same deg. order. 
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of Mathematics^ Vol. Ill, p. 137), has given the numerator of the representative 
generating function whose denominator is 

2) = (1 — a^7fl){\ — a^'x^){l — a^' x^O • • • 
in the form 

Z(l — XoPa:* + 2a'+^V + «' — 2a^+^'+^'V+«'+«''+ . . .), 

where L is the expansion of the generating function in an infinite series, and is 
multiplied by the finite expanded value of D which forms the series in brackets. 
He also proves that the covariants represented by terms of the numerator are 
not divisible by any of the denominator forms (jp.j), (/>'.?'), (i?"*?")* • • • • This 
form of numerator will of course reduce to that previously given, viz. 
G — /Si + /Si — /Si + . . . , if we freely allow positive and negative terms to 
destroy one another ; but among the terms of LS,a^x^ some will correspond to 
compound covariants of the type (^.j)©, where is one of the asyzygetic 
forms represented by the terms of Z, and will properly be subtracted from L in 
order to reduce it to (7; others, which cannot thvs he subtracted, will correspond 
to syzygies, each of which will give an expression for a compound of the type 
{p>q)& in terms of the asyzygetic compounds. So also, some of the terms of 
i2a^"*'^V"*"^ will correspond to compound syzygies, reducing the syzygies of 
the preceding block to Si, and some of them to "second syzygies" ; and reduc- 
tions will take place, in like manner, in each of the alternately positive and 
negative blocks of the numerator. 

But since positive and negative terms have been freely allowed to cancel 
each other,* no term in Si is of the same deg. order as a term in C ; thus the 
syzygy giving {p.q)& is not of the same deg. order as any term of G, and since 
the asyzygetic compounds not contained in G are all of them divisible by one or 
more of the denominator forms {p.q), (p'-gf), Cp"-?")* • • • > ®^^^ ^^ ^^^ syzygies 
Si will connect only compound covariants which are divisible thus. 

This reasoning may, without diflSculty, be extended so as to give the meaning 
of terms in the remaining blocks a%, S^, . . . , when it will be seen that each term 
of the block S^ denotes a n*^ syzygy not itself divisible by any denominator form 
but connecting only such compound (n — 1)^^ syzygies as are so divisible. If we 
call a, Q^, Q^p, Qiy, . . . denominator forms, the first, second, and third syzygies 
whose expressions have been given in Article 3 fulfil these conditions. 

* Subsequent corrections will of course have to be made for such cases of coexistence as are men- 
tioned in the preceding note. 
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12. Referring to p. 135 of Dr, Franklin's paper, just quoted, it will be seen 

that the representative function will be expressed in a finite form whenever its 

denominator D is divisible by the denominator of the reduced form, but in no 

other case. For a given quantic there is sometimes a large number of different 

finite representative generating functions, even when the number of factors in 

the denominator is restricted. As an example, for the Quintic there is no finite 

representative generating function with less than six factors in its denominator, 

but as many as 18 can be found with six factors. Here the denominator of the 

reduced form is 

(1 —a%\ — a«)(l — a«)(l — ax){l — aa?){\ — oa^), 

the denominator of the simplest representative form being 

(1 _ a%l — a«)(l — a")(l — aV)(l — aV)(l — aa^) ; 

but the three invariant factors of the denominator may be chosen in 3 different 

ways, viz. (1 — a*)(l — a«) (1 — a") 

(l-a*)(l-a«)(l-a^«) 

and similarly the three covariant factors may be chosen in 6 different ways ; or 
there are in all 18 different ways. For one of the covariant factors must be 
(1 — oac*), and denoting the other two by (1 — a^sc^Xl — aV), (p.q) may be 
either (2.2), (3.3), or (4.4), and (r.s) may be either (2.6) or (3.9). 

In Prof. Sylvester's very extensive, and extremely valuable Tables of Gen- 
erating Functions and Groundfornoua, published in various numbers of the American 
Journal of Mathematics^ the representative form given b in each case the simplest 
that can be found by multiplying both numerator and denominator of the reduced 
form, given in the same table, by such a factor as will make the denominator, 
and therefore the numerator, representative. But since no two representative 
forms give us exactly the same information, it may in some cases be convenient, 
instead of those given in the tables, to use other forms ; and any one of these 
may be obtained from the reduced form by the same process. 

Everything in this and in the two preceding articles may be either directly 
applied or eafiily extended to Systems of Binary Quantics, but in what follows 
the quantic (a, 6, c, . . .Ja, y)*, and its simplest representative function, will 
alone be considered when n = 5, 6, 7, 8, 9, 10, 12. 

13. The source of any covariant is what remains of it after putting a; = 1 
and y = , and is a perpetuant when not expressible as a rational integral function 
of the sources of covariants of lower deg. order, however great the order of the 
parent quantic may be. 
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A syzygy containing non-perpetuant sources may be a non-perpetuant syzygy 
in two distinct cases : (1) after substituting for each non-perpetuant source its 
value in terms of perpetuants, the syzygy may be expressible as a linear function 
of the compound syzygies to the quantic of infinite order ; (2) this substitution 
may cause the syzygy to vanish. Irreducible syzygies to a quantic of finite 
order, when not included in either of these classes, are also perpetuaivt syzygies. 

Since all groundforms of degrees 1,2, and 3, have perpetuant sources, and 
since there are no perpetuant syzygies of lower degree than 6 ; no single binary 
quantic has a syzygy of lower degree than 5, and all its syzygies of degree 5 are 
perpetuant syzygies. For, all compound sources of degree 4 are made up of 
perpetuant sources of degrees 1,2, and 3; so that no syzygy of degree 4 can 
exist which contains a non-perpetuant source, i. e. there is no non-perpetuant 
syzygy. 

S3rzygies of degree 5 to any binary quantic, besides terms divisible by the 
source of the quantic itself, or a, contain terms formed by multiplying a source 
of degree 2 by one of degree 3 ; or denoting these by (2)(3), (2y(3y, ... we may 
write any syzygy of degree 5 in the form of a congruence, thus 

X (2)(3) + (I (2y(3y + . . . = (mod. a), 
where ;i, ^, . . . are numerical multipliers to be determined. 

But this is a perpetuant congruence, and corresponds to a perpetuant syzygy. 
Again, there are no second syzygies of lower degree than 7 ; for there are no 
compound syzygies of degree 6, and therefore no second syzygies of that degree, 
and denoting the syzygies of degree 5 by (5^), (¥y, . . . , the only compound 
syzygies of degree 6 are a (5), a(5^y, . . . which are clearly not connected by a 
second syzygy. For degree 7 the compound syzygies not divisible by a are 
(2)(6^), (2y(5y, . . . , so that any second syzygy of degree 7 may be written as a 
congruence, thus X (2)( 5 ) + ii (2y( 6 y + . . . = (mod. a) , 
corresponding to a perpetuant second syzygy^ of which the general value has 
been given in Article 3. 

By extending this reasoning to the 3d, 4th, 5th, . . • syzygies in succession, 
we may prove that there are no n^^ syzygies of lower degree than 2m + 3 , and 
that the n*^ syzygies of this degree are perpetuant n*^ syzygies, so that their 
number is given by the partition theorem of Article 8. And it should be 
remembered that every n*^ syzygy thus found contains a (n — l)*^ syzygy whose 
weight is the same, its degree being less by unity than that of the n*^ syzygy. 
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14. The Dumber of partitioDs of n Id to X + 1 uoequal parts, zeros excluded 
aud DO part greater thaD (i, is the coefficieDt of c^ + V Id 

(1 + CZ){1 + C2»)(l + CZ^) . . . (1 + C3^) — (1 + C2 + CZ»+ C2?+ . . . + C2^) 

when X has any positive iDtegral value from 1 to (i iDclusive. 

But by the theorem of Article 3 this is the Dumber of A.*"* syzygies of degree 
2^+3 and weight 2n + 1, to the quautic of order i] where i — 1 = 2/i or 
t — 2= 2(1, accordiDg as i is odd or eveD. 

Hence we may, if t/? = 2n + 1 , instead of the above expression, use 

in which the coefficieDt of a^^^^g^x^ is the Dumber of ^*^ syzygies of degree 
2A,+ 3 aDd weight w, to either the quautic of order 2/z + 1 or that of order 
2(1+2. Thus, for the Quiutic or Sextic, 

^(.+aW+«V*')-f(l+aV + «'.^)=«'^' 

represcDts the well-known Byzygj of degree 5 and weight 7, which is the same 
for both quantics. 

For the 7*^ or 8*^ we have 

-^ (1 + aV)(l + aV)(l + a^gx') - "y (1 + «V^ + «V + «V) 
= a^g{x' + 3?+ x") + aVx", 
so that these two quantics have one syzygy of degree 5 for each of the weights 
7 , 9 and 11 , and a second syzygy of degree 7 and weight 13. It is to be remem- 
bered that this second syzygy contains a syzygy of deg. weight 6.12 the only 
representative of the special class mentioned in Article 3. 
For the 9**^ or 10** we have in like manner 

— (l+aV)(l + aV)(l + «V)(1+ «V) - — (l+aV+«V+«V+«V) 
^ =aV(a5' + a^+2si?' + x'' + a?') + aY{a^ + a^' + a^' + x'') + a'g'^\ 

which must be interpreted as before. 
And for the 11** or 12**, 

— (1 + aV)(l + «V)(1 + «V)(1 + «V^)(1 + « V) 

if 

— — (1 + aV»* + a*gx* + a*g3? + aV' + «Va^) 

= aV (a^ + a» + 2x1^ + 2x" + 2a^ + ar^' + x") 
+ ay («"+x^»+ 2a:" + 2x^' + 2x»^ + x** + »»») 
+ ay (x»» + x" + x" + x»^ + x»») 
+ aV«". 
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The above is a complete determination of the' syzygies of degree 5, second 
syzygies of degree 7, third syzygies 'of degree 9, and fourth syzygies of degree 
11, for the quantics considered. A partial determination of the syzygies of 
degree 6, second syzygies of degree 8, and third syzygies of degree 10, for these 
quantics, will be obtained by simply dividing those terms that contain any 
power of g higher than the first by ag, thus for the 9*® or 10*® we have 

a'g (x" + x'^ + x" + a^) + ay^\ 
As was shown in Article 11, the successive positive and negative blocks in the 
numerator of any representative generating function, for which the denominator 
forms are a, Q^, Q^, ...ought to contain terms corresponding to all of these 
syzygies, and when this is not so, the corrections spoken of in the foot-notes of 
Articles 10 and 11 will have to be made. 

15. To illustrate the nature of these corrections, take the case of the 12**, 
Here writing gr = — 1 and replacing deg. weight by deg. order, the odd-degree 
formula becomes 

— a»(x» + a:»« + 2x«^ + 2a:»* + ac» + x« + a;«) 
+ a^ia" + a«^ + 2a;« + 2x*« + 2x" + «" + »»«) 

— a»(a" + x" + x" + x« + x^«) 

while the even-degree formula will be found to be 

— a«(x» + x"+ 2x»^ + 2aJ^+ 2x» + aJ« + a;**) 
+ a«(x»« + x« + a;*« + x«> + x") 

— a^«x"; 

viz. the latter is in this case obtained from the former by dividing the terms of 

degrees 7,9, and 11 by — ox^ instead of by ag. 

These are to be compared with the following terms selected from the 

numerator of Prof. Sylvester's representative generating function for the 12'° 

{American Journal of MathemaiicSj Vol. IV, pp. 44, 45). 

a»(4x» + x^ + x»«-x«^-2x«^-2x» — x«-x«) 
a«(6x»+2x** + x»« — x»^ — 3x»*— 2a^ — x« — x^) 
a^(_ 4a^_ a^ + x^ + 2x*« + 2x«^+ x** + x") 
a»(_ 2x» — x^ + 2x*« + x«> + x") 
a*(x«^ — x»«-x«* — x^«) 
— a^^x" 
•+ a"x^« 

where the terms of the 5th and 6th degrees in a have been taken partly from the 

Vol. vm. 
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first positive, and partly from the first negative block ; those of the 7th and 8th 
degrees partly from the first negative, and partly from the second positive block ; 
those of the 9th degree partly from the second positive, and partly from the 
second negative, — a^^a^ from the second negative, and a^V® from the third 
positive block. 

Now writing, as in Articles 10 and 11, the numerator in the form 

we have 

(7= . . . . + a'^( . . ..+ 5aj^ + ai^* + 2^^+7?^) 

+ a« ( . . . + 7a?» + 2a:»^ + 2x^« + ar^) + . . . 

— ;Si = — a«^(a^ + cc** + 2x«> + 2aj^ + 2x«^ + a« + x«) 

— a«(... + a:^ + a^«+ 2ar» + 3x8*+2ar» + a;« + a;*«) 

— a^(... + 5a;»*+2a^ + a«) 

— a« ( . . . + 3a^ + a^ + x^) — . . . 

S^= a'(ar« + a^+ 2x«+ 2x*« + 2x'^ + a^^ + a*^) 
+ a« ( . . . + a^« + a;^^ + 2x^« + x«» + a^) 
+ a*(... + 2»^ + a:")+... 

— ^53 = — a»(a:^ + a^ + a:«^ + x«* + x««) 

— a^«(... + aj«^)— •.... 
S,= a"x'« + .... 

which are expressions for the separated blocks. It will be seen, if we recom- 
bine these, and thus return to the original form of the numerator, that contiguous 
blocks have a tendency to overlap one another ; what I have called, for want of 
a better word, corrections separate them again and restore each term to its proper 
block. The restorations depending on the odd-degree formulaa of the last 
article may be relied on as exact, those depending on the even-degree formulae 
can only be considered as approximations to an exact restoration. 

16. Passing on to the consideration of the first block G in the numerator 
of any representative function which contains, among its denominator forms, the 
quantic itself and all its quadrico variants, including invariants ; it will be seen at 
once that since none of the co variants represented by terms of G are divisible by 
any of the denominator forms, G cannot contain any terms of the first or second 
degree, and all its terms of the third, fourth, and fifth degrees will represent 
groundforms. It may contain terms of the sixth degree representing compounds 
obtained by multiplying together a pair of cubic groundforms ; and the terms of 
higher degree that it may contain may be found from a table of the partitions of 



r 
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any number n from which the parts 1 and 2 have been removed;* thus 

n Partitions 
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1 


None 


2 None 


3 3 


4 


4 


6 


5 


6 


6, 3.3 


7 


7, 4.3 


8 


8, 5.3, 4.4 


9 

tc. 


9, 6.3, 5.4, 3.3.3 



Since there are no syzygies of any kind of lower degree than the fifth, the 
groundforms of the first, second, third, and fourth degrees may be found by 
simply adding the denominator forms of tliese degrees to those represented by 
terms in O, and will always be identical with those obtained by Tamisage.f 

Since no terms of the 5th degree occur in /Si, aSJ,, . . . , the numerator iVmay 
be written N=- G — Si if we reject all terms of higher and all of lower degree 
than the fifth ; and then the theory is that all the groundforms, except those in 
the denominator, and no compounds are represented by the terms of (7, and 
that all the syzygies are perpetuant syzygies, which are all represented by terms 
of Si. To obtain the complete list of groundforms of the fifth degree to the 
quantic of order t, we take the value of Si from the following table : 



i 


^, 


5 


aV^ 


6 


oV* 


7 


a»(«'» + x^^ + «") 


8 


a»(x^'' + «» + a^«) 


9 


a»(a^ + a;"+2a*' + a^' + ar'») 


10 


a»(x«' + x"+2x'» + a^ + ar«) 


11 


a» (x" + a*^ + 2a» + 2a^» + 2a^ + x" + a;«) 


12 


a^{a» + a?' + 2x»»+ 2x"+ 2«« + a;« + ««) 


etc. 





* It may possibly be useful at this point to recall the corresponding formulae in the theory of Per- 
petuants, viz. (A) , (B) , (C) , and (D) of Articles 6, 8, and 9. 

t In the denominator for the Nonic [American Journal of Mathematics, Vol. II, p. 236) the printer 
has omitted the factor (1 —a^x^). 
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the value of G is then found by adding /Si to the value of N taken from Prof. 
Sylvester's Tables of Generating Functions and Groundforms, in the pages of 
this Journal, to which reference is made ; and finally, the denominator forms of 
degree 5, if there are any, are added. 
Thus when i = 7 (Vol. II, p. 228) 

N=a\x+ 2ar'+ 2a:«+ 2x' + 2a^ — x" — a^^) 
G—a^{x+^+27?+ 2x^ + 2a^ + x^») 
there is no denominator form of degree 5, and all the groundforms are repre- 
sented by terms of G] these are the same as given in the table p. 230, with the 
additional groundform of deg. order (5.13). 
When % = 8 (Vol. II, p. 232) 

iV^= a^(a? + 2x*+ 2x« + x« + 3xi« + a:^* — x" — a:«« — a?«) 
the addition of /Si to this simply destroys the negative terms and there is no 
additional groundform ; but there is a denominator form (the Quintinvariant) 
a^ and this added to G gives the expression 

a*(l+a*+2a:*+ 2x« + a:« + 3x^« + x") 
corresponding to the complete set of quintic groundforms given in the table 
(p. 233). These two examples will sufficiently explain the way in which the 
following table is calculated 







i 


Additional Groundforms 


Vol. II, p 


. 224 


5 


None 




225 


6 


None 




230 


7 


aV" 




233 


8 


None 




242 


9 


a»(x« + x») 




247 


10 


aV 


Not calculated 


11 


— 


Vol. IV, 


p. 48 


12 


a''(«» + a^« + x»») 



Some of these were found by a different method as long ago as the beginning of 
1883; there are also additional Groundforms for the 11*^ which are not given 
here, but may be found without much difficulty (See the J. H. U. Circulars, 
No. 22, April, 1883). 

17. The success of the method of the last article was dependent on the 
combination of three accidents, viz. 
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(1) All the Numerator Covariants were Groundforms. 

(2) All the Numerator Syzygies were Perpetuant Syzygies. 

(3) All the Perpetuant Syzygies were Numerator Syzygies. 
These will not happen for the sixth or higher degrees. 

Example !• The Quintic has six perpetuant syzygies of degree 6, but not 
one of them is represented by a term in the Numerator of the Representative 
Function, which (see Vol. II, p. 224) has no negative term of the sixth degree. 

Example 2. In the Numerator of the Representative Function for the 
Sextic (Vol. II, p. 225) the term + aV represents the square of the covariant 
of deg. order (3.2). The products (2.0)^(2.4), (2.0)(4.4), (2.4)(4.0) are not 
Numerator Covariants because each of them is divisible by a denominator form. 

Example 3. The syzygy an — Ve + 6W + 2cA; + /gr = of deg. order (7 . 9) 
for the Quintic (see Prof. Cayley's 10th Memoir on Quantics), is a Perpetuant 
Syzygy, and a Numerator Syzygy for the Quintic because, thougl^ the syzygy 
itself is not, each of its terms is divisible by one of the denominator forms 
(a, 6, c, gr, }, u)] but it is not a Numerator Syzygy for the Sextic, because, 
though a, bf c remain denominator forms for the Sextic, neither/ nor ^ is a 
denominator form. In fact/ is the source of the covariant (3,12) and g of the 
covariant (4.4), both of which are numerator forms for the Sextic. 

Example 4. Of the two negative terms — a* (»^* + o^*) in the Numerator 
for the Septimic (Vol. II, p. 228), one represents a Perpetuant Syzygy, the other 
a non-perpetuant Syzygy. 

For the syzygies of the fifth degree we may write 

Deg. Order. 

(5.13) (3.7)(2.6) — (3.11)(2.2) = (1.7)(4.6) 

(5.17) (3.7)(2.10) — (3.15)(2.2) = (1.7)(4.10) 

(6.21) (3.11)(2.10) — (3.15)(2.6) = (1.7)(4.14). 

Multiplying the Bret of these by (2.10), the secoad by — (2.6), the third by 
(2.2), and adding, we deduce , 

(6.16) (2.10)(4.6) — (2.6)(4.10) + (2.2)(4.14=0, 

which is one of the perpetuant sjrzygies in question. 

It should be noticed that the four are so connected that when any three of 
them are known the fourth can be found by means of the second syzygy. 
(7.23) (2.10){(3.7)(2.6) — (3.11)(2.2) — (1.7)(4.6)} 

— (2.6) {(3.7)(2.10) — (3.16)(2.2) — (1.7)(4.10)f 
+ (2. 2) {(3. 11)(2. 10) — (3. 16)(2.6) — (1. 7)(4. 14)} 
+ (1.7) {(2.10)(4.6) -(2.6)(4.10) + (2.2)(4.14)}=0, 
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which could not exist if one of them were missing. Thus the existence of the 
term + aV^ in the numerator, besides indicating the second syzygy of deg. 
order (7. 23) implies the existence of the syzygy of deg. order (5.13). 
From the following three perpetuants, 
e = ai — Sbh + ... 
<P = i{ac — V) — 4adh'\-... 
tp = i {ae — 4bd + 3c*) — 4a/A + . . . , 
we may obtain, by eliminating i, three sources for the 7**^ connected by a syzygy. 
Using the letters P, §, i2, to denote these three sources, we have 
P = {ac — b^)e — a<P 
Q = {ae—4bd+ 3c*) © — a* 
R = {ae— 4bd + 3c^)^ — {ac — V)^f 
connected by the syzygy 

aR + {ae —4bd+3(^)P — {ac — b*)Q=0. 
It might easily be proved that P, Q, R, when considered as sources for the 
7*®, are irreducible ; they may therefore be taken for the sources of the three 
non-perpetuant groundforms of deg. order (4.8), (4.4), and (5.7) respectively, 
and the above syzygy may be written 

(6.14) (l.7)(5.7) + (2.6)(4.8) — (2.10)(4.4) = 0, 

which is the syzygy represented by — aV*. 

Referring to the definitions of Article 13 it is clear that this syzygy belongs 
to the second kind of non-perpetuant syzygies. 

18. I will conclude by stating a theorem which I believe to be true, but 
have in vain tried to prove. 

Every irreducible syzygy must contain among its terms at least one binary 
combination of the groundforms. 
The converse of this, viz. 

Every syzygy containing at least one binary combination of the groundforms 
among its terms is irredudbh^ is obviously true. 



Note on Space Divisions, 

By E. H. Moore, Jr., Denver, Col., and 0. N. Little, Linodn^ Neb. 



The Division of a Plane into Polygons by n unlimited straight lines, 

1. Since the lines are unlimited the finite polygons are convex; a division 
of the plane stretching to infinity between two lines reappears at the opposite 
side of the plane between the same two lines, and the two infinite divisions make 
one polygon. Thus-all the conclusions given hold after projection, and in obtain- 
ing them it is suflScient to consider the simplest form into which the plane can 
be projected. 

2. The total number of polygons is i w (n — 1) + 1 .* This may be shown 
by mathematical induction, noticing that an additional line adds one polygon 
for every segment of it. 

3. When n lines form an n-gon, the resulting figure may be called an 

n-wheel. The n-gon may be taken finite and convex ; there is a bordering chain 

of n 3-gons ; in the exterior angular space between two adjacent sides, there are 

two of these 3-gons and n — 3 4-gons. Thus the distribution of polygons in an 

n-wheel is 

• 1 n-gon, ^n{n — 3) 4-gons and n 3-gons. 

4. There is a chain of bordering 3-gons ; and the remaining 4-gons are 
also in chains. Chain d consists of n 4-gons ; each 4-gon is bordered on its two 
interior sides by two 4-gons of chain d — 1 , and angles at their intersection on 

*Cf. Pilgrim; ZeitBchrift fUr Math, u, PhysUc; 24, 188; 1879: "Ueber die Anzahl der Theile, in 
welche ein Oebiet ^' Stufe durch » Gebiete (fc — l)ter Stufe getheilt werden kann." 
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a 4-gon of chain c?- 2, and its ^5^'^^} ^'^^' *^« noi^^^^nt} ^° *^* '*-«°"- 
If n be even, the outer chain contains i n 4-gonB. 

5. In the distribution with n lines, if there be an (n — iw)-gon where 
n — iw ]> ?w + 4 , there is only one (n — ?n)-gon and no one of the remaining 
polygons has more than m + 4 sides. This follows by considering first the 
(n — m)-wheel formed by the n — m sides of the (w — m)-gon. Thus n lines may 
give an n-wheel, or a distribution with an (n — l)-gon, an (n — 2)-gon ... or 

(n even) an 'T gon, (n odd) an "T gon, and there are no other polygons of 

higher order than 4 , 5 , 6 ... or (7i even) i (n + 2) , (n odd) i (n + 3) , respectively, 

6. Let^, denote the number of r-gons in the distribution. 

r=8 



rssn 



rpf = 2n (n — 1) ; 

i. e. the number of sides of polygons is double the number of segments of lines. 
Also, 

n even, j i>r = 1 ; ^ odd, / jPr = 1 • (No. 5) 

7. The distribution with one (n — l)-gon is completely specified by the 
position of the ri^ line, i. e. by the order in which it crosses the chains of the 
(n — l)-wheel; for example, a line 121 cuts from a 4-gon of chain 2 a 3-gon 
vertical to the (n — l)-gon. 

The distributions for three simple cases are as follows : 

(n— l)-wheel 
and 

line 121 
line 212 
line 232 



(n — l)-gon. 


6-gonB. 


4-gOII8. 


8-gODB. 


1 


1 


n«_3n — 2 
2 


n 


1 


2 


«>_3n— 6 
2 


w+1 


1 


5 


n»— 3n— 18 


n+4 
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A table of all possible distributions forn = 3, . . . 7 : 
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7-gon 


6-gonB 


5-gOIIB 


4-gon8 


S-gons 


Total 
n(n— 1) 




n 


3 +^ 




3 


3-wheel 








4 


4 




4 


4-wheel 






3 


4 


7 




6 


5-wheel 




1 


5 


5 


11 




6 


6-wheel 


1 





9 


6 


16 


(No. 3) 




5-wheel and line 121 






2 


8 


6 




(No. 7) 




212 






3 


6 


7 




(No. 7) 




232 






6 





10 




(No. 7) 


7 


7-wheel 


1 








14 


7 


22 


(No. 3) 




6- wheel and line 121 




1 


1 


13 


7 




(No. 7) 




212 




1 


2 


11 


8 




(No. 7) 




232 




1 


6 


5 


11 




(No. 7) 




323 




1 


3 


9 


9 








Pi = 0, pt=0 






6 
4 


6 

8 

10 


10 
9 
8 














3 


12 


7 







9. Five lines (n = 5) always make one pentagon. A conic may be described 
to touch the five lines ; the conic may be projected into an ellipse, and the five 
tangent lines then evidently form a convex pentagon, which is the pentagon here 
otherwise noticed. 



Simple Oases of Division of Space by Planes ; and Flat Spojce of h Dimensions 
by Flat Spaces of k — 1 Dimensions. 

10. Since the dividing flats are unlimited the resulting fc-fold polyhedroids 
are convex. A division of the Aj-flat stretching to infinity between q(k — l)-flatfi 
reappears in the opposite direction between the same flats, and the two infinite 
divisions constitute one Mold polyhedroid. 



voifcVni. 
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11. Since the n*^ dividing [h — l)-flat adds one Mold division for every 
{h — l)-fold division of itself, made by its n — KJc — 2)-flat intersections with 
the other dividing flats, the following table* of the total numbers of divisions is 
readily made. 



Divisions of 


n = l, 


2, 


8, 


4, 


B, 


«, 


7, 


8. 


», 


10, 


11. 


Plane 


1 


2 


4 


7 


11 


16 


22 


29 


37 


46 


56 


Space 


1 


2 


4 


8 


15 


26 


42 


64 


93 


130 


176 


Pour-flat 


1 


2 


4 


8 


16 


31 


57 


99 


163 


266 


386 



A general expression for the number of divisions in terms of n or of 
figurate numbers is also readily found. For example, n planes divide space into 



(n — 2)(n — l)n 



+ n polyhedra, or the (n — 2)*^ figurate number of the fourth order 



plus the n*^ figurate number of the second order. 

12. Four planes divide space into eight tetrahedra, and n + 1 (n — l)-flats 
divide an n-flat into 2'*7i-fold {n + l)-hedroids. 

The only 3-fold pentahedron has as faces two 3-gons and three 4-gons. The 
distribution with five planes is ten pentahedra and five tetrahedra. Each tetra- 
hedron has a tetrahedron vertically opposite at each of its four solid angles. 
This distribution appears from the consideration that ten pentahedra are required 
to use the twice fifteen 4-gons furnished by the five planes. 

There are two 3-fold hexahedra : the A 6-hedron with two 5-gons, two 4-gons 

and two 3-gons as faces ; and the B 6-hedron having six 4-gons as faces. The 

unique distribution for six planes is obtained from the distribution for five planes 

upon the passage of a sixth plane, as follows : 

A 6-hedra B 6-hedra 5-hedra 4-hedra 

A central pentahedron cut with a 5-gon section gives 2 



Two adjacent tetrahedra ' 


3-gon 








2 


2 


Two " pentahedra ' 


' 3-gon 




2 






2 


One " pentahedron ' 


3-gon 








2 




One cornering tetrahedron ' 


' 4-gon 








2 




Two " pentahedra " 


4-gon 




2 




2 




Two " pentahedra " 


4-gon 






2 


2 






Uncut 
Distribution 






2 


2 




6 


2 


12 


6 




•Cf. Pilgrim, i 


ocdt. 
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13. In a 4-flat any four 3-flat8 meet in a point and divide the 4-flat into 
eight parts. A fifth 3-flat makes sixteen 4-fold pentahedroids. 

There are but two 4-fold hexahedroids ; the A 64-hedroid has as faces two 
3-fold tetrahedra and four 3-fold pentahedra ; the B 64-hedroid has as faces six 
3-fold pentahedra. 

Six 3-flats divide a 4-flat into six 4-fold pentahedroids, ten B 64-hedroids 
and fifteen A 64-hedroid8, an unique distribution. 

Nbw Havsn, CJonn., Dec. 1884. 



Note on a Roulette. 

By A. V. Lane, Ph.D. 




Let us imagine an ellipse of semi-axes a and h to roll on a right line, taking 
one extremity of its major axis as the generating point. 
With the notation of the diagram, we have 

X = OjGr= OA-^- AB— PF= arc PA + r Bin ^ — a sin a. (1) 

y = EP = GB — GF= r COS ^ — a cos a. (2) 

Now the sub-normal in the ellipse equals —^ multiplied by the abscissa of 

19 WA WA 

the point of contact. .'. DE = -j GE. But ^^^ = tan (a — /?) and ^^^ = tan a. 



tan(a — ^) _ 6« 



CE 



DE 



tana 



— ^ . Whence 



. .J (a* — 6*) sin a cos a 

^ (a* cos^a + 6* sin^a j* 



sin (a — i^) = 



6^ sin a 



(a* coB*a + 6* sin'a)* 



(3) 
(4) 
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From the equation of the ellipse, we find 

ab (a* oos'a + 6* sin'a)* . . 

^ ~ [a»8in«(a — ^) + 6«oo8«(a — ^)]* ~ (a» oos'a + 6» sin'a)* * ^^ 

The arc PA = f' , /^!^, . , ,» = /(«)• (6) 

Making the necessary substitutions from (3)-(6) in (1) and (2) and letting 
i?^z€^ — 6*, we have, as the equation of the roulette, 

x—f(a) + -^ — = — , .. . o ,. — a sin a (7) 

y = (a* cos*a + A* sin*a)* — a cos a . (8) 



1 



For brevity let ( ) represent a*cos*a + 6*sm*a. Then 

— = ( )♦ — acosa = y, (9) 

da~ n* + a sin a = /(a) — a;, (10) 

(11) 



dy a + 008a( )♦ /(o) — x 

dx sin a ( )* y 

<Py_ ( )t — acoea[o* — 2( )] 

da* 8ui»o( )*[( )i — aoosa] 



(12) 



The radius of curvature p = ± [?^ +1) +^«^° ni]*.[L).i-«J??fL] . (13) 

^ sinoK )* — ooo8a[a» — 2( )]} ^ ' 

_ 4<^ 2a6' 

P»=pa6o = 0.()iao— 2^i:^i'9w—^=^^z^- 

With the same axes and origin, but calling a/ and y' the coordinates of the 
evolute, we obtain its equation by substituting from (7), (8), (11) and (12) in the 
expressions 

._, ^"^(&) dy 



da? 



^■•"wy (16) 



die* 
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Whence the equation of the evolute is 

u ^/ \ I aW8ina[a + co8a( )4] /,^v 

( )M{ )* — aoo8a[a» — 2( )]| 

. c?b^ sin^g . 

^ ( )i — aooBa[a« — 2( )] ^^^^ 

yo = yaw = O.yio = ym = — y • 2/180 = — ^_f,t ' 
Let [ ] represent ( )1 — a cos a [a* — 2 ( )] . 

Let \ \ represent cos a{ )i [2a* + c* sin*a] — a^+ 3a' cos^a + 2a sin*a ( ) . 
Then g = .«y [« + ^^;()*] .il. 08), 

g=-aV sin il, (19) 

dV _ _ ,z, cos a[]j} +siaa[ ] ^-2s i na^ f ^^ ^^0) 
da'~ "* ~ ~ "ii» ' 

dy 1 sin a ( )* 

db^~~dy o + COS a ()* ' (21) 

dx 

da/*~ a«6«[a + co8a()*]»| } * ^ ^ 

To determine maximum and minimum values of y, we put (19) = 0. 

Whence sin a= 0, cos a = ifc 1 ; also { } =0. This last gives (letting t(7 = cos*a) 

a biquadratic in w, two of whose roots are unity. Dividing by {w — l)*, we 

have the quadratic 

Sa^—Zcfb^ — b* g— 4a*6* + 4 a«6^_ 

^ o»(3o» + 6») ^"^ c*(3g« + 6«j ~ "' 

whose roots are 

2c»(3g» + 6») {8«*— 3a>6»— ft*± V52g«— 4g«6*^:^39S*6*^::n:0g«^ 

-p > 1 , and the plus sign cannot therefore be used before the radical as it would 

make cos a ]> 1 . Jtf" ]> , M — ^Nia always real, equals when —=1^2, and, 

for all other values of this ratio, is positive. Let ~t- = ^ and + i Vr+V13 
= + 1.073027 + =z ft. Then w<^l for values of k^fi, equals 1 when k equals 
(I and equals when A; = V 2 ; giving in these cases possible values to cos a . 
But when A: < /ei, w^l and cos a impossible. So the values of y to be inves- 
tigated are those corresponding to 

cos a = ifc 1 (from sin a = 0) , 
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co8a = — 1 (derived from {w — 1)*=0 or from w=^-p{M — \^N\ when 
Jfe = ^ ; cos a := + 1 will not reduce { f to 0), 

cos 



a = — .^/^^5?^ when A > ^ and < V2, 
a = when A; = \/2, 

a = + >y^^^ when A > V2, 



cos 



approaching the limit + s/ ^— = + 0.362606 — as k approaches oo. 

When cos a = + 1 , -^ = and y =: is a maximum ; or, all other 

values of j/ being negative, this is nwmericatty a minimum. 

When cosa = - 1, ^ j = - y (2ife'-l)» ^'^^ 2^ = " 2^=6^ '^ ^^°'^^^- 
cally a maximum when h<ifi and a minimum when Jc^ii. When k^^ii, 

-^ = 0. But an investigation of the sign of ^ shows it to be always negative 

and therefore the evolute always convex to the axis of X, for values of A; = or 
<C(u. This, combined with the fact that (21) shows the tangent to be perpen- 
dicular to the axis of X when cos a =: — 1 , whatever the value of k, proves j/ 
numerically a maximum when cos a = — 1 , k=^ (x. 

Omitting from (20) terms containing { [ as a factor, we have 
rJy-i _ 2L1 • 2 008 a( )*[2a»+8ao»8in'q]+&»(3a>--^»)+(6c«+a')o»oo8*a— 4<^c()8^^ 

This is clearly positive for positive values of cos a and for cos a = 0, A; = V2. 
It is also positive when cos a is negative, k lying between a/ 2 and (i. 

Hence, for all values of cos a derived from { } = , ^ is numerically a 
maximum (cos a <C , A; =: ^ has already been shown to give such a value to j/). 
This maximum disappears when A;= or <^(ij because the value derived from 
\ } = for cos a is then > 1 . 

The length of the half branch of the evolute may be found by substituting 
in (13) that value of a which makes j/ a numerical maximum, doubling and then 
subtracting p^gg . 

The limiting forms of the roulette are the cycloid (A; = 1) and the semi- 
circle (A; = oo) ; of the evolute, a cycloid (equal to the involute) and a point (the 
centre of the involute). 
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To rectify the roulette — 



Substituting in the formula cK= dxsj I + (-^) . we find 

dl = I — —?\ ' 2a^ COB a ( )"*J da. 

Let C08a = w, da = — -jp—., /=J*(a* + 5»), a = 6* + aV -- 2a*, 
A = a* — 25* ; then 

^^ = - L-^^'- <^«^ - ^'' r:b (*• + ^'^r^J^c^". 

^^^ y iiJ^^u* = ^ + ^«' + -g"* + etc. 

where ^ = / , c= - -i-((7 + •^^), 

The n*^ coeflScient of this series may be formed thus — first considering the 

minus signs as plus, add together -jr times the (n — 2)** coefficient and -^5- times 

the (n — 1)*" coefficient and multiply this sum by ( — 1)*~\ Again, (5* + <?u*)~* 
= b-^ — i J- Vtt» + 1 6-»cV — etc., and — 2a*. ^^-^ (J» + <*u*)-* = Bu+lM 

+ Fi^ + etc., where B= — 2c^b-\ D = — 2a»(— iJ-V + ft"*), ^= — 2a* 
(I j-V — i 6-V + 6-1) , etc. 

The n* coefficient of this series may be formed by multiplying — 2a^ by the 
sum of n coefficients of the preceding series. 

"We may now write <tt = — (-4 + R^du, 

where 5 = jBm + C«» + Dv? + etc. 

Expanding and substituting for B its value, we have 

dl= A'du + B'udu + CVdw + I^w'titt + E'u*du + etc. 
where A! = — A^, B = — ^A-^B, G' = — \A-^G + i^-»5«, 
n=z-^A-^D-\-\A-\2BG)-^A-^]^, 
^' = — i ^-i^ + i^-*(2fiZ) + C») — iV ^~*(35»C7) + T*T^-*^, etc. 

Integrating and determining the constant from a = 0, u^ + l« 1^0, we 
have 

For a = n, w= — 1, 7 = arc OF = i branch. Then arc OP = — 2 
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Calling S the area included between a portion of the curve, beginning at 
the origin of coordinates, the X axis and the ordinate, we have 

S = fydx = Jy^da 

= 2a* Jcoa^ada + I? jmi^ada — 2a J {y cos ada. 

The first integral equals ia + J sin 2a, the second equals ia — J sin 2a. 

To integrate the last term — expanding we have 

, V. - - ^ . c?oo8*ada o^cos'ada , 

( )* cos ada = b cos aoa H xr ^ — + ®tc. 

= J cos ad5a + ^ (cos Sada + 3 cos ada) 

— W? ^^^ 6ada + 6 cos 3ada +10 cos ada) + etc. 

Integrating this and substituting, we have aS = i (2a* + 6*) a + i (2a* — 6*) 

sin 2a 

r (j u T 

— 2a I 6 sin a + ^ (i sin 3a + 3 sin a) — StIs (i s^^ 5a + f sin 3a + 10 sin a) + etc. J 

Making a = 211, we have the area for one branch equal to 11 (2a* + 5*). 
Calling Fthe volume generated by the revolution of S about the X-axis, 
we have 

V=ufy'dx = nfy'da 

= n r[( )l da — 3a5* cos ada — a (3c? + a*) cos'^ada + 3a* ( )i cos*ada] . 

Expanding the irrational expressions and transforming the higher powers of 

cos a to cosines of multiples of a as before, we find 

^ * /« • . wt\ . 36o*Bin2a , 3o* ,,.,,.. ^ , ^ . 

— = — (3c* + 45*)a+ ^ — + 2«&(is^^*^ + *«^^2a + 3a) — etc. 

— 3a6* sin a ^— (i sin 3a + 3 sin a) 

i 6a + J 6 sin 2a + 2^7 (J sin 4a + i sin 2a + 3a) 

(J* -, 

— ^ {i sin 6a + f sin 4a + Y sin 2a + 10a) + etc. J . 

For a = 211 , we have the volume thus generated by the area of one branch 
equal to 

n»[i6(3a» + J») + ^-etc. + 3a»(6+^--^? + etc.)]. 
Univkbsity of Texas, Austin, July, 1885. 
Vol. VITT. 



The Cubi-quadric System. 

^^ A familiar demonstration of the working/' 

(Lovers Labor Lost^ Act I, 

By J. Hammond. 



The Oubi-quadric System. 

1. The fifteen covariants of this system are taken from Salmon's Higher 
Algebra (3d ed. p. 178), but the cubic is here reduced to its canonical form by 
writing zero for both h and c in Salmon's formulae. These are arranged according 
to their degree in the coefficients of the Quadric instead of their order in the 
variables, a uniform notation is introduced, and what must be considered (for 
the present purpose) simpler forms are used instead of L^ and R . 

The two notations are given connectively below. 



Salmon's 


The Preeeat Notation. 


U 


Aa=aa?-\-dy' 


H=^ Hessian of u 


J«= aday 


Q 


Agi = ad (aas* — di^) 


D 


A„ = a»(? 


V 


B„=Aa» + 2Bxy + Cy 


A 


J5jj = aGx + dAy 


Jacobian of u, v 


Bjg= — B{a3i? — dy*) — xy {aCx — dAy) 


I 


BfQ = — adB 


Jacobian ofv,S 


B„-ad{Aa* — Cy') 


Ls 


Bgi = ad{aOx — dAy) 


A 


C^=iAC—B* 


A 


Cn==-B{aCx — dAy) — {dA*x — a G*y) 


L,+ IIn 


Cn — ad{dA'x + aC*y) 


*X = i? + 8A/ 


D^ = a*G* + (?4' — iadABG 


M 


D^=ad{a*G'-d^A») 



* Rw the resultant of the cubic u and quadric v, L the resultant of the two linears Li and L^ . 
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Here the suffixed letters show the degree in the coefficients of the Quadric, 
and their suffixes denote the degree in the coefficients of the Cubic and order in 
the variables ; thus G^i is of the second degree in the coefficients of the Quadric, 
of the third degree in those of the Cubic, and linear in the variables. 

2. The following syzygies may, by the use of the canonical form, be easily 
verified.* 

No. (1), not loTolTlng groundtorms in which the ooafDolents of the quadrto appear. 
Noe. (3) to (7), ot degree 1 In the ooe Aolente of the quadrlo. 

A„Bn — A„B„ — 2At,Bii = 

A„B^ — A^B,, + 2A„B„ = 

A^B^ + 2A*„Bn — A^^A^Bn — A„B„ = 

A^^» + A„Bn — A„B„ = 

A,,A^B„ + 2A,,A„B^— 2^5„ - A,,B„ = 

^18^40 Ai — 2^«^«,5„ - 4Al,B^ — A^Bn = 

Noe. (8) to {30), ot degree 3 In the ooefllfilents ot the qnadrlc. 

AnGu + B„B„ + B,,B^=0 
AIG^ — AnB„B,, + Bi,A„ + ^, = 
^«G„ - B„B„ + B„B„ + A^Gn = 
-B„5„ — B„Bn + 2A„Gn = 

AsOn- A„B\i — BU= 

A„Gn + B„B,, + BU = 

Aj^Gsi - A^sBnBt, - 2A„B„B„ - At^„ + B„B^ = 

A^„ - 4^|.C«, + iA^B^B^ - 5»„ = 

2AffBiiBin — 2j1m^m + -^lo-^oi-Su — ^»Bgi = 



No. 


deg. deg. 
order. 


(1) 


0.6.6 


(2) 


1.3.5 


(3) 


1.4.4 


(4) 


1.4.6 


(5) 


1.5.3 


(6) 


1.6.5 


(7) 


1.6.4 


(8) 


2.2.4 


(9) 


2.2.6 


(10) 


2.3.3 


(11) 


2.3.3 


(12) 


2.3.5 


(13) 


2.4.4 


(14) 


2.4.4 


(15) 


2.4.4 


(16) 


2.4.4 


(17) 


2.5.3 



* Only nine of these forty-four syzygies are fundamental, in the sense in which the word is used 
on p. 843, Vol. Vn of the American Journal of MathematiC8. For we know that any other covariant 
can be expressed in the form ^ (Ai, , ^22 « ^s« 1 ^os 1 Bi, , Coo), see Sylvester, Vol. I, p. 119, in this 
Journal, llie nine fundamental syzygies are therefore those in which the remaining nine co variants 
appear for the first time. Or it may be simpler to say that Nos. (1) to (6) inclusive are fundamental, 
since from them it is possible to obtain each of the five covariants ^140, Bn , B22 ) B^oi and Bgi , in 
the form ^ {A^ , 2I23 , ^3$ 1 ^02 1 ^i s f ^00)1 &n<i that Nos. (8), (18), (28), and (27) are also fundamental. 

All the non-fundamental can be deduced from the fundamental, when these are known, without 
any direct reference to the actual values of the covariants, e. g. from the three fundamental syzygies 
N06. (2), (8) and (8) we have 
Bii(3)-Bo.(8) + 2^a,(8) = B,i(2lx3B„-^.,Bo2"-3^22Bi,) 

-B02(^13B„-^„BMH-2il22B2,) 

+ 2^a2(^i,C,i + BoaB22H-BiiB,3) = ^lis(Bi|B22-Bo2B,,+2^22C,,) 
from which the non-fundamental No. (11) is obtained. 
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(18) 2.5.3 ^„^«oC7«, + Aj,Blo— AaGsi — BnBji = 

(19) 2.6.2 At,B\, — iA„A^^Cn — iA„BI, — B*^ = 

(20) 2.6.4 A^BiiBsi + 2A„B,oB„ + A^^B^B^ — A^G^i = . 

No. ^of der*^' ^^' ^^^^ ^ ^^^' ®' **®«'"®« ^ *** ^^® coefflclonls of the quadrtc. 

(21) 3.2.4 ^„5„C«, + 2ii„5„(7«, — i%5„ — J?o,^i — B,,Gn = 

(22) 3.3.3 2A„BnG„ — B„BiiB„—B„Gn — B„Gi,zSzO 

(23) 3.3.3 ^isAo — ^n + 2A,Cn + 5o,(7si = 

(24) 3.4.2 A„Dn + A^B„Gn + 5„^ — 5„C,i = 

(25) 3.4.2 2A„D„ — ^i£«, — 5„(73, — 5si(7„ = 

( 26) 3.4.4 A„Bj^ (7u + 2^„Ba <7oo — S<aB„B„ + 5,3 ^,i = 

(27) 3.5.3 ^isAo — ^1^31 + ^nGn = 

(28) 3.5.3 ^A„B,^Gu — 2A^B^G^ + ^4(h8o.<7u + By,B^B„ + P^Cji = 

(29) 3.5.3 J«, Ao — 2^10^18 (7oo — fi?i5,i — 2fiJo^,8 — B^G^^ = 

(30) 3.6.2 A^Dta + A^B^G^ + ^i?„ — 58i(7si = 

(31) 3.6.2 2J„Z)^ — A^^nOn — B,iB„B^ — B^^G^ 

(32) 3.7.3 2^a.4«-BuC«o + 2J»,J5,oC,i + 24„5ufiJ, — Jl«^, + ^«B„Csi 

+ ^3,^«=0. 

Nos. (33) to (41), of degree 4 tn the coefllcientB ot the quadrlc 

(33) 4.2.2 5o»Ao— ^iC7«)— <7S = 

(34) 4.3.3 2^a G^G^^ — B^B^ C„ — ^i (7u — A A ^oo — As^m = 

(35) 4.4.2 B^D^ + Ai5„^„ — Ai^ai Coo - C„(7„ = 

(36) 4.4. 2 5„Z)4o — ^» Ao — 2 C„ C31 = 

(37) 4.5.1 24«Co„(7u - Ai^« + 2J5|,(7„ + Ai^a, = 

(38) 4.5.3 AiAiCu — BtoB„Gu + B„D^o + B^B^G^ = 

(39) 4.6. 2 A^B{, G^ + ^,fiS„ - 5„A, - (7A = 

(40) 4.6.2 A^Gl + 2B,^aGn + B„D„ - Bl^G^ = 

(41) 4.7.1 2A^B,^B^G^ — A^B.^D^ + 2A^aG^Gi, + 25^5„ + 2^(7„ 

+ 5„Ao=0. 

Nos. (42) and (43), of degree 5 In the coefflcleuts of the quadrlc, and linear in the variablee. 

(42) 5.5.1 2^o^„C», + 25„^,<7oo + Ai^m^m + C„Z)« — G^,D^ = 

(43) 5.7.1 2A^^B^Gl + ^4o<^nAo - Ai^jo^^ + ^B'^B^G^ + 2B^B,,D^ 

— (7m2>40 = • 
No. (44), luTarliuit, ot degree < In the coelDclente ot tbe qusdrlc. 

(44) 6.8.0 4AIGS, + SA,^,,GS, + 4tA^B^G^D^ - A^I^, + 45Jo^oo 

3. The Numerical Generating Function for the Cubi-quadric System, given 
by Professor Sylvester (American Journal of Mathematics, Vol. II, p. 295), is the 

fraction --; where 
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Z) = (1 — b*){l — c*){l — 6c»)(l — 6V)(1 — 6x»)(l — c»£B»)(l — ex") 

— 6c»x» — 6c V — 6Vx» — 6Vx* — fc»c»j:» — AVa;* — 6»c V — JVjt' — 6V«* 

— 6Vx» — 6<cV— 6«cV. 

It is not difiScttlt to find a Real Generating Function similar to that 
obtained for the Quintic by Prof. Cayley in his Tenth Memoir on Quantics ; viz. 
we have , 





1-AID„ 


corresponding 


to 


1-Wx* 




+ ^m(1- 


-D^) 










+ 6V- 


AVar' 




+ 5u(l 


-AID^) 










+ bcx — 


6*cV 




+ 5i»(l- 


-An) 










+ bex'- 


-fttV 




+ 5«(1 


-Dfo) 










+ 6c»x»- 


-ftV.c» 




+ ^n(l 


-An) 










-\-bc^x- 


-6cV 




+ <^n(l- 


-An) 










+ b*ox- 


- ft»cJ'a.' 




+ ^,(1 


-An) 










+ I^<*a* 


-6«cV 




+ C'„(1- 


-An) 










+ 6Vx- 


-i»c»x» 




+ ^1 A 


(l-^«) 










+ ft»cV 


-6»cV 




+ B^Cn 


(1 - ^«) 










+ 6Va:» 


-ft»C*iB* 




+ />4o(l 


-An) 










+ 6V- 
Den'. D a 


■6»cV 


I— C«,' 


)(1_^ Vl_» )(] 


-/>J(1- 


■BJ 


)(l—An 


)(1- 


-A^) 


18 above. 



(I) 



Reasoning precisely similar to that employed by Prof, Cayley in the memoir 
just mentioned will show that each of the 12 negative terms in the numerator 
corresponds to a syzygy connecting terms such as P^(C7oo, -44o. . . . -^u), where 
P is any one of the twelve positive terms of the numerator and Gf», A^, etc. 
are the seven denominator forms; and that there are besides these 12 syzygies 
36 others. We should therefore expect to find 48 irreducible syzygies in all ; 
but it will be found that 4 of the 1 2 syzygies, represented in the numerator, are 
in fact reducible, so that the true number is 44, as given in the preceding article. 
The four reducible syzygies are those corresponding to the terms 

— Al^D^ deg. deg, order 3.6.4 

— Al^B^^D^ *' " - 4.7.5 

— A^BuB^, " • " 2.6.4 
-A^B,,Cn ' - '' 3.4.4 
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The first of these may be calculated as follows : The only compounds of 
deg, deg. order 3.6.4 which contain the twelve positive terms of the numerator 
in the first degree are found to be these 

^11 '-^18-^40 Coo > -^ll'^lS-SSo 

Bii.A^B^, Bii.A^fji^ 

^81 • -^18-^W • 

Then in 

aAi,B^ (7oo + ^AID^ + yA^A^^ G^+...= 0, 

the values of the co variants, given in Art. 1, are substituted, and the numerical 
factors a, /?, y, . . . are determined by elementary algebra. 

In this way we find the syzygy 
(a) Ai,D^ + A^A^B^G^ + A^B^Bl, + A^A^^G^ + A^B,,Bi, 

— 2A^BIB^ — A^B^Bi, = . 
But from Art. 2 we obtain 

^,(24) - 5u(l7) + 5n(18) = A^ {A^D^ + A^^G^ + B^Bi,-B^G,,) 

- B^ {2A^B,,B^ - 2A^Gn + A^B^B^ - B^B^) 
+ B^ {A^A^Goo + AbBU - A^Gsi - B^B^) 
= (a). 
The remaining three syzygies are 

(5) 2A,^A^B^^ + A,,A^^^ + S^SAACoo - ^J»^n^2o + ^A^A^^B^^G^ 

— dA^B^BuBio — 2A^^BnB^ — ^w^^o^Cio — ^w^^ 

- 2AnB^B^G^ - AJSi^Gs, = 0, 

(c) 2A^B^B^ + A^^Bn + A^B^B^ + As^io^^u — A« Ai^si = , 

{d) 2AnB^ (7oo — B^^qB^ + A^B^ Ci© — Ai^B^ G^ — B^B^B^^ + A^By^ (7n = . 

And the four reducing equations are 

(a)=A,(24)-5n(l7) + 5n(18) 

(6) = 2A^B^ (23) + 4^5,0 (22) + A^B^ (23) + 2A^B^ (22) - 5^ (a) 

(c)=^^(8)-Ai(5) + 5«,(3) 

(d) = jB,,(lO)-5,o(8) + C'oo(3), 
where the first of these has been given above and is here repeated. 

4. The twelve negative ternas in the numerator of the Real Generating Func- 
tion have necessarily been selected in a very arbitrary manner ; for it is possible 
to write most of the syzygies in a great many different forms, and, after we have 
decided on one of these forms, any term of the syzygy might be selected to 
represent it. Thus, leaving the other eight as they are, we may take for the 
four reducible syzygies 
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(ay =J5n (17) -5^(18) 

{cy=Bn{6) 

(dy = 5u(io) 

which only differ from them in this, that those portions of them which are simply 
divisible by any of the denominator covariants have been rejected. 

There is now no term Al^D^ in (ay and no term Ji^BiiD^f^ in (6y, so that 
these will have to be replaced by others. Moreover since (17)-(18) is properly 
represented by — ^G^, the proper representatives of (a/ and (b)' are 
— A^By^G^ and — ^,^(7^. 

The altered numerator will be 

1 — A^Bii C^x 

+ ^»,(i-Ao) 

+ 5„(l-^„5„C7,i) 

in which the remaining terms of (I) have undergone no change. 

Both numerator and denominator of the Real Generating Function, after it 

has thus been altered, are multiplied by 1 — jB^ ; when the transformed numerator 

becomes 

(II)... 1 -B{,-A^B\, +A„Bi, 

+ ^«, - A„B^ - A„D^ + ^m5„Z)„ 

+ ■^18 — -Su-Bu — -itt^is + AffBuB„ 

+ B„ — BiiB^ — ^»D„ + B^B^D^ 

+ 5„ -B{,B^-A^B^ +A,5»u5„ 

+ <7ii ~ ^iC7u - ^«<7u + ^5»uCu 

+ i)« — 5aZ>^ — A^D„ + A^B^D^, 

The corresponding transformation of the Numerical Generating Function is 
obtained by simply multiplying both JV^and D by 1 — hex, when we have 
(III) N{l — hcx)= 1 — t»c»x» — J»cV + JV«» 

+ c»a» — &c V — 6»c»a? + 6*cV 

+ 6cx» — 6»c»»< — 6c»x» +6»cV 

+ 6c»«» — 6»c»x» — ftVir* + h^(*a* 

+ 6c»a5 — 6 VaJ" — 6c»x» + 6»cV 

+ i»ca! — 6Vx» — JVa? + 6V«» 

+ 6»c»x — 6»cV — 6Va? + 6 V»« 

+ J V _ 6 V» — 6«c V + 6*cV 
where the arrangement of the terms is the same as in (II). 
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The covariant B^ has now been transferred from the numerator into the 
denominator, and is henceforth to be reckoned among the denominator forms ; 
while in consequence of this transference all the covariants, and all the syzygies, 
divisible by Bi^ have also disappeared from the numerator. Seven terms remain 
in the first column, or first positive block, of (II) or (III), all of them representing 
groundforms ; the sixteen terms in the negative block all represent irreducible 
syzygies ; and the existence of second syzygies is manifested by the appearance 
of a second positive block. There is reason to believe that one of the indicated 
second syzygies is compound, the remaining seven can be proved to be irreducible. 

5. On account of the arbitrary selection of the negative terms in (I), 
previously mentioned, it is clear that, at any stage of the work, we may replace 
any combination of the 15 letters A-^ . . . D^ by a properly chosen combination 
in syzygy with it. Using this principle to obtain a further transformation of II, 
we have J?fi in syzygy with A^^D^, No. (23) 



Al^U 






^l.Csi, 


No. (13) 


^15„ 






A,D„, 


No. (27) 


BLGn 






Bvfi», 


No. (34) 


•^U-^18 






AnCjx, 


No. (8) 


BnOn 






^D^, 


No. (24) 


^u^« 






Bnl>», 


No. (37). 



The indicated substitutions may be performed so as to obtain 

(IV) ... 1 - ^18^20 - -4«Ao + ^1S4«^» 

+ ^33 - A^B,^ - A^D^ + ^sa^n^to 
+ B^ — ^13^20 — -^«-^18 + Afi^Bi^D^ 
+ B^ — BnB^ — B^D^ + ^u^w^io 

+ ^31 — ^n^«o — ^n^n + ^n^n^^w 

+ On — A^Gn — A^Gii + Ai^A^gGii 
+ G^ — A^Gsi — A^Gn + A^j^A^GfuD^ 

wherein some of the terms have been rearranged so that, as in (II), only denomi- 
nator forms occur in the first row, and the last term of the seventh row is the 
last term of the first row multiplied by G^. Bach of the remaining six rows is 
divisible by a pair of denominator factors ; e. g. the last is 2>4o(l — -^i3)(l — ^)- 
This transformation proves that seven of the indicated second syzygies are 
irreducible, for (see Vol. VII, p. 337 of this Journal) any n^^ syzygy that can be 
properly represented by a (n + l)-ary combination of the groundforms is neces- 
sarily so. As an illustration, we have 
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^,,(11) =^i,(5,A-5o.J53i+ 2-4«(7n) 
— 2An (8) - 2A^ {A^Cy, + B^B^ + B^B^) 

+ 5«(3) +B^{Ay,B^-A^Bn+2A^B^) 

which may be represented, with propriety, in several ways by a ternary com- 
bination. Thus the term A^B^^B^ represents it in (II), and t^e term A-^A^Gn 
in (IV) ; while (8) shows that By^B^ is in syzygy with ^13 (Tu ^^^ forms the con- 
necting link between the two modes of representation. 

From (IV) we obtain immediately a set of names for the 44 irreducible 
syzygies, viz. these are the aggregate of the negative terms, and the binary com- 
binations of the letters -^sa* ^i3> • • • ^40 which form the first column. Names 
might of course be found with equal facility from (II), but these, though equally 
appropriate in other respects, would not consist exclusively of binary combina- 
tions. 

In the following multiplication table each set of three numbers is the deg. 
deg. order of the syzygy whose name is the product of the letters standing one 
in the same row and the other in the same column. 





4« 


By, 


Bn 


Bn 


Cn 


Gn 


D« 


Dn 


^» 


0.6.6 















//13 


1.4.6 


2.2.6 










Bn 


1.6.6 


2.3.5 


2.4.4 










Bn 


1.6.4 


2.4.4 


2.5.3 


2.6.2 








On 


2.4.4 


3.2.4 


3.3.3 


3.4.2 


4.2.2 






On 


2.6.4 


3.4.4 


3.6.3 


3.6.2 


4.4.2 


4.6.2 






D„ 


3.7.3 


4.6.3 


4.6.2 


4.7.1 


6.5.1 


5.7.1 


6.8.0 




A» 










2 2.4 


2.4.4 


3.5.3 


3.3.3 


A* 




1.3.5 




1.5.3 


2.3.3 


2.5.3 


3.6.2 


3.4.2 


Bn 


1.4.4 




2.3.3 












D^ 


3.6.3 


4.3.3 


4.4.2 


4.5.1 











voi- vin. 
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The last four rows, in which the distribution seems somewhat irregular, 
correspond to the sixteen negative terms of (IV) . 

6. To obtain complete lists of the 2nd, 3rd, ... 9th syzygies, it will be 
necessary to multiply (IV) by each factor in succession of 

(1 - A^){1 - B^){1 - B,,){1 - B^){1 - Gu){l - G^){1 - Z>^), 
and the form of the term A^^A^C^D^q leads to the selection of 1 — C^ for the first 
multiplier ; for if this term represents the compound second syzygy Csi{Ajj^AnD^) , 
it can be removed by this operation. To decide this question would involve 
some lengthy calculations, and, should the answer be in the affirmative, a precisely 
similar question would present itself at the next stage, and so on. In the absence 
of any information on this point we shall proceed on the assumption that 
^i8^a ^81^20= ^81 ( As^ss^m) ) ^^^ similar assumptions will be made (one at each 
stage of the work) throughout. Or, what is the same, we shall assume that one 
of the terms of the last block, and one only, is removed at each multiplication. 
The result of the first multiplication is, however, given on both hypotheses. 

Using, for the sake of brevity, P, Q, and B, to denote the groundforms, 
syzygies, and second syzygies represented in (IV), respectively ; and writing 

{l + P-Q + B){l-G,,) = l + P,-Q, + B,-S^, 
we have in the two cases, viz. 

Aj^A^ Oil Ao = O^ (^la^M^jo) ^iz^n OnI>9» irreducible 

Pi = P-Gn P,= P-Gs, 

Qi=Q + G,yP Qi=Q + G^P 

Ri={R-A,sA^GsiD^)+G^Q B, = B + G^Q 

/Si = (-B — Ai^Afn^D^) G^ Si = G^R. 

And in general, if after the n^ multiplication we have 

with 1 — /[£ for the (n + 1)"* multiplier, we shall find that 

P^^i-Pn-li 

Qn + l=Qn+llPn 
Rn^l = Rn + llQn 



where, in virtue of our assumption, the last two of these will be reduced by a 
single term. 

Writing ^ = 1 in the above, P^, Q^, R^, . . . being treated as numbers, we 
get the number of terms in 1 + P^— Q^ + R^ — /Si, + . . . , viz. we have 

APn = -l 

^Qn = Pn 
AR^=Qn 



the last two of these being reduced by unity. 
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The initial values obtained from (lY) by the consideration of the number of 
its terms are Po=7, Co=16, i2o = 8, 8^=0, ^0 = 0, etc. 

Tabulating the values of P^, C»i ^»» • • • for different values of n, we find 



n 





1 




2 


> 

1 


3 


4 


6 


6 


7 


p. 


7 


6 


6 


4 


3 


2 


1 





Qn 


16 


23 


29 


34 


38 


41 


43 


44 


J2. 


8 


23 


46 


76 


109 


147 


188 


231 


Sn 




7 


29 


75 


160 


269 


406 


694 


T. 




. 


6 


34 


109 


269 


618 


924 


Un 










5 


38 


147 


406 


924 


K 












. 


4 


41 


188 


694 


w. 












. 




3 


43 


231 


^n 


















2 


44 


F» 




















1 



and the number of terms in question is obtained by the addition of unity to the 
sum of the numbers in any column. The numbers in the last column show the 
total number of simple syzygies, 2nd syzygies, 3rd syzygies, etc., which are all 
of them irreducible (see Ameiican Journal of Mathematics, Vol. VII, p. 337, and 
apply the arguments used there to this case). Thus there are 44 simple syzygies, 
231 second syzygies, and so on, provided only that the assumptions of the present 
article are legitimate; if they are not, P^, Q„, 5„, . . . are still found by the 
same process, but the reduction of the last two numbers of a column by unity 
does not take place. It follows that if our assumptions are inadmissible the 
numbers in the last column must be increased. 

7. Considering the successive multiplications at greater length, we have 
from (IV) 

whence Si= {B— Aj^A^D^)C3i 



+ A^A^G^D^ 
+ A-^A^D^ 



+ BiiB„D„ 
+ AnB,iD„ 
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and six of the third syzygies represented by Si being certainly irreducible, the 
only question that arises is concerning the reducibility of Ai^^A^GlJ)^. 

Now observing that by No. (42) G^xD^ is in syzygy with GuD^, and making 
this substitution in Aj^A^GiiD^ without altering any other of the terms of Si, 
we have 



S, = (7si X 



+ A12A22G11 
. "I" Ai^A^D^Q 



T% — {Si — Ai^A^GiiGfo) D^g^ 



— GmD^f^ X 



A^BiiD2Q 
+ BiiBf^D^ 

+ Ai^Afi^GiiD^ 



where we assume, as in the first multiplication, that A^A^G^G^D^ is reducible 
and = Z?4o X Ai^A^GnG^i ; and where the multiplier used is 1 — D^. Observing 
now that the last term but one of T^ is divisible by the last, making the assimiption 
as to the reducibility of the corresponding 4th syzygy as before, and using the 
multiplier 1 — G^ we obtain 
Z7, = ( 7i — Ai^A^ CsiZJJo) (7,1 

= ^ii^iiAo {A^BiiD^ + ^23^8^20 + Ai^i^Ao + A^B^iJ)^ + A^Afi^GiiD^ 
and, in the last term in brackets, writing G^iD^ for GuD^, which is merely the 
reversal of the previous substitution. 

Us = GiiG^iD^^^ (^gg^ii + ^22-^18 + B^iB^ + A^^B^i + A-^A^G^x). 
Here again, observing that Ai^G^ is in syzygy with Bi^B^, by No. (16), and 
making the corresponding substitution in the last term of Us, we may write 

Un = GnG^D^^Q [A^B^ + A^B^^ + BuB^ + Ag^si + ^^is^si) 
where, after multiplying as before by 1 — B^ we obtain 

and then using 1 — ^13 for the next multiplier, 

TFs = Bi^BsiGuGsiD^^Q {Assign + B^B^ + A^^^Bi^B^) . 
The last term in brackets may be written A^Bl^, since No. (14) shows that B^B^ 
is in syzygy with B^^ ; and il^s^ itself may be further transformed into A^^Bi^B^, 
for A^B^ is in syzygy with ^ss-^u No. (3). Hence we may write 

TFij = -Bu-^18-^81^U ^31-^20^40 (-^83 "I" -^22 "I" -^38-^28) • 

Finally multiplying by 1 — B^ and 1 — ^53 we obtain successively 

-^6 = -SuA8^2»^81^11^8lAo^40 (-^22 + -^88^22) 

and Y, = Al^BiiB^BUBsi G^ GnD,,D^ . 
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In the course of the work the following reductions have been assumed. 

Deg. Deg. Order. 

That of the 2nd syzygy A^^A^G^D^ 5.8.6 

3rd " ^i3^«Cii<78iAo 7.11.7 

4th " ^i,^,(7u(7siI4 10.15.7 

5th " A^B^B^^GnCnD^J)^ 12.16.8 

6th " A^B^E\^GnGnD^D^ 13.19.9 

7th '• A^By^B^B^B^GnG^D^D^ 14.20.12 
8th *' A^B,,B,,BUB^GnGsiD^D^ 16.22.14 
In every other case each n*^ syzygy is represented by a (n + l)-ary combination' 
of the groundforms, and is therefore irreducible. The case of T^ is only an 
apparent exception to this rule, for (Art. 2, Nos. 13 to 16) A^gGu is in syzygy 
with A^Gni ^^ ^^^^ we may write 

And since B^B^ is in sjzygy with A^G^i (Art. 2, Nos. 17, 18), 

Lastly, since jIu^^u is in syzygy with -iss-^ia (-A^rt, 2, No. 4), 

F7 = ^38^8-^29^81^20^401 

which is the product of 10 letters only, and may properly be taken as a name 
for the unique 9th syzygy of deg. deg, order 15.25.17. 

Can a similar transformation be effected in the case of any one of the 7 
assumed compounds ? Certainly not for the first of them, for there is no ternary 
product of the groundforms of deg. deg. order 5.8.6. It follows then that if the 
2nd syzygy ^13^22^31^20 ^^ ^^ ^^^^ irreducible, and this would make all the rest 
so, the proof must proceed in some other way than the transformation of its 
name into a ternary product. 

8. Proceeding now to the formation of a catalogue, i. e. a list with names, 
of the second syzygies, we have directly from (IV), 

P = A^ Q = Ai2D^ + ^22^20 B AjgAaCsiZ^go = ilijiijyX^so 
+ 5„ -H A^^ + A„D^ + A^B,,D^ 

+ (7u + B^D^ + A^B^ + A^B^D^ 

where the last column forms a portion of the catalogue. 
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The remaining portion is, with the notation of the preceding article, bj 
means of the equations 

E, = Ri + D^Q, 
Bs=^ B%+ GiiQ^ 
B^ = Bs + B^Q^ 
B^ = B^ + BisQ^ 

-Be = -B5 + ^nQ^ 

B, = B, + A^Q, 
found to be the additional part of B^ 

= G^Q + D^Q^ + (7ng, + ^81 Cs + B^Q, + B^Q^ + A^Q,. 
In which, since Q^= Q + G^P 

Qs=Q2+GnP, 

Q5=Qi + B^P, 

we may substitute these values, beginning with the last, and find for the remaining 
portion of the catalogue the expression, 

Q{Gn+ D40+ 0^^+ B^+ B^+ B^+ A^) + {D^+ Gn+ B^+B^+B^+ A^) G^P 
+ {Gu + B,, + B^ + B^ + A^)D^P, + {B^ + B,, + B^ + A^)G,,P, 
+ (^13 +Bn + A^) B^P, + (5„ + ^38) B,,P, + A^B^P,. 
In this we substitute for P and Q their given values, writing at the same time, 
P,= p _ ^3^= ^33 + B^ + B^ + B^+ Gn + D^ 
P,= Pi-D^=A^ + B,, + B^ + B^+ Gn 

P,= Ps- B,, = A^ + B^ + B^ 

P,= P,-B^ = A^ + B^ 
then multiply out, add in the given value of B — ^u^C^D^f and arrange the 
terms in any convenient manner. In the arrangement adopted, terms, i. e. names 
of second syzygies, of the same deg. deg. order are written beneath it, and their 
frequency below them : thus 1.6.8 

(1) 

is understood to mean that there is one second syzygy, of deg. deg. order 1.6.8 , 
whose name is A^g^A^B^. 
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Catalogue of the Second Syzygies : 
1.6.8 1.7.7 1.7.9 1.8.6 



1.8.8 



1.9.7 



A^A^^ A\^n 


A\,B„ 


AnA„Bi 


a J.33-D1, 


^l.B^ 




(1) (1) 


(1) 


(1) 


(1) 


(1) 


2.4.6 


2.4.8 


2.6.7 


2.6.9 


2.6.6 


2.6.8 


Ai^A^C 


11 -^M^S 


■^n^a^n 


^»^s 


^n^i3^8i 


^88^185,, 


. 


. 


■^•sAi^is 


• 


A^^A^Cii 


BaBn-^ts 


. 


. 


■'llJ-^SS^ll 


. 


-^88^81^18 


. 


. 


. 


. 


. 


^88^11^8 


. 


■ 


. 


. 


. 


^uBgjilj, 


. 


(1) 


(1) 


(3) 


(1) 


(5) 


(2) 


2.7.5 2.7.7 


2.8.4 


2.8.6 2.9.5 


2.9.7 


•^n^tt^Sl -^18^83^ 


n -^"k 


A^A^ 


On A„Bl, 


^%0n 


A„BnBn A'^G^ 


• 


^88^18^81 


• 


. 


A^B^^E 


fa 


-^88^81^^88 


. 


• 


^88^81^ 


18 


. 


• 


• 


• 


^8851, 


• 


■ 


. 


• 


(2) (6) 


(1) 


(3) 


(1) 


(1) 


3.3.7 


3.4.6 


3.4.8 


3.6.6 


3.6.7 


3.6.4 


-^M-^IS ^11 -^18-"i» ^11 


Bn^ 


-^18-^88^80 


-^18-^18^81 


-4»-B,iCu 


• 


^^uOu 


. 


^•^M<7„ 


AffB^Gu 


-^^ii-Bn 


. 


A^O^Bi^ 


. 


A„BnCa 


AuGaBig 


BixB^B^ 


. 


ByxBi^Bf^ 


. 


AygBaOu 


SuSU 


. 


• 


m 


• 


^u^ 


B{^n 


. 


(1) 


(4) 


(1) 


(6) 


(6) 


(3) 


3.6.6 


3.7.6 


3.7.7 


3.8.4 


3.8.6 


3.9.6 3.10.6 


A^»D^ 


-^18^1^40 -^sj^uC'si ^ 


mAi^si 




AaBf^Oa 


■^n^aPm -^j 


.C-n^u A 


»^81-S«l 


jIJsDm -438^81^81 


AttBjgOgy 


-^r^nCn 


SnBk 


^38^8«Cn A 


88^81^81 




AffOgiSjjf 


-4jrB»Cgi 






^«0^B„ 






^uBnGa 


^»BnCn 






• 






A„OnB„ 


■^n^nCji 






. 






^vt^n-^n 


-^wCu-Sa 






• 






B^B^B^ 


■Sm^ 






. 






• 


■B|»^81 






. 






(8) 


(9) 


(2) 


(3) 


(4) 


(3) (i 
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4.3.5 



(1) 

4.6.4 

BuB^Gfo, 
B^ziGyx 
Bfsg^GnBjo. 



(8) 



4.3.7 



4.4.4 



4.4.6 



(1) 

4.6.6 

-^88^80-^13 

^u^nGti 
^uGsiB^i 



(2) 
4.7.3 

A^Jjff^Bfi 
BkOn 



(6) 



(3) 



(3) 
4.7.5 

A^D^B^ 

-488 ^u^n 
-4«(7n(7u 

■8i8^n^8i 

(11) 



4.5.6 

-4i,Cu(7a 
-4j3(7nCu 

A8^A 

BjgOjiBgi 

(9) 
4.8.4 

^885ni>to 

^88^«.^8l 



(8) 



5.3.5 



5.4.4 • 



4.9.3 

(3) 
5.4.6 



4.9.5 

^88^A 
•^«8^8I^« 

A„D,B„ 

(3) 

5.6.3 

■Su^8l^» 



4.10.4 
■^aBgiDn 
Af^f^Bf^ 

m 

(2) 
6.6.5 

^18^80^81 
^ViGfiCyx 



4.6.7 
5l8(7„ 



(1) 

4.8.6 

^88fi«2)« 
^88^«5„ 



(1) 



(2) 



(1) 



(3) 



(4) 



5.6.4 
Bj^aPn 

B^GyxG^ 

^nG^iGii 

(9) 



(2) 



5.6.6 



(1) 
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5.7.3 


5.7.6 


6.8.2 6.8.4 6.9.3 


6.10.2 


6.10.4 


-^n^iiZJ^o 


■8l8^»^40 


Bl,D„ A,,G^I)„ A„GnD^ Bl,D„ 


A,,G^D„ 


-4^40 (7n 


-SljZ^M^M 


• A,,D„G,i A^D^i 


Cn 


AtiD^Gn 


iltjCjiAo 


BnOk 




■^ssCii^io ^n^vJ^n 




-^11-8^40 






A„D^Gn B^D^B^ 




^tSt^ZlDfo 






A^C^D^ BnGS, 






^n^io^n 






BifBiiD^ 






-^81^^11 ^81 






^nPwBn 






-^81^11^81 






BUD„ 






• 






BuCl 






(8) . 


(3) 


(1) (9) (5) 


(1) 


(2) 


6.4.4 


6.5.3 


6.6.2 6.6.4 


6.7.3 


6.8.2 


BnCnD^ 


^n^n^K 


■Bm CjiZJjo -Bu C'si Ao 


A^^„ 


A^D^^ 


• 


GuGn 


Bj^GllD^g 


BnCnD^ 


BtiG^Dta 


• 


• 


B^Dif)Gii 


BttGiiI)„ 


BnGuPta 


• 


. 


• . 


^M^wOu 


BaDiaGii 


• 


• 


• 


GnCl 


• 


(1) 


(2) 


(1) (3) 


(6) 


(4) 




6.8.4 


6.9.3 6.10.2 


6.11.3 






B^G^D 


M -^U-^ -^St^ 


^8.14 






B^„G 


„ il„Ao^40 ^81^31^40 


• 






• 


^82^81^40 -^81^40 ^81 


. 






. 


-3,1^40 ^81 


• 






(2) 


(4) (3) 


(1) 




7.6.2 


7.7.3 


7.8.2 7.9.1 7.9.3 7.10.2 


7.11.1 


Ci\Ao 


5«^»0^40 


5„2)«^« Aii>«>^« ^i,^« ^»^« 


^81^« 


• 


• 


GiiGgiD^ 


C7Ai)« 


• 



(1) 



(1) 



(3) 



(1) 



(1) 



(2) 



(1) 



voL-vin. 



8.9.1 


8.11.1 


CuIA, 


C^^^, 


(1) 


(1) 
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10. It would be tedious to give an enumeration of the irreducible 3rd, 4th . . . 
syzygies, especially so since no new principle would be illustrated thereby. 
Besides, it would be very desirable to previously ascertain whether there is an 
irreducible second syzygy of deg. deg. order 5.8.6 or not As this would also 
require a lengthy investigation, I close the present paper with a few remarks in 
conclusion. 

First. If it should eventually be proved that there is an irreducible second 
syzygy of deg. deg. order 5.8.6, the catalogue would be the same as before, but 
the name A^^Af^C^D^ would have to be added to the. 231 names contained in it. 

Secondly. An inspection of the deg. deg. orders will show that there is no 
case of the coexistence of an irreducible simple syzygy with an irreducible second 
syzygy of the same deg. deg. order ; but it would be unsafe to assume that this 
is so for every quantic or system of quantics. The case of the Quintic itself 
shows that this is not so ; for the Quintic has both a simple syzygy and a second 
syzygy of deg. order 8.16. 

Thirdly. If, as I have always found to be the case, simple syzygies may be 
represented by binary combinations and second syzygies by ternary combinations 
of the groundforms ; there is an advantage in working with the Real Generating 
Function instead of the Numerical. For two terms, one of which is a binary 
and the other a ternary combination of the groundforms cannot cancel each 
other ; but if, as in the case when the Numerical Generating Function is used, 
both are represented by the same symbol, they may so cancel each other. This 
advantage is of course limited to those cases in which irreducible first and second, 
or n*^ and {n + 1)** syzygies coexist ; but the Real Generating Function gives 
names as well as the frequency of syzygies, whereas the Numerical Generating 
Function gives the frequency only, and this constitutes a special advantage in 
the use of the former over that of the latter. 

Finally, the name of a second syzygy being PQB^ where each letter denotes 
one of the groundforms, there cannot be more than two second syzygies of this 
name when P, Q, and E are three distinct letters, there cannot be more than 
one second syzygy of this name when P, Q, E are only two distinct letters 
(i. e. there cannot be more than one whose name is P^), and there can be no 
second syzygy whose name contains only one distinct letter (P^). This law is 
revealed by an inspection of the names in the catalogue, its significance is best 
seen by the following example. 
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Name iin^u> deg. deg. order 1.7.7 

A^{Ai^B^ — A^B^ + 2A„B^) outside factor A^s, inside factor A^B^ 

-B,,{AU4,-^l,-Als) " '' Bn " " ^Js 

+ 2An{A^AJS^ + 2A,,A^B^- 2AI^,,-A^B^) 

+ Ay, {A^A^Bn - 2A^A^B^ - 4Al,B^ - A^B^) = . 

Observe that it is necessary to the existence of a second Qjzjgy that its name 
should be divisible in two ways, into an outside and an inside factor, the outside 
factor being the name of a covariant and the inside factor the name of a first 
syzygy : for the name P^Qj the only two possible ways are P outside, PQ inside, 
and Q outside, /* inside. Thus there will be one second syzygy, and only one, 
whose name is P^Q, if both /* and PQ are the names of syzygies. But if there 
is no syzygy named /*, or no syzygy named PQ, there will be no second syzygy 
named P^Q. Again, P® can only be divided in one way, viz. P outside and /* 
inside : hence, there is no second syzygy named P*. 

For the second syzygy named P^jB, we have the three divisions (1) P 
outside, QB inside ; (2) ^ outside, PR inside ; (3) E outside, PQ inside. Suppose 
now that there exist three syzygies named QB, PR, and PQ. These may be 
written in the form QR = . . . , PR = . . . , and PQ = . . . , in which the name 
of any one of them does not appear in the other two ; and then we should have 
three second syzygies, viz. 

P{QR...)-Q{PR...) + ... = 
Q{PR...)-R{PQ...) + ... = 
R{PQ...)-P{QR...) + ... = 

where the terms written down may be called the distinctive portions of the 
second syzygies. But the distinctive portion of the third of these is the sum of 
the distinctive portions of the other two ; proving that there are not more than 
two second syzygies named PQR. If PQ should not be the name of a syzygy 
the last two " second syzygies " would be non-existent, and there would remain 
only the first. The example given above illustrates this case also if we alter the 
name to A^^A^^^ (as we may if we choose) . For there is no syzygy that can 
be named A^A^. 

BuGXHUBST Hill, Essex, Oct. 8, 1885. 



On the Singularities of Cfutves of Double Curvature. 

By Henry B. Fine. 



The elements of a curve of double curvature may be either the points of 
which it is the carrier or the lines or planes by which it is enveloped. We shall 
find it convenient to call any curve G the point-curvey line-curve, or plane-curve (7, 
according as it is regarded under the first, second, or third of these aspects. 

Each of these curves — if analytical — can be represented in the neighbor- 
hood of any element by an expansion in positive integral powers of a parameter 
with Grassmann units for coeflBcients (§ 1) ; these units being points in the series 
which represents the point-curve, in part lines, in part linear complexes in the 
series for the line-curve, and planes in the plane-curve series. 

A curve being thus represented, every projective singularity possible to a 
single curve element finds expression in Unear relations among the coeflBcients 
of the opening terms in its expansion. 

Three classes of such relations among the coeflBcients of the point-curve or 
plane-curve expansions are supposable, and these I make the definitions of a 
1st, 2d and 3d class point singularity, and of a 1st, 2d and 3d class plane 
singularity (§§ 2, 3), viz : I define a point as singular in the 1st class to 
the Xi order when all the coeflBcients of its expansion through that of the 
Xx power of the parameter are congruent ; as singular in the 2d class to the x^ 
order when the coeflBcients, through that of the Xi + x^-^- 1 power of the 
parameter are linearly derivable from the leading coeflBcient and that of the 
xi + 1 power ; as singular in the 3d class to the x^ order when the coeflBcients, 
through that of the xi + xj + 3^3 + 2 power of the parameter, are linearly deriv- 
able from the coeflBcients of the , xi + 1 , and xi + x, + 2 powers ; and have 
reciprocal definitions for a 1st, 2d and 3d class plane singularity with order 
indices (in ii%i fis* 
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The indices xi , xg , Xg play precisely the same role in the theory of higher 
singularities of curves of double curvature as do the "cuspidal" and "inflex- 
ional" indices (Cay ley) in the corresponding theory for curves in a plane.* 

Thus, for a pair of associated point and plane elements of any curve (7, x^ 
is equal to ii^, x^io ijl^ and x^ to [ii , (§ 4) . 

Of a set of associated point, line and plane elements of the curve — P, I 
and e — xi connects itself most closely with P, x^ with I and x^ with e ; these 
numbers being indeed the degrees to which P, I and e respectively are stationary 
(§§ 2, 3, 6). 

At P, a point tracing out the point-curve maintains the direction of its 
motion in I if xi be even, but reverses it if xi be odd ; and the generating line 
and plane are controlled in like manner by Xa and x^ . The eight combinations 
of odd and even values of the three numbers xi , x, , xj give rise to the eight 
characteristic shapes — first noticed by von Standtf — possible to a curve of double 
curvature at any element (§§ 5, 6). 

Finally xi, x%, x^ are respectively the number of simple stationary points, 
lines and planes to which, in its effect on the order, class, rank and genus of (7, 
the singularity is equivalent^ (§ 6). 

As there are six linearly independent line elemenis in space, the number of 
singularity-defining relations supposable among the coefficients of the line-curve 
series is five. It is found (§ 6) that these are all controlled by the indices 
«i » ^ I ^ when TCi and x^ are unequal, the first four of them when xi = xs. An 
independent line singularity is possible, therefore, when xi ^= x^ and only then. 
I call it the line class singularity and assign it the order index %. This singu- 
larity is, geometrically speaking, that more consecutive elements of a line-curve, 
or developable, belong to the same linear complex than are forced into it by 

* Plucker was the first to define the higher singularities of algebraic plane curves by indices. He 
used two, an order and a class index. Prof. Cay ley ^s cuspidal and inflexional indices are Plucker ^s 
order and class indices diminished each by unity. They give the number of simple cusps and inflexions 
which are to be regarded as entering into the composition of the higher singularity. Vid. Pliicker^s 
Theorie der algebraischen Curven, p. 205, and Cayley in Quarterly Journal, Vol. 7 ; also Smith in Pro- 
ceedings of the London Math. Society, Vol. 6. 

t Geom. d. Lage. Riickkehrelemente. 

t There enter also into the composition of higher singularities in general, double points, double 
planes, etc., due to the mutual intersections of the projections of the several ^^ partial branches '' which 
unite in the singular element (as do the leaves of a Riemann surface at a spiral point). These we leave 
out of sight ; the series with which we operate represent but single partial branches, and regarded as 
an element of such a branch, the singularity is completely deflned by the indices 'Ci , «c, , ics , A . 



158 PiNB : On the Singutarities of Curves of Double OuroaJture. 

The highest projective singularity possible to an element of C7 is defined by 
its indices Xi,x , xs > ^ • 

In § 7 I have expressed the conditions of the singularity Xi^x%j x^ in terms 
of the coefficients in the expansions 4><(<) , '^^{t) by which the point- or plane- 
curve is defined ; and in § 8 the same conditions in terms of position relations 
among corresponding elements of the curve 4><(<) (or '4'i(0) *^^ ^^ " differential 
curves " ^[{t) , ^'J{t) , etc., . . . (i^<'(<) , '^[\t), etc, . . .). The use of the differential 
curves for this purpose was suggested to me by my friend Dr. Study of Leipsic, 
to whom I am indebted for other valuable suggestions, in particular for calling 
my attention to the singularity of six consecutive tangents lying in the same 
linear complex — the simplest case of the line-class singularity. 

As Grassmann is not very generally read, I have presupposed an acquain- 
tance with but the fundamental ideas of his algebra.* For his terms Punkt, 
Linientheil, Liniensumme, Ebenentheil, I have used simply point, line, linear 
complex, plane ; for, though somewhat inexact, this terminology is simple and 
not liable to cause confusion. 

The entire investigation admits of immediate extension to curves in space 
of n dimensions. It is only necessary to enlarge sufficiently the order of our 
region (Stufe). There are n classes of point and of "plane" singularities in a 
space of n dimensions ; the one class for a space of one dimension being the 
Rieniann spiral point (Verzweigungspunkt). 

§1- 

The equations 

Xi : X2 : Xg : x^ = ^^{t) : ^^(t) : ^^{t) : ^^{t) , 

where x< are homogeneous point coordinates and ^< analytical functions of the 
form a^o + o^a {* — ^o) + «« {* — kf + «<3 {* — 0' + ®tc. . . . , 

which converge within a circle of the complex plane of t whose centre is <o> 
define within this circle an analytical point-curve of double curvature. It is 
assumed that, generally speaking, to each point (x) but one value of t belongs. 
Of special interest among the analytical curves are the algebraic. These are 
defined in the first instance by equations of the form 

Xi:x,:X3:X4 = ^i(^, r!):^^{^, >7):<?>8U» v)''^a{Ej >?)» 
the ^i being integral rational functions of ^ and >7 , and ^ and yj being connected 

* For a brief ezpoeition of these, see an article by Prof. Hyde in Vol. VI of this Journal. Or see 
Qrassmann : Ausdehnungslehre of 18i4 ; Ausdehnungslehre of 1862, Part 1, Chapter 5. 
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by an algebraic relation /(^ , >;) = . But this algebraic relation enables us by a 
simple substitution to reduce the equations given to the general form pX4=^|(<). 
For at a multiple point of the fi^^ order on the curve /(^, >?) = — we suppose 
its coordinates to be ^o> >7o — ^ach of the ^i values which ri — ri^ can take may be 
developed in positive integral powers of (^ — ^o)^ if ^^^ i^ s^ch powers of a 
lower root of ^ — ^o 5 so that it is only necessary to substitute t — t^ for this 
radical to accomplish the desired reduction.* 

If ^1, ^,, JS'3, E^ be Grassmann points, each of the weight 1, and situate one 
at each of the angular points of the tetraedron Xi= 0, x, = 0, X3 = 0, X4 = , 
the point (x) is P = -k^Ei + x^E^ + Xj^j + ^4^4 • For any point in space can be 
derived linearly from E^, E^, E^, E^, so that P = aiE^ + a^E^ + a^E^ + aJS^ . 
Taking the progressive product of both sides of this equation into E^E^E^^ 
PE2E^E^ = aiEiE^E^E^. Each of the products PE^E^E^ and E^E^E^E^ is 
scalar, and their ratio is that of the tetraedra PE^E^E^ and EiE^E^E^] oj, 
therefore, is in constant ratio to the perpendicular distance of P from the 
tetraedron face E^E^E^ and is consequently equal to Xj. For the same reason 
Of = X|, a, = X8, a^ = x^. 

It follows, therefore, that within the circle of convergence common to the 

four functions ^,(<) , 

P = ^(0^1 + Ut)E, + ^,{t)E, + q>,{t)E, 
is the equation in Grassmann units of the point-curve 

Xi : X, : Xg : X4 = ^^t) : <f ,(<) : ^^i*) ' ^4(0 • 
Developing ^(0 , ^{t), ^(t), ^^{t) , 

Pi = OiqEi + OaoEi + Ojo^s + ^40^4 

+ (au-E'i + (i%iE^ + a^E^ + a4xE^{t — ^) 
+ ..... 



+ («in^i + a^E, + a,„£i + a^E,){t - t,Y 
+ etc. 



* If we suppose that neither of the lines ^0 , 7« touches any branch of the curve in the point ^0 , 7« , 
these fi deyelopments arrange themselves in groups of the type 

i7-7. = Bo U-^O + Bic^» (^-f«)^ + B,«/» (^— ^.) A +etc (a) 

where d) is any root of ci>^ = 1 and the equations differ from one another only in containing different 
yalues of cj . 2A = ;i , the summation referring to the different groups. Each of the groups (a) defines a 
branch of the curve with the singularity indices A — 1, j9j— A — 1. The branch is *' linear "if A = 1 ; 
^^ superlinear " if A > 1 ; the terminology is Prof. Cayley's. To each branch (a) corresponds a branch of 
^(t) of whose singularity indices it wiU generaUy be true that the first is A — 1 and the second and third 
depend upon but A^Pi^Pt, See in this connection Prof. H. J. 8. Smith's memoir on the *^ Higher 
Singularitiee of Plane Curves," Proceedings of London Math. Society, Vol. 6. 
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Or, if OyjEi + a^^E^ + ci^E^ + a^^E^^ = Aj , 

Pt=A, + A^{t~ to) + A,{t- t,y + ... ^ A^{t-t,Y + etc (1) 

Reciprocally, if Wj, t^, t^g, 1^4 be the coordinates of a plane-element, the equations 

Ui:u^:u^:u^ = n^^^it) : 4^^{t) : 1^3(0 : 4^^(t) 
yield the Qrassmann equation of the plane-curve i//|(<) . It is 

et = ao + a^{t—to) + a^{t — toY + ... +a„(< — <o)* + etc (2) 

The coefficients a are pieces of fixed planes. 

§2. 

By Taylor's theorem, within the circle of convergence about t^ , 
Pt,^»=Pt. + PL8 + Pi:^+- . . + P?.|j-*+ etc. 

I define the point Pf^ as singular in the first class to the xi order when P^^ is 
congruent with each of the differential points P/^ , P//, . . . Pj; , but not with the 
point Pj;+^; or when [PJ =n, P/,', . . . P?;, e1eP?; + \ 

I define a point P^^ whose first class singularity is 3^1 , as singular in the 
second class to the x^ order, when all the differential points Pj; + *, Pj; + ', . . . Pj; + ««+^ 
lie in the same straight line with P^^ and Ptl'^\ but the point Pji + *«+« lies off 

this line ; or when 

rp p«j + ii = 7>i + « pjfi + 3 P^i+^.+i d= pji+««+> 

t-^ti » -* «, J — -* «, > -* <i I • • • -* <, > —1— -'^t, 

A point P^j whose first and second class singularities are of the orders xi 
and x^ respectively, I define as singular in the third cla^ss to the x^ order, when all 
the differential points P«» + *« + », Pj; +'«+*,.. . Pji + *• + «»+» lie in the same plane 
with Pf,, P?;+^ P«; + "«+*, but the point Pj* +"« + «»+« lies without this plane ; or 
when [P,,,P?j + \ i>i+««+»] = Pji+««+3, p.. + «,+4 _ p«,+«.+«.+2=^p«,+«.+«.+8^ 

As all points of space are linearly derivable from any four among which no 
linear relation exists, with the three classes just enumerated we exhaust the 
singularity-defining relations of the points P^,, P/^ P^/, etc. 

1. The First Class Singularity, The infinitesmal change of position of a 
curve point P^ corresponding to an infinitesmal change S in the value of t is of 
the same order as 5 if Xi, the index of the first class singularity of P^, is zero ; 
but if xi have any other value than zero, this infinitesmal change of position of 
Pf is of a higher order than 8 , being indeed of the Xi + 1 order when 5 is of 
the first order. It is supposed of course that t is made to vary continuously. 

* Here, as in what foUows, I indicate the order of a derived function by a simple exponent. 
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For the progressive product, P^P^^^ measures the order of the distance of the 

points Pt, Ptj^i apart; and P^P^j^^=. P^Pi^'^^- + etc., since jPj»+Msthe 

first differential point which is not congruent with P^. Hence, a point which is 
singular i/i the first class is staiionary, and the index xi measures to what degree. 

2. The Second Glass Singularity. Let P^^, P^, ^^ ^''^y two points on the 
curve P,, and let them be made, independently of each other, to approach P^^ ; 
the line Pt^Pt^, in its limiting position, is, by the ordinary definition, the tangent 
to the curve at the point P^, . 

If <, = fj + j.p,, #, = <i + 5.p3 ; by Taylor's theorem 

P-P -^P'« o +P''^^^-^*+ p«.^i (^'P«^^' , etc 

P — P 4- P'A n -U P'f ^—~9^ -U 7>i + l v^'P^)*' J. pfp 



Therefore, 



^A = 



^ (^+1)! 

1 Pi^ 
^ (x, + 1) ! 



^+^P,.P?;+^+..,, 



so that the tangent at P,^, or j^™** [^^&] » ^^ congruent with Pt,P«';+^ 

l%e tangent to a curve at any point P is the line determined by P and the first 
of the differential points P', P\ . . . which is not congruent with P; it is tJie line 
pp«i+i^ if xi be the index of the first class singularity of the point. 

Now the product of the point P<+a by P^Pl^"^^ measures the order of its 
distance from the tangent; for the product P^/^^+^P^+a is of the same order as 
the triangle P^Pi^'^^P^j^^, and this of the same order as its altitude, the distance 

of P,+a from P,Pi^^\ But P,Pj.+ip,^,= P,Pj.+^Pj»+'.+»^--^^ + etc., 

where Pj'+««+» ig the first differential point which lies off the line P^P?*"^^; so 
that P|^5 is distant from the tangent at P< by an infinitesmal of the ;ci + x, + 2 
order. 

At a point of the first and second class singularity xi, tc^^ a curve his with its 
tangent a contact of the Xi-\-7c^'\' 1 order ; in addition to ilve x^ consecutive points 
which coalesce with P there lie still other x, + 1 consecutive points on the tangent 
through P. 

Vol. vm. 
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3- The Tliird Class Singularity. If P<,, P,,, Pt^ be three curve points and 
these points be made independently of each other to approach the point P,, the 
plane P^P^^P^^ in its limiting position is the osculaiing plane to the curve at P^ . 

T • _ • J y^ T^ T^ 

By a simple extension of the proof in the last paragraph s^^j^r. \^^^X^^i\ 
is congruent with P^Pji+^pj* +««+«; or 

The osculating plane to a curve at any point P is that determined by P, P*» + \ 
the first differential point not congruent with P, and P«» +*«+*, the first differential 
point off the line PP"^'^^. 

The progressive product P<Pj> ^^Pj» + *'"*"*P,-|.a nieasures the order of the 
distance of P^+.« from the osculating plane at P,; but PtP;»+^P?' + '«+*P«+, 

= PiPj»+^Pj»+'«+«P;»+*«+''»+» — -^-- '"^''t^ -T-, + etc., since p«* + «.+«.+8 is 

(^1+^ + ^8+ 3) I 

the first differential point not linearly derivable from P, P*'"*"^, P** + ««+•. Hence 
Pi^i is distant from the osculating plane at P, by an infinitesmal of the 
^1 + ^8 + ^3 + 3 order. 

-zl third class singularity hi P of the order Xg adds x^ to the order of contact of 
the curve with the osculating plane at P ; the order of contact at a point whose three 
singularity indices are Xj, x^^ x^, being Xi+Xi + x^+1. The number of consecutive 
points in the osculating plane wxi + Xg + ^+S* 

§3. 

By Taylor's theorem, 

6t+a = 6t + e«5 + ^r -ST + ...€? —T + etc. 

The plane element e, I define as singular in the first class of plane singu- 
larity ^ and to the fix orcfer, when [ej =€i, ei^ . . . ef' E;Eff*'^^ 

The plane e^, whose first class singularity is of the order fii, I define as 
singular in the second class to tlie (i^ order when 

[.„ a^+^]=5?'+^ ^?^+^ . . . 6f>+-•+^ ^^^^^^+\ 

The planes 6^+^ . . . e;' + '^+^ pass through the intersection of e^ and 6f» + ^ 
but 6f»+'^+* does not pass through this line. 

The plane e^, of which the first and second class singularities are of the 
orders (ii and fi^ respectively, I define as singular in the third class to the order (i^ , 
when [f<, €Jr*+^ 6?» + '^-+*] =ff» + ''•+^ ef»+'^«+S • . . e;^* +'*»+"•+«, =^gj^i + '^.+M.+8^ 
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All the differential planes preceding gft+'^t+M.+s ^^^ through the point in 
which 6|, fr*'^\ e?* +"■■*■* intersect, but efi + '*«+M.+ s ^^^g ^^^ p^^g through this 
point. 

With these three classes the singularity-defining relations among the coeffi- 
cients of Et^t are exhausted; for the space of planes is a region of but the 
fourth order, so that any plane in space is linearly derivable from any four 
between which no numerical relation exists. 

1. The First Class Singularity. A plane which is singular in tJie first class 
is stationary, and the index fii measwres to what degree. 

For the order of the (regressive) product of two planes of finite weight is 
the same as the order of the angle which they make with each other. If ABC 
be 9k triangle of one of the planes, its area th6 weight of the plane, and ABD a 
triangle of the other plane, its area the weight of its plane, the product of the 
planes is {ABC.ABD] — \ABCU\ AB\ [^fiCD] is scalar, being three times 
the volume of the tetraedron ABCD, and its order is that of the angle between 

Ami + 1 

ABCwA ABD. But the order of the product e^e^+j, or of 6<ef'+^. — .. + etc., 

is f^i + 1 . 

2. The Second Class Singularity. The tangent line to the curve St in the 
element e<^ is the line of intersection of any two elements e^ and St^ in what is its 
limiting position when St^ and st^ are made, independently of each other, to 
approach St^. By developing e^^ and e^^ and taking their regressive product, it is 
easily proved that the tangent line to a plane-curve in any plane e is the line 
determined by e and the first of the difiFerential planes e', e", . . . which is not 
congruent with e: it is the line fc***"^^ if ^ii be the index of the first class 
singularity of 6. 

At a plane of the first and second class singularity fiu (i%j a plane-curve has vnth 
its tangent a ^^ contact ^^ of tlie jUi + /Uj + 1 order : in addition to tlie (ii corvsecutioe 
planes which coincide with e, there pass still otlier f^j + 1 through the tangent in e. 

For the order of the angle which e^^^ makes with ee"*"^^ is the order of 
the product f^ + aee'''"*"^ or jUi + f^g + 2 . 

3. The Third Class Singularity. The point of osculation of an element a of 
a plane-curve being defined as the limiting position of the point of intersection 
of three planes which are made independently of one another to approach f, it 
can be proved that it is the point determined by e, e'*» + ^ £''» + '*• + *, fii and ii^ 
being the first and second class singularity indices of b. 
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A third class singularity in e of ths order fi^ odds ^i^ to the order of ** contact " 
of the curve toith the point of osculation of e] the order of contact in a plane whose 
three singularity indices are jUi, fi^, (i^i being /^i + //j + |Ws+ 1 . The number of 
consecutive planes through the point of osculation i^ ^i + /u, + /t^, + 3 . 

For the order of the distance of f^+a from ae^» + i£^»+''«+* is ^i + j[<, + /us + 3. 

§4. 
The curve point P and its osculating plane e are corresponding elements of 
a point-curve and a plane-curve. We are to prove that if 

Xij Xi, x^bethe singularity indices of P, 
^3» ^1 > ^i ore the singularity indices of b. 
And reciprocally, if 

f^it fh) f^s^ the singularity indices of en 
f^si (hi f^i ore the singularity indices of Pi . 
By hypothesis and the theorem on pages 161 and 162, 

6= pp«i + ip«i + «*+«. 
It must be proved that 

1. H=e', 6^-..6-SE|Ee'- + ^ 

2. [e, €''> + *] = £'»+*, . . . e«t+«.+i==e«t+«. + ». 

3. [e £''"*'\ e'»+'« + n =e*»+«« + 8, . . , ^•4-««+«i + a='=^.4-««+«i + 3^ 

1. In the series of planes into which €^= [PP'« + ^p*i + *«+*]•' can be 
developed the highest index which any point factor can have is xi + x, + 2 +y. 
So long therefore as y<C, = ;f3, s^ will be congruent with e. But if y = xs + 1 
the term 

PP'i + lp«i + «« + «3 + 8 

enters into the expansion of e^, and this cannot be congruent with a since 
pti+'ci+f.+s iiqq without € by hypothesis. 

which equals, numerical coefficients being omitted, 

rp/>i+n««+i4-ip«i4-«a+» -^- , . . [pp«i + n''8+i+i-'«.p*i+«,+«,4-» (a) 

I rppc, + ippic,4.«,4.ie,4.3 -|- . . . rpp«i4-np«i + «« + *« + 84-i (b) 

Now for every value of y, from 1 through x,, all the products (a) are of 
points whose indices are <,=xi + x, + X8+ 2; so that for every J which is 
<;, = Xj, the planes (a) are congruent with e. 
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And again, under the same hypothesis with reference to J, every factor 
I'pp-i+ijj occurring in the terras of (b) develops into a sum of lines which are 
congruent with PP**"*"^; so that (b) itself is a sum of planes all of which pass 
through PP^'+S the intersection of € with e"*"^^. 

If, on the other hand, y = x, + 1 , there occurs in (a), in addition to terms 
which are congruent with c, the term pp»i+««+*«+3p«i + ««4-t ^jt^ ^he numerical 
coeflScient 1 ; and in (b), in addition to planes through the intersection of e and 
e"*"^^, the term 

(x,+ l)! (;.,+ l)!^^ ^ 

Now, since P«i+'.+«>+8 is without e and P«i+'.+» ofif PP'''^\ pP'3+«.+-.+»P'.+'rf> 
cannot pass through f6'«+^; nor can the term in any case disappear, since no 
integral positive values of ;ci, x,, x^ can be found capable of solving the equation 
(x, + x,+ l)l ^ J 



(X.+ 1)! (xa+l)! 

— p«i+«.+2+irpt,+ ip«c, + ic,+j ^ ^ (. (a) 

+ p^rp*i+ip*«+«»+»]««+«»+» ^ _ ) 

For every value of /, from through xi — 

1.) The sum of the terms (a) is a plane which is congruent with e, for the 
highest index which any point factor can bear is xg + Xg + xi + 2 . 

2.) The sum of the terms (b) is a plane which passes through the inter- 
section of € and e*' + \ For each of these terms is the product of a point of the 
line PP'^^^ into a line [p«i+ip*i +«.+»]-. + !+', Z= 0, 1, 2, . . . x,. But 

rpc, + lpc, + «, + 2-j*, + X + i _ pc, + lp«,+«,4.«, + s+«^ ^ ^ ^ -J. p«i + M + lp«j + «f + 3 + / /g,'), 

J^ pc, + ir, + Spc, + «, + «4-« -|- , ^ ^ ^ p^i+'Ci + ^ + iJD'i + 'Cf + S^ m\ 

where all the lines (a'), meet PP'^^^ and all the lines (b'), lie in the plane e. 
It follows, therefore that (b) which is 

1 = 

is a plane through PP'''^\ i. e. through ee'""^^. 
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3.) Each of the planes in the sum (c) passes through P, since 

by hypothesis. Each of the planes f*»+*«+*+'^, therefore, where y takes in succes- 
sion the values , 1 , . . . »i passes through the point P. 

On the other hand, the plane e«i +««+«» + » cannot pass through P. For in 
its development occurs, in addition to planes through P, the term 

with the numerical coeflScient 



1 — 



(X3 + X, + xi + 3) ! (;g8 + x, + Xi + 3)! 



+ 



X3+X,+ Xi+3 



(^ + ^i+2)!(;€3+l)! (^i+l)!(x8 + ;t2+2)!^(;t,+ l)!x,+ l)!(x3+l)! 
and only this term, and this term can in no case disappear. 



§5. 



At a curve point P the generating 
point continues the direction of its motion 
along the tangent line at P, if Xi, the 
index of the first class singularity of P 
he even^ but reverses the direction of this 
motion if Xi be odd. 



At the element e of a plane curve 
the enveloping element maintains tlve 
sense of its turning about tlie tangent 
line in e, if (in the index of the first 
class singularity of e be even, bvi reverses 
the sense of this turning if fi\ be odd. 



The generating point takes in succession the positions P<_a, P<, P« + a- We 
wish to determine whether the projections of the points P«_a, P< + a on the 
tangent line lie to the same side of P< or to opposite sides of it. All depends on 
whether the two products P^P^^^, PtPt-t have the same or opposite signs; 
but, on the hypothesis that the index of the firs£ class singularity of P^ is xi , 

these products are P.Pf''^^ -, — — — ^-rand P^P/*"*"^ ) — / ,. , , respectively, and 

(xi+ 1)! (xi+ 1)! 

so have the same sign when xi is odd, opposite signs when x^ is even. 



At the point P the projection of the 
generating point on the osculating plane 
at P crosses the tangent if Xy + x^^ the 
sum of the indices of the first and second 
class singularity of P^ be an odd number^ 
but remains to the same side of this line 
if Xi + x^be an even number. 



At the element e of a plane-cw^ve 
tlie line in which the enveloping elerhent 
cuts 6 , maintains the sense of its turning 
in B if fii^ fi^i the sum of the indices of 
the first and second class singularity of 
€ be an odd number, but reverses the serise 
of this turning if fii + (i% be an even 
number. 



* Here and wherever else the form of the curve is discussed, it is supposed of course that tlie 
coefficients of the series as well as t itself are real. 
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The proof is in principle the same as that given for the preceding theorem. 
We take the product of the tangent PP*» + i into the point P^^^ and into the 
point P<-i; on the hypothesis that P< has the shigularity indices ^i, x,, these 
products are 

PP«.+ip«.+«.+« d ^^^ ppM+ip«.+'c.+,l d; — 

{xi + x^+ 2)! (3^1+^+ 2)! 

and have the same or opposite signs according as xi + ar, is even or odd. 



At the point P the generating point 
crosses the osculating plane t/xi+Xg+Xs , 
tlie sum of the three singularity indices 
of P, he an even number^ hut remains to 
the same side of it if Xi + x^ + x^he an 
odd number. 



At the element e of a plane-curve 
tlie enveloping element crosses the point of 
osculation if [ii + m + /t/g , tlie sum of 
the three singulantt/ indices of € be an 
even number, hut does not cross it if 
f*i + i"« + .^s ^ ^^* ^^ number. 



The product of P^P^''i + ipji + ««+« into P« + « is 

^«i + «» + «i + 8 



pp*i + lp«i+«« + »P'«i + ««+«. + 8 



(xi + x, + X8+3)! 



and its product into P^^, is P^P/i + ipji+''. + «P/. + -.+«.+8 ^_^ 



+ «. + ». + 3 



(xi + x, + X3+3)!' 

these products have opposite signs if Xi + x^ + xs be even, the same signs if 
*i + ^ + ^8 be odd. 

If a point-curve be projected into an axial pencil or a plane-curve into a 
range of points, to the singularities of the originals will correspond singularities 
in the projections, the singularities of the projections, however, depending also 
on the position of the line which is the base of the pencil or range. With 
reference to the classes of singularity possible to the two systems into which we 
project — the same considerations which prove three sorts of singularity to be 
possible to an element of a point- or plane-curve of double curvature prove 
that but one sort is possible to the element of an axial pencil or a range of 
points ; in these systems there are but tux) linearly independent elements and 
the one source of singularity is that elements should coincide, which, in the 
general case, are distinct. 

Let P be an element of a point-curve of double curvature with the singu- 
larity indices Xi, x,, X3, let Z be the tangent line and e the osculating plane to the 
curve at P, and a the base of the axial pencil into which the curve is projected ; 
also, let ^1 be an clement of a plane-curve, fiu ^,, (i^ its singularity indices, ?i its 
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tangent line, Pi its point of osculation, and Ui the base of the range into which 
it is projected. Then 



The singularity index of that ele- 
ment of the axial pencil a which is the 
projection of P,is Xi, provided the point 
ae does not lie in Z, (1) ; xj + x^ + 1 when 
as is in I but is not P, (2) ; xj wlien as is 
congruent with P, (3) ; Xi -f- Xg + X3 + 2 
when a is in 6 but does not pass through 
P, (4) ; Xj + X24.1 when a is in s and 
through P, (5) ; and x^ v:hen a is itself 
I, (6). 



The singularity index of that point 
of the range ai which is t/ie projection of 
6iis fiiy provided the plane a^Pi does not 
pass through /i (1) ; w /Mj + /u, -f- 1 when 
aiPi passes through li but does not coin- 
cide with fj, (2); /m, when a^Pi is con- 
gruent with bi , (3) ; |Mi + jm, + /t/j + 2 
when ai passes through Pj but does not 
lie in 61 , (4) ; fi^ + m+ I when ai is in 
61 and contains P^, (5) ; and fi^ when ai 
is itself 7x, (6). 

For if P^^i be a curve point consecutive to P<, the projections of P< and 
P«+«> i' ^* «P< aiid aPt^i, are consecutive elements of the axial pencil a. In 
case (1), i. e. when a does not meet ?, aPe+« = aP + aP.h + etc.; here aP=aPj 
aP', . • . aP^'j e|E aP'''^^, and the singularity index of aP is Xi. In case (2)a = Pq 
(aPt + /?P?'+^), Po being a point without e; hence aP^^^ = Po(aPe + fiPV^^) 
{Pt + Ph + etc.) and all the planes of this expansion through 

are congruent with Po(aP^ + /?P?'"*'^)P<, but not the plane next following; so 
that the singularity index of aP is xj + x, + 1 . When a passes through P, (3), 
it is equal to P^^Pt^ P© having the same meaning as before. And 

oP,+,=PoP.(P*+i»;«+etc.)=P.P,P?'+'^-^;^, + etc.. or «J^J= r^^' 

+ etc. Of the terms of this expansion the first (xi + tc^ + 1) — (xi + 1) are con- 
gruent, so that the singularity index of aP is xj. The other cases admit of 
similar treatment. It seems necessary to remark only that in (4) a= aPeP?*"*"^ 
+ /3P?' + ^Pj'+*«+* + yPP'«+'«+*, in (6) a = aP,P?» + ^ + /?P,P?»+'«+>, and in 
(6)a=PP''+^ 

The demonstrations of the theorems in the right-hand column are simply 
the reciprocals of those just given. We have but to substitute the regressive 
products of planes for the progressive products of points. 

Evidently the singtilarity of P is determined when the singularities of its 
projections in any three of the axial pencils (1), (2), ... (6) are known ; and the 
like of 61. 



I 
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The indices xi, x^, x^ determine whether the projections of P in the several 
pencils a are ^ RUckkehrelemente " * or not ; for the generating element of any 
of these systems maintains or reverses the sense of its turning about a as it 
reaches any fixed element, according as the singularity index of that element is 
even or odd ; which in the case before us depends solely on the values of ;fi, x^^x^. 
A similar relation holds between the numbers fii^ /t/,, /wg and the motion of the 
generating element of each of the several ranges into which we project ^x- 

Besides projecting into one dimensional system, we may project both of 
our curves into two dimensional systems also ; the point-curve into a pencil of 
rays, the plane-curve into the system of lines in a plane. The picture of the 
point-curve is then a cone, and the picture of the plane-curve a line-curve. Here, 
again, to singularities in the originals correspond singularities in the projections — 
the exact character of the correspondence depending on the position of the base 
of the pencil, or of the field of lines. The classes of singularity possible to an 
element of a cone or of a line-curve in a plane are two, the number of linearly 
independent elements in each system being but three. A ray I is singular in the 
first class to the order Xi, and in the second class to the order ^, when 

l=V, Z", ... Z^.e]EZ"»+^ and [/, Z^»+i] = ^^»+^ , . . Z^»+^«+\ ^=?^i+^+s. 

Let the symbols P, ?, c, Pi, /i, ei have the same meaning as in the preceding 
theorem ; and let the point-curve P^ be projected into the pencil of rays whose 
centre is A and the plane-curve st into the field a. Then 



The two singularity indices of the ray 
which is tJie projection of P are Xi, tc^, 
when A does not lie in e] x^ x^ + x^+ 1, 
when A lies in e but not in I'jXi + x^+l, 
x^ wlien A lies in I bvi is not P ] x,, x^ 
ichen A is P. 



TJie two singularity indices^ of tlie line 
in which Ci intersects a are fii , fi^ when a 
does not pa^s through Pi ; /t^n /w* + /t^3 + 1 
when a passes through Pj but not through 
^1 ? /^i H" i^ + 1 » 1^3 y^hen a 2^ass€s through 
li but is not Si] (1%, fi^ when a is Si. 

For when A does not lie in e, in the product -4P^+g, or AP + APh + etc., 
AP = AP, . . . -4P-S EiEi4P'»+^ and [AP, ^P-^+^j =^P'» + », . . . ^i>»+'^.+\ 
^i=^pc.+.. + 8 jf ^ Yi^ in 6 but not in ?, AP=:AP, ... 4P*s eIe^P^'^^ and 
\AP, ^P"»+^] =^P''+*, . . . ^p-i+«.+«a+2^ =1= ^p-i+«.+ «.+3 . and the indices are 
xi and xi -|- Xg + ^3 + 2 — (xj -f- 1) = x^ -f Xj + 1 . When A lies in I and is not P, 
AP=iAP, ...^p«i + -s+i,E|E^P'» + ''«+» and [AP, ^i>«i + -.+»] =^p-.+-.+3, . . . 

*Conf. von Staudt, Geom. d. Lage, p. 113. 

t The two singularity indices of the element of a line-curve in a {ilane are its ^^ inflexional " and 
"cuspidal ^' indices respectively. 
Voii. vni. 
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-4.P"' +*«+'»"♦•*, E^E ^P't^ *»+*«+ 3 ; and the indices B.Texi + x^+1 and (;ci+x,+ X3+ 2) 
— (^1 + ^ + 2) = xg. Finally, when Ais P all the terms AP, • . . AP'^ vanish, so 
that the value of AP^,^ expresses itself in a series of which the first term is 
AP*'"^^- — . ^ ; with this term all those immediately following are congruent, 

while from it and 4P«>+*« + » all the terms through ^P*» +*«+*»+• are linearly 
derivable ; in this case, therefore, the singularity indices are x^ and xg. 

The theorems in the right-hand column are the reciprocals of those just 
demonstrated. 

§6. 

By a "line-curve," I mean a developable, i. e. not any continuous oo^ aggre- 
gate of the general line elements (Liniensummen) of space — such as the point- 
curve is of points and the plane-curve of planes — but only aggregates whose 
elements are the tangents to a point- or plane-curve. The general element of a 
line-curve 6 then is [PP'^ + ^j^ or [ff*""*"^]*. Its singularity finds expression in 
linear relations among the coefficients in the expansion of [-P^*"*"^]<+«- As 
there are in space but six linearly independent line elements, the possible num- 
ber of these singularity-defining relations among the coefficients is five. We are 
to investigate to what extent they are consequent on the singularity of P^ and to 
what extent they are independent. 

The general term of the expansion of [PP'»+^]«+ais 4| [PP^'-^^y. Omitting 

•/ 
numerical coefficients 

rpp«i+nj = pp*i+i+^ ^ p/pti+i+z-i + . , . p^ip^i+i+^-fi (a) 

I p«i + fa + »p^ -(«« + !) ^ p«i + «t + 3pi-(fa + 2) "j 

^ ^ ,,pci+«> + M + »pi-(«. + ti + l) J ^^^ 

J^ p«i + «« + «. + 3pj~(K, + «, + 8) ^ pt, + «, + «. 4- 4pj- («,+ «, + 8} 1 

+ ._P'i+»«. + «. + 8p^-»ic, + it,+ 2)J ^ ^ 
J« p«i+2*« + «j + 4p^-(2«, + <c, + 8) -i- , , , P-^P*' + ^. (e) 

1. It will be noticed that the coefficients [P/^»+^]', [PP'^+i]" . . . 
[^pp«i+ijj*. are congruent with pp*i + ij but not so the next following coefficient. 
For so long as j does not exceed x^j [PP**"*"^]-^ is a sum of products of points 
which all lie on the line PP'''^^; [PP'»+^]'*+\ on the other hand, contains in its 
expansion pp«i +*«+». 

2. The coefficients to [pp*i + i]'«+*i+i inclusive belong to the pencil of rays 
through P; but not so the coefficient next following. For so long asy does not 
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exceed ;ej + xi+ 1, the sum into which [PP'^'^^y expands terminates in the 
row (b); the lines (a) all pass through P and the lines (b) coincide with PP*« + ^: 
|^pP'i+ij*«+«i+«^ on the other hand, contains in its expansion P'l+ip'i +'«+», 
which cannot pass through P. 

3. The coefficients to [pp«»+i]*«+*«+i inclusive belong to the field of lines 
pp«i+ip«,+ir,+«^ ^- g ^. ^^^^. ^YiQ next coefficient lies without this field. For all 
the points P, . . . p«t+''«+'»+» lie in e, but P«. + «.+*«+8 without e. 

From 2 and 3 it follows that the coefficients to [PP"»+^]''»+{«l}+* inclusive 
belong to the flat pencil PP'^'^^, pp«i+«.+» j it being understood that that one of 
the indices xi, x^ is to be read which is not the greater. 

4. Every coefficient [PP«»+i] *!+*•+'•+» belongs to one of the two systems, the 
pencil P or the field f , or to both of them ; but the coefficient [pp«»+i]*i+««+««+' 
belongs to neither of them. For so long as j does not exceed xi + x^ + x^+2j 
all the terms (a) in the expansion of [PP"*"*"*]^ pass through P, and all the 
terms from P'^+^pJ on lie in e. [pp«i+i]''i+*«+««+8, on the other hand, contains 
p«i+ip«i+ ««+««+ 8^ which does neither the one nor the other. 

5. The coefficients to [PP^i+^j^i+^^'+^t+s inclusive belong to the linear 
complex of which the axis is PP''^^^ ; but not the coefficient [pP'«+l]''«+»'•+«»+^ 
For so long as j does not exceed xi + 2xj + Xg + 3, the expansion of [PP*»+^]'' 
consists only of terms out of (a), (b), (c), (d) ; and of these the terms (a), (b), (d) 
contain a point of PP"^-^^ as one of their factors and the terms (c) are the 
products of points which all lie in the plane e. On the other hand, the expansion 
of [pp«3 + i]''i+»*.+««+* contains the term p«t+«.+»P«i+«.+''«+3, a line joining a 
point not on PP'i^^ with a point not in e. 

Therefore, the defining characteristics (defining because sufficient as well as 
necessary) of ?, the element of the developable 7^ corresponding to the point 
^(^1, x%i «3). are: 
I. (1) I is a line through P. 

(2) ?*«+^ w also a line through P, bui not coincident with I. 

(3) ;'«+''»+• {i/xi <ix^ is a line in the plane of I and Z**+*, hut not through P. 

(4) ?"«+*>+* 18 the sum of a line through P and not in the plane of land Z**"*"^, 
and a line in the plane of I and 7*«+^ and rwt through P. 

(5) Z*»+ *•+*»+ 3 18 an element of the linear complex I which is not resolvable into 
a line through P and a line in the plane of I and Z*«+\ 

(6) Z*» + »*«+''i+4 {^ ^20t an element of the linear complex I. 
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II. (1) ^=z^^^ ...i"^. 

(2) [Z, Z'^+^J =Z'«+«, Z'«+8, . . . Z-+"> + \ 

(3) [Z, Z^«+\ Z''.+'^«+2] = Z'.+«.+3, 7*.+-»+4^ . . . 7*,+«.+i. 

(4) [Z, Z'^+S Z''«+''»+*, Z•*+''•+^] = Z"•+''•+^ . . . Z''i+««+''>+«. 

(5) [Z, Z''»+\ Z'• + '^ + ^ ?». + «.+»^ Z«. + «.+«.+8-] =;ir, + «,+ «,+4^ ^ ^ ^ jr«.+S«.+., + S^ 

N. B. If Xi > ^3, the indices xj and xj are to change places in both I and 11. 
;«,+'«,+> jg ^YiQu a line through P, but not in the plane of Z and Z'«+^ and Z'«+'»+* 
the sum of two lines, the one through P, the other in the plane of Z and Z'«+\ If 
jci = ;^f3, both I (3) and II (3) disappear. The only one of the Z^'s which must be 
the general line element, complex, is (4). 

We may in^gard II (1), (2), (3), (4), (5) as the definitions of line singularities 
of four or five classes with order indices ^2, Xy^ etc. They are conditioned solely 
by the singularity of P. 

The possibility of an independent hne singularity depends entirely on 
whether xi and x^ be equal or unequal. For when Xji^rxg, there are among the 
coefl5cients to Z*>+^**+''«+* inclusive six linearly independent lines, and from six 
linearly independent lines all the lines and complexes of space can be derived ; 
in this case no singularity beyond 11(6) is possible. But if xi = X8, (3) falls 
away, and there are but five linearly independent lines among the coeflScients 
to Z"' + ^'«+'»+* inclusive. These determine a linear complex to which a number 
of the coefficients Z'''+**«+'>+^ Z''i + «««+«.+«^ etc., may belong. 

I define an element of a developable as singular in the Hne-class to the order 
X when xi = ^3 , and 

[Z, l'^'^\ Z'«+*»+'^, Z'»+**»+^, Z*''"^'**"^*! ^Z*"*"*"*'*"^^ . . . Z*''+***+^"*"* 

The geometrical character of the singularities of the developable can be 
most easily studied by aid of its projection in a point-space of five dimensions. 
Let Zi, 4i . . . ?6 be any six linearly independent lines or linear complexes of an 
^8, and let the six linearly independent points Pj, P,, ... P^ be their projections 
in S^ ; every line and linear complex of S^ is then of the form 

^i^i + (^ih + «8^ + ^Ja + tts^ + 0^6^6» 
and its projection in aSj is a^Pi + o^Pg + . . . a^P^. To linear relations among 
elements of the one space correspond linear relations among their projections in 
the other. Thus a ray of the flat pencil aj^ + Uzk (Zj and Z, being intersecting 
lines) projects into a point of the range ajPi + a^Pg, the rays of a pencil or the 
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lines of a plane in S^ project into the points of a plane in S^, the elements of a 
linear complex in S^, into the points of an S^ in S^. In particular, a developable 
in ^8 projects into a point-curve in S^, its singular elements into singular elements 
of the point-curve with the same singularity indices. Applying now to this 
point-curve the methods developed in §2 and interpreting the results for the 
developable, we infer the following theorems: P, e^ I are supposed to be cor- 
responding elements of the point-, plane- and line-curve C, with singularity 
indices xi, xj, X3, X. 

1. I is stationari/ to the deg^^ee x,. 

2. The developable has in la contact of tJie x^ + Xi+l order with P ; jCi+Xi'{-2 
consecutive elements of the developable belong to the pencil P. 

3. The developable has in I a contact ofthcTCi + x^+l order with f ; Xj^ + Xj -|- 2 
consecutive elements of the developable belong to the field e. 

4. The developable has in I a contact of the Xi+ ix^-^- x^+ 1 ord&r with the 
linear complex of which I is the axis ; Xi + 2x, + 3«8 + 4 consecutive elements of the 
developable belong to this complex. 

5. In particular, when Xj = Xs, the developable has in I a contact of the order 
2xi + 2x, -I- X -H 1 "^ith the linear complex determined by Z, Z''«+\ Z««+''»+», Z»«i+''.+3^ 
;8«,+2ic,+4. 2xi -J- 2x8 + >l + 6 consecutive elements of the developable belong to this 
complex. 

In case xi = X3, as the generating element of the developable moves away 
from I it first turns about P in f , then splits into two lines, one through P and 
not in €, the other in e and not through P, becomes in succession a general 
element of the complex I and of the complex (/,..• Z**»+*'»+*), and finally a 
general element of line space. In the other cases, before splitting it becomes a 
line in e not through P, or a line through P not in e ; and passes directly from 
the complex I into unrestricted line space. 

Again, at I the generating element 

1. maintains the sense of its turning in e about Pifx^be even, reverses it if x^ be odd. 

2. in tmming about P, crosses e or not according ae x^-jr Xgis odd or even.* 

3. in its motion in e crosses P or not according as 70^+ Xiis odd or even. 

4. moves aeross I or not according as Xi + jc^is odd or even. 

The intersection of the developable with any plane a is a point-curve in a ; 
and its projection in the pencil of planes through any point Jl is a cone of this 
pencil. 

* L e. every point on it crosses e or not, as the case may be. 
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T1i€ two singvlarity indices of the 
point in a which is the trace of I are 
Xj, x^ wliea a does not pass through P ; 
^ + ^1 + 1 ) ^3 v^hen a passes through P 
but not through I; JCi, x^ + ^ + 1 when 
a passes throxigh I hut is not b; Xi, x% 
when a is 6. 



The two singularity indices of the 
plane through A which is the projection 
of I are x^, Xi when A does not lie in e; 
^ + 3«s + 1 1 ^1 u^hen A lies in e hid not 
in I; x^, 3«i -J- ;ci + 1 wJien A lies in I 
hut is not P; x^, x% when A is P. 



These theorems have been already demonstrated (p. 169). They may also 
be demonstrated independently by aid of the development 7i+a= ? + Z'5 + etc. 

From the Plucker equations connecting the ordinary singularities of the 
projections of the developable in a and A, Prof. Cayley has deduced equations 
connecting the ordinary singularities of the developable itself.* In the Plucker 
equations for the trace of the developable in a (a not passing through P) the 
singularity xi, x^j x^ counts for x^ simple cusps and x^ simple inflexions ; in the 
Plucker equations for the cone of planes which is the projection of the developable 
in A {A not in e) , it counts for x^ simple inflexions and Xi simple cusps. There- 
fore — 

In respect to its influence on the order, class, rank and genus of its curve, the 
singularity Xi, x^, x^ is equivalent to xi points, x^ lines, x^ planes, all stationary to 
ilie first degree. 

N". B. No account is here taken of the double points, double planes, etc., 
which enter also into the composition of higher singularities — due to the mutual 
intersections of the projections of the several partial branches which unite in the 
singular element. The series with which we operate and which define our 
singularities represent but single partial branches.f 



§7. 

An analytical point-curve of double curvature being defined in the neighbor- 
hood of the point (x)o by the equations 

where <^4 {t) = a<o + «« (^ — M + • • • «<» (* — O*" + ^t^- 

* Vid. Salmon's Geometry of Three DimensiouB, p. 291. 

t Conf . note at the bottom of page 157; also Cayley in Quarterly Journal, Vol. 7, and Smith in Pro- 
ceedings London Math. Society, Vol. 6. 
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1. The ^sufficient avd necessary condition tliat the point {x\ he stationary to the 
Xi degree is the vanishing of all the determinants of the second order in the matrix: 



«io 



Ojo ago 
«2l G^Sl 



a^i 



«41 



«U, <^Ur «Sir. «4«, 

For, by hypothesis, {xq) is singular in the 1st class to the xi order , that is, 
Aq = Ai,A2j... ^k,* Therefore each of the products AqAi, . . . A^A^^, etc., 
must vanish. 

But AqAi = [aio-Ei + aff^2 + ^so-^s + ^40^4] [«u-^i + ^%i^% + ^si^s + ^41^4] 



^10 ^ 



+ 



«10 «30 

j «S0 «40 
I «31 «41 



-S3-E4 + 



Qio 


a« 


«!! 


«<i 


«40 Am 


«« 


a»i 









E^E^. 



The points E^E^E^E^ are linearly independent, so that A^Ai can only be 



, etc., vanish, and the same reasoning applies 



when all the determinants ^® ^® 

«u (hi 

to all the remaining products -4©^, » ®tc. 

2. That^ in addition to being itself stationary to the xi degree, its tangent line be 
stationary to the x^ degree, the necessary and sufficient conditions are 1, and the 
vanishing of all the determinants of the third order in the matrix: 






^10 

^2, -^1 + 2 



«30 



«40 

«4. It, 4-1 



For the hypothesis requires that all the products 

vanish, and that can only be when the determinants of the third order in the 
matrix 2 all vanish. 

3. Tluxt, in addition to the singularities Xi, x%, it may have the further singularity 
that its osculating plane be stationary to the x^ degree, the sufficient and necessary 



* Vid. §1. 
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conditions are 1,2, and the vanishing of all the determinants of the fourth order 
in the matrix : 



«10 


«20 


«80 


Ojo 


«1,«»+1 


«2,-i + l 


«8.«, + l 


«4,ir, + l 


^l,'c,4-t,+ 2 


^^''i + t. + S 


^3, *, + *, + » 


«4,«, + ., + S 


^l.'c. + c. + S 


^'S^-C. + Kj + S 


^3.ic, + «. + 3 


^4,«, + -t, + 3 


^1, «, + «, + <,. 


!-« ««,«i + «,+«.^ 


hs fl^s,. , + «,+«,+ 


» «4.'c.4-''« + «.4- 



1, 2, 3, express equally well the conditions of plane singularity: it is only 
•necessary to suppose the given equations to be 

Wi : t/j : t/a : t^4 = ^j (^ :^, (0 : ^s(0 ••^4(0- 
The line singularities admit also of expressions of this sort, but for the 
general case they are very cumbrous and it does not seem worth while to give 
them. 

§8. 
If Pt be the Grassmann equation of the point-curve of double curvature 
Xi'.x^ix^ : X4 = ^i{t) :^i{t) :^^{t) :^^{t), 
Pi, P[\ etc., are the equations in the same analysis of the " diflferential curves"* 

x^:x^:x^:x^ = q^[{t):^{t):q^l,{t)i^[{t)] etc, 
So also are e/, e/, etc., the equations of the first, second, etc., differential (plane-) 
curves of e< . 

No addition is made to our knowledge of singularities by regarding P/, P/', 
etc., in this light, but it leads to a graphical representation of the conditions of 
singularity which is worth noticing. 

Call the curve of which Pi is the point equation p^G\ the curve of which 
f/(ft= P^Pj»+^Pj» +"•+*) is the plane equation ^_G^^ and understand by "cor- 
responding " elements of the curves such as are determined by the same value 
of t. Then 

*A familiar example of such a differential curve is Hamilton's hodograph. If in the expansion 
P« = 2I0 4- Ai (t — *o) 4- ^2 (* — ^0)" 4- etc., only ^0 is a point and the rest of the coefficients, A^ , etc., 
are vectors (Strecken), the vector P/ represents, both in direction and magnitude, the velocity of Pt ; and 
if one extremity of it be fixed, the other will trace the hodograph of P«. Or the curve which Pt traoes 
in the plane at infinity is the hodograph, the position of the points of this curve representing the direction, 
their weight the magnitude, of the velocity, of Pt, Ck>nf. Grassmann, Ausdehnungslehre (1884), p. 146. 
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In a point of which the singularity 
indices are xj, x^, Xj, a curve C is met 
by j»-0", j»-(7", . . . p-C** in the oorre" 
spanding points of these curves] its tangent 
line passes through the corresponding 
points o/p^C''-^\ . . . p_C/*'+'«+^; and 
its osculating plane through the cor- 
responding points of p_(7*» + '«+*, . . . 
^_(7«i+««+«t+« . ^^ conversely. 



With a plane element of C of which the 
singularity indices are x$j tc^, Xi^ the 
corresponding planes of .-C^', . . . .-C?"* 
coincide ; through its tangent line pass 
the corresponding planes o/.^.C'"*"^ V . . 
,_(7*« ■*"*• + *; and through its point of 
osculation the corresponding planes of 
..(7'«+'«+», . . . _a- + -+'«+*: and 
conversely. 



These corresponding points of p^C\ p^C", etc., have singularities of which 
the indices are determined within certain limits by xi, x^, X3. For the first xi of 
them the indices are jci — 1 , x,, Xg; xi — 2, x,, xs? • • • ; 0, x,, xg respectively. The 
rest are not determined absolutely; e. g. of the point on p^C"'"^^ it is only 
required that the sum of its first and second-class indices be x, — 1 . 

The curves p^C, . . . p^C"' have contacts of the orders Xi + x,, . . . x, + 1 
with the tangent to C in the point P(xi, x,, X3), and contacts of the orders 
^1 + ^+^1 • . . » xg + xj + 1 with its osculating plane. The curves p_^'*"*"\ . . . 
P^C"''^'^ also are generally touched by this tangent and the curves p^C'^"^^ . . . 
i»_C'*"+*«+'« by this osculating plane. If, however, the point corresponding to P 
on one of them, p_(7^, have the first-class singularity index x» + Xj + 1 — y, it 
and the curves p^C^'^\ . . . p_C'*^ + *«+^ are touched by the line joining those points 
of p-(7^ and p_(7''+*«"*"* which correspond to P. Even in this case the curves 
^^C'j... p_(7*>+*« are touched by the osculating plane of (7, unless the corresponding 
point on p_(7*» + *«+* have the first-class singularity index Xj. It is evident that 
the curves p_ C"» "*"*•■*■•' . . .p_C'>+*«+*« also are not touched by the osculating 
plane of C if the first-class singularity index of the point on p_(7''*+**+'' be 
Xg — y+ 1, or the sum of its first and second-class singularity indices Xg — y+ 2. 

The projections of p_C" .. . p_(7*» upon the osculating plane of (7 at P touch 
the projection of (7 upon the same plane ; the first, third, fifth, etc., of them crossing 
the projection of (7, the second, fourth, sixth, etc., not crossing it. 

There are reciprocal theorems for the plane-curves ...C^', .-C"', etc. 

P^C'y p^C^'f etc., and ._(7', .-C^", etc., are two distinct sets of curves. 
By constructing the, point equations of ,-(7', ,_(7", etc., it is found that all of 
these curves to ,_(7*» +*•+*» inclusive meet (7 in P(xi, x,, Xg) ; but that the cor- 
responding point of the envelope of ._(7"» + *•"*"*» +^ may lie anywhere in space. 

Leipsic, May 27, 18S6. 
Vol. vni. 



A Broof of the Theorem 

The Equation /(z) = has a Root wheee /(«) is any Holomobphio Function op z. 

By J. 0. Fields, Fellow in Mathematical Johns Hopkins University. 



Represent 2 by a point in one plane and f{z) = f by a point in another 
plane. 

If /(g) = ^ cannot become equal to zero for any value of 2, there must be 
some minimum distance from the origin cj within which ^ cannot fall. Suppose 
^ at such minimum distance from o. 

We can suppose this, for, /(z) becoming infinite along with 2, this minimum 
must be for a finite value of z, and can therefore be reached. 





To z give an increment hz ; the corresponding increment of ^ is 5^= j^ {hzY 

where /""(z) is the first of the successive derivatives of/(«) which does not vanish 
for this value of z. Now varying hz, make it describe a closed curve round 2; 5^ 
will at the same time describe a closed curve r times over round the point f , and 
will therefore come between the point ^ and origin o. The point ^ has then no 
such minimum distance from the origin o as was supposed ; the function f{z) = ^ 
is therefore capable of becoming = , and the equation f{z) = has therefore a 
root. 
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The above statement might be slightly varied, thus : to f{z) we can give an 
increment in any direction we may choose ; for hz, 5^, being any two corresponding 
increments of z, ^, respectively; if the required increment is to be in a direction 

inclined to 5^ at an angle a, give to h the rotation ~ and h^ takes the required 

direction. 

If mod {hz) remain constant while rotating round z, d^ at the same time 
describes a circle round f , and we give ^ as much of an increment in one direction 
as in another. 

We can always for a polynomial take r = 1 , for if there be no root of 
/(2)= 0, ^ will have a minimum along each of radiating lines drawn through 
origin g> (for/(2) can easily be shown to have some value on each of these lines), 
and Bsf'{z) cannot vanish for more than n — 1 values of z, we can always choose 
our minimum along a line on which /'(«) cannot vanish. 

[Just as this note web about to go to prees, I dieco^ered that practically the same proof as above 
had been given by HoQel in his Covltb de Calcul Infinitesimal.— J. G. F.] 



On a Linear Differential Equation of the Second 

Order. 

By Thomas Craig. 



The differential equation to be studied is 

da?^ a;(l — x») dx^ x»(l— ««)« y— "» 

or for brevity cPy d ^y • d 

The coeflScients Pi and P^ have for points of (polar) discontinuity 

JC=0, 03=1, jc= — 1. 

The domain of the point x = is a circle of radius unity having the origin 
as center, that of the point x = 1 is a circle of radius unity having the point 
a = 1 as center, and similarly for the point a: = — 1 . The domain of the point 
a; = 00 is the entire infinite plane lying outside the circle having the origin as 
center and radius unity. These several domains will be denoted by (7©, Gi CLi, 
(7flo , and the portion of the plane common to two domains (7< and Cy will be 
denoted by G^. The fundamental integrals of the equation in the domains G^ 
and G^ must coincide in the common domain C7^. 

In the domain of the point a; = write the differential equation in the form 

^_^dy . «!_ 

da? X dx a? ^' 
The fundamental determinant equation for the point x = is 

r{r-l)-rQ,{0)-Q,{0) = 0, 
or, on substituting for Qi (0) and Q^ (0) their values 

r{r-l) + rA^ + A^ 
the roots of which are 

ri = iUl - As) + V {l-A^y-4A^ } 
r, = i{(l-^i3)-V(l-^i,)'-4^«}. 
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Assume as a special case A^ = 1 , ^1^ = , then the roots are each equal to 
zero, and consequently the fundamental integrals of the equation in the domain 
of X = are yi = 4>u («)i 

y% = i^i{x) + ^{x) log a. 
Where ^u, ^j, ^ are, in the domain G^j uniform and continuous functions of x 
and do not vanish for x = ; and where ^ differs only by a constant factor 
from ^i* 

Take the first integral and write for brevity <^ii = u. Being a uniform and 
continuous function of x in the region of the point x = and not vanishing for 
a; = 0, we have for u the form .=« 

u = ^ G,x\ 

a convergent series in which G^ is not equal to zero. Substitute u in the 
differential equation and develop (1 — a?)"* and (1 — sc*)"* in series going 

according to ascending powers of x. The product of -7- and the development 
of(l-a?)-^is 

n = 

and multiplying this by the factor 

-(^ua? + ^1235+1), 
we have for the first term in the right-hand side of the differential equation 
^ _ (^iig* + Arfii + 1) du _ {Anpf + A^^ + A^^ + Au) 
^da? 1 — 2? di~ {l — ^f ^ 

the value „^„ 

nssO 

Multiplying u by the development of (1 — a?)""*, we have 

or, writing for brevity 

1-f «(»+*)«-/»— * 



E^±^'(-i-+0 "'=*-. 



k=0 
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simply Yl^- 



nsEoo 
nsO 



On multiplying by the remaining factor 

the second term on the right-hand side of the differential equation is 

The whole equation is now 

•SOD n»«oo 

^n{n + l)(7,+,af= -^ [4u^,_, + ^1.^—1 + ^] a^ 






- ^ [^A_, + AnB^_, + ^^,_, + A^BJ] X*. 



nsO 



Equating the coeflBdents of x"^ in this and we obtain a series of equations 
for the determination of 0^^ Gi\ G^ . . . . It is clear that ultimately every O 
will be merely C^ multiplied by a determinate constant. We have for C^^i after 
transposing one term to the left-hand side of the equation 



S +«<•-»+»)«'/**— 3 + * 







1 

1 

2 *^»- 
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In particular, 
<7i = — ^Gq 

Gs = irV [2^1,^3 - 3^1, A - 2A\,A,, + 5A^A^ - Af,- 4^^^^ - 4A^ - 4^„] , 
etc. 

If we assume 

Au =^ , -4.J3 = — 1 , A^ = , -^21 = 1 , -4i8 = 1 , -An = , A^ = — 3 , 
the differential equation becomes 

cPy 1 — 3a^ dy 1 _ 

d^'^ x{l — a^) dx 1—x^y — ^' 
which has for one integral the elliptic integral, K, of the first kind with modulus 
X. The values of the constants (computed from the general formula) are readily 
found to be 

Oo. (7i = 0, (7,= (7oi, (73=0, G,= Go^,, G, = 0, G.= G^^^i^,, etc. 
Assuming then C?^ = — we have for yj the value 

2^^ 2 L^ ^ 2» • ^ 2».4>^ ^2».4».6»^ i" . . • J 
which is the known development of K in terms of the modulus. 

I have similarly verified the general formula in the case of the differential 
equation, giving the elliptic integral of the second kind. 

Another relation between five consecutive coefficients is at once obtained if 
we multiply the given equation through by x{l— of^ and then equate coeffi- 
cients of x"^ : this is 
(n + iya+i + M«+^4)^n+[-2(n-2)(n-l) + (n-l)(Ai-l) + ^s] 

+ [J^-(n— 2)^JC„_,+ [(n-3)(n-4)-(n-3)^u + -4,ja.s = 0, 
or say 4> (n , C) = . Considered as a function of n we may write 

-^i,C',_, + [2(n-3)-(l + ^u)]C;_,. 
For the second integral of the equation we have 

where ^ (a;) is a uniform continuous function of x in the domain C^ and does not 
vanish for a; = , we have then 



^(») = X/ *'•*"• 
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Substituting in the differential equation and equating coefficients of x*, we 
find as before the relation 
2(n + 1) C,+, + 4„C. + [1 + 4„ _ 4 (n - l)] C._, - ^„C„_, 

+ [2(n-3)-(l + Ai)]<7— 8 + (n+l)»c,+j + (nii„ + ^,^c, 

+ [- 2 (« - 2)(n - 1) + (n - \){A^ - 1) + il«,]c„_, 

+ C^, - (n - 2) ^u]c,_, + [(« - 3)(n _ 4) - (n - 3) 4„ + ^]c,_, = , 
or, as this may obviously be written 

A simple application of the formulae is to the differential equation 
A I 1 — (a + /3 + l)a; rfy a^ 

da?^ x{l—x) dx x{l — x)^~' 

of which a solution is the hypergeometric series u = F{a, ^, I, x). Here we 
have Au=-(a + ^+ 1), A» = -(a + /3), 

jl,i = a/3, A^ = a^, Afg=: — a^, -4m = — a/3. 
Applying the formula for C^, (7,, Cs . . . and writing (7o = 1 , we find readily 

^ _ a(a + l)(a + 2)i9(^ + l)(^ + 2) 

^» 1.2.3.1.2.3 ' *'*'• 

Also for the coefficients Oi, c^ . . . 

c, = a^[co+^ + j-2(l)], 

«(« + l)^(^+l )r .1.1 ■ 1 I 1 2ri4.-')l etc 

We have now found a system of fundamental integrals of the equation 
A , Ann^ + At^ + Au dy (-^M a!* + A^^ + -Aaic* + A,^ + .A,) ^ ^ 
da:»"»" «(!— !r») dr " x»(l— a;')' 2^ — " 

in the domain of the point x = , and for this case the roots of the fundamental 
determinant equation were taken to be equal and each equal to zero, i. e. we 
made -iu = 1 and .i,g = 0. Removing this restriction now, we have for the roots 
of the fimdamental determinant equation 

n = i{{l-A^) + s ^{i-A„J'-4A„ \ 

r, = * ](1 — ^«) - V(l-A„)'—iA^] 
or say ri = a + V/3 

r, = a— V^- 
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We will assume first that ^, t. c. (1 — -lis)* — 4^25 is not equal to zero ; now 
two cases arise, either Vi — r, is zero or an integer or the same difference is 
neither zero nor an integer. By hypothesis the difference cannot be zero, so we 
have only to consider the cases when V(l — A^^f — 4-4a5 is and is not an integer. 

Assume first that \/(l — A^f — ^» is not an integer, then the fundamental 
integrals will be of the form 

Where ^ (x) and ^2 (^) ^^^ uniform and continuous functions of x in the 
domain CJ, and are not equal to zero for a:=;.0. We have therefore 

^i(x), = M, = /_^ Ai«*» A) i^ot = zero. 



The differential equation for u is 



«=o 



^ _ §1^ dtt . _^ ^ 
etc* X dx a? ' 

writing ^, ^^^ _ q,{ x)—q{0) ^ 

X 



in u 

X 



and substituting for Qi and Q, their values we have for the differential equation 

-r«»[^„-r^u + r(r— l)]+a^[^,-r^„] I 

L + a [^M — rA„ + rAn — 2r (r — 1)] + [A^ + rAu] J (TZI^ * 

Substituting now for u its value, and equating the coefficients of x* we have, 
after some easy reductions, 

(n + l)(n + A^) A„+i = [^ ^,i + rA,,-r{r-l)] B^_, + [r^„ - ^„] 5,_, 

+ [r^i3 - rAn - A^ + 2r {r - l)] 5„_i - [^„ + r^^] 5. 
+ [ -^n — -^13 + 2rJ -4,j_2 — -4i2-4n— i — 2r-4.„, 
where 



k — n 



» = 
Vol. VIII 
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(It will be noticed that the coeflScient ^25 ^^^^ ^^^ appear explicitly in the above 
formula.) 

In particular make r = , -i^ = 1 ; then forn = we have 

Ai = — ^,4^0, 

forn=l A,=: {— A^ + Jl^ + A^A,^) A^, etc., 

results agreeing with those obtained above. 

If we compute the constants A from the formula, they will all be found to 
be of the form A,^ = r„Ao, 

then giving to r the values r^ and r, we find the two functions above designated 
as ^1 (x) and ^ (x) : the fundamental integrals of the differential equation in the 
domain Cq are therefore 2/1 == ^*^i (^)» 

2^, = af«<^(x), 

in the case where r^ and r, are different and their difference is not an integer. 
A particular case of the above formula is when 

^, = _(a + i3+l), A^=y-a — fi—l, A,, = y, 
The roots of the fundamental determinant equation are now 

and the differential equation is 

^ r-(a+i9 + l)a? dy a^ 

dar»"^ x{l — x) dx ^ x{l—x)^~ ' 

which, when y is not a negative integer, has for the integral corresponding to 
ri = the hypergeometric series J^(a, ^, y , a) 

and, corresponding to r, = 1 — y, when 2 — y is not a negative integer, the 
hypergeometric series 

x'-yF{a+l-y, /3+l-y, 2— y, x). 

Substituting the above values of the JL's in the formula we have first 
for ri = y. _ 0/3 

^ i.2.r.r+i 
For the case of r^ = 1 — y the formula is similarly verified. 
The relation between five consecutive coeflScients is found by clearing the 
equation of fractions ; doing this and substituting for n its value, we find 
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{n(n+l) + (n+l)(Ag+2r)+[^, + r^is + r(r-l)]}A,+ x 

+ {nA^, + A^ + rAj,]A^ 

+ |_ 2(n- l)(n- 2)+ (n- iK^u - ^i, - 4r4i8) 

+ [A^ + r{Au-A,,)-2r{r-l)']A^_, 

+ {-{n-2)Ay, + A^-rA^\A,^, 

+ {(n-S)(n-4) + [--4n+2r](n-3)+[il„-r^n + ^-(r-l)]}A,_8=0. 

Take now the case where rj — r, is an integer, t. e. 

V{l — ^i8)' — 4-425 = integer, 
then of course 4^1,5 must be equal to the sum of two squares, one of which is 
an integer. 

The two integrals now are of the form 

y% = »'• [i>n + i>n log x] , 
or say yi = af *w 

tfi = af^[v + u log a] , 
since ^ only differs from ^ by a constant factor, and since Gy^ is an integral as 
well as y^ . 

The first of these integrals is of course the same as the one obtained above. 
To find the second substitute in the differential equation : the coeflScient of log x 
will be zero, and we have left 



{S+o 



Au3? + Ai^ + ^u 2r -i dv 



« (1 — a?) X J dx 

r^a«* + At^ + A^ -M^+ ^» r[Ay^f^-A^±A^ r{r—l) -\_ \ 
+ L ?(l-a;»)* ■•" ^{\-^) "•" "^^ J" j 

--t2di + L^- + — ^(1=^) — J^i 

or aJ ^ -I- Mil — 2r) a;' -|- ^u^^ + (^is + 2r)g d» 

^<ir«"*" 1 — as' dx 

+ (««[^i-r^„+r(r-l)]+a:»[^,-r4„]+sc»[^, + r^u-r^i8-2r(r-l)] 

__ „ du . Ma-2r + l)i8» + ^uX + .lM+2r-l ^. 
Multiplying out by (1 — a?)* : writing 

«= >^A,g", t>= 7 Jag", 
n = *n = 
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and equating coefficients of x'*+\ we have for the determination of the coefficients 
in V, the relation 

+ ]n^i2 + A2^ + rA^^] h^ 

+ { _ 2 (n - \){n — 2) + (n - l)(4u - ^is — ^rA^) 

^A^ + r{A,,-A,,)-2r{r-\)]h^_^ 
+ ]-^,,(7i- 2) + A^-rA^,\ «,_, 

+ \{n-i){n-4) + [- Ai + 2r](n- 3) + A^^-rA^ + r{r- l)\ 5,_8 

= [-2(n+l)-(A8+2r-l)]A,+ i--4i,A« 

+ [4(n-l)-Ai + A8 + 4r-2]A«^i + ^i2A«_,-2(n-3)A,.,. 
Here we must of course replace r by r,, in order to find the values of 5. 

The relation satisfied by the five consecutive coefficients A„+i, A,, A„-i, 
A„_j, A,«8 is what the above equation becomes when on the left-hand side h is 
replaced by A, and the right-hand side is made equal to zero; using the same 
notation as that employed when ri = r^ = , this may be written 

4)(n,ri, A) = 0, 
and consequently the relation giving the 5's may be written 

(It will be observed that the coefficients of A,^.i and h^^i are integers, since 
2r = 1 — w4i3 = integer.) 

Consider now the domain Ci of the point a; = 1 • The fundamental deter- 
minant equation for this point is 

or writing -^^ + yl^a + ^is -. 

2 ~'^^' 

r'-r{l-J,) + J^ = Q, 
the roots of which are 

r^ = i { 1 - /, -f V (I- j,)^_47, } 

r, = i { 1 — Ji — V(l — Ji)^ — 4J,}. 

Suppose, first, t/i = and Ji = 0, i. e., 

ri= 1, r2= 0. 

The integrals of the differential equation are now of the form 

y^=^fc—l)u 

y^=V'\'u\og{x— 1), 
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where u and v are in the domain Ci uniform and continuous functions of a;, which 
for a: = 1 do not vanish. We have then 






n = 

n =• 



»=y3c,(x-i)». 



n = 



The differential equation becomes now 



a»(« — l)(l + a;)» 



*].. 



or A _ ^a? — ^8 ^ , ^ 21^ + (^ai + ^« ) a?^ + (^21 + ^a + ^as) a? — ^g 

<iB*~ a;(ii; + l) da? "^ " a^(a; — l)(a; + 1> •^' 

Change the variable by the transformation 

Change also, for brevity, the notation for the coeflBcients, by writing 

An = ai, All — -^is = ^i> 
A^i = a2, 4A^i+An = P^, 6^,i + 3^a + ^3 = yj8, SA^i+ 2Af^ + A^^ — A^ = S^, 
and the equation becomes 

^y _ a,a/ + 8i dy g^ + ^^ + y^-^d^ 
d{c« — (a/ + 1 )(a/ + 2) M "^ a^ (a?' + 1) V + 2)' ^ ' 
also yi=a/t^, 

ys = V + t^ log a/, 



7» f= go 

w = 
n = 00 



« = 



For convenience, again write the equation in the form 

d^~ of da/ ^ of* ^' 
where p — y (cia/ + ^i) 
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It is at once seen that the roots of the fundamental determinant equation for the 
above differential equation are, in the domain of a/ = 0, r^ = 1 , r, = 0, as they 
should be. Write now y = a/t^ ; substituting in 

cii/»~(a/ + lXa/ + 2)da/'^ a/ (a/ + 1)V + 2)» ^^ 
we have for u the equation 

(Pu _ r (ai — 2)g* + (<?i — 6)g — 4 -1 dw 
dsf ~ L a?(a:+l)(a? + 2) J d^ 

r (ai + «2)a^^ + (A + 3ai + ^i)a^ + (ri + 2«i + ^i)a^ + (23i + ^2)^ 1 ,, 

I write, for convenience (as no confusion is likely to arise), x instead of a/. 

Clearing this of fractions, substituting for u its value, and equating the 

coefficients of a;*+\ we find, without much difficulty, the relation 

4 (n + l)(n + 2)C;,+i + [I2n (n — 1) — n (25i - 24) — (25i + 5s)] a, 
+ [13 (n - l)(n - 2) - (n — l)(2ai + 3Si - 26) — (y, + 2ai + 35i)] (7„.i 
+ [6 (n - 2)(n - 3) - (w - 2)(5x + 3ai - 12) - (^, + Sa^ + S^)] ^n-, 
+ [(n - 3)(n - 4) - (ai - 2)(7i - 3) - (ai + as)] ^n-s = 0. 

As an example of this, take the case of 
ai= —1, 5i= — 2, 
a»= — 1, /3s = — 4, y,= — 4, 5, = 0. 

The differential equation in y now becomes 

the integrals of which are 

2/i = ain log(x+ 1), 

y, = coslog(a;+ 1). 

The first of these is the one to be considered. Expanding sin log {x + 1) in a 
series going according to ascending powers of a, we have 

sin log (a; + 1) = t^o + UiX + v^7? + . . . 
where nin^ l)^^^.! + w(2w — 1) w^+ (n* — 2n+ 2) w^_i= 0; 

further, since for a; = we have sin log (x+ l) = 0, it follows that tio = 0. 

The next few coefficients are Ui (which is unity — but may obviously be 
replaced by an arbitrary constant in the expression for the integral), t^ = — J Wj, 
t*3 = *^j 1^4 = 0, 1*5 = — tVwi, W6 = i'h» etc. 

We ought now to have 

(7o=i*i, Ci = w,, C7a = W8, (73 = 0, (74 = ^6, etc., 
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and by substitution of the above values of ai, ^i, a,, . . . ^ in the formula, it is 
easily seen that these conditions are all satisfied. Another relation connecting 

the coeflBcients C in this particular case is found by expanding and .^ 

in the differential equation 

cP(a?u) 1 d{xu) xu 

and equating to zero the coefficient of a* : this is 

(n+ l)(n+ 2)C,+i + ^ (-)•+*-! [6 (A + l)(7»+,+ 2(n-k)G,-] 

+ ^(-)-+*(«-A5+l)^* = 0, 

* = 

or, replacing n by n — 1 and C^ by t^n + n we have for the relation connecting 
the coefficients u^, u^, . . . 

n(n+ l)t*n+i + X^(-y+*-*'[5(A:+ l)w»+, + 2(w-*+ 1)%+ J 



*=0 ifc=xn— 1 



*=0 

Having found the values of the coefficients (7, and consequently the value of 
the function w, it is only necessary to replace xhj x — 1 in order to get the first 
integral yi = {^ — 1) ^ 

of the original differential equation. The second integral is in general of the 
form yjj = v + w log {x — 1), 

or, changing the variable again, simply 

y% = v + u logic, 
where u and v go according to ascending powers of x. In the simple case just 
noted, viz. d*y , 1 dy 1* _ ^ 

di?'^ {x + 1) dx '^ {x + Xf^~ ' 

there is evidently no logarithm — the two integrals being in fact, as already 
mentioned, y^ = sin log (aj + 1), (= xw), 

y, = cos log (a + 1), 
the coefficients in the developments being in each case connected by the relation 

71 (n + 1) w^^.1 + n (2n — 1) u^ + (n* — 2n + 2) u^^^ = , 
with, in the case of yj , t^o = 0. 
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To determine whether or not logarithms exist in the case at present treated, 
i. e. when the roots of the fundamental determinant equation are r^ = 1 , r^ = 0, 
and where consequently ?i — r^ = 1 , we form the differential equation satisfied 
by the second derivatives of the integrals j/i and y^ ; according as there exist or 
do not exist negative roots of the fundamental determinant equation belonging 
to this new differential equation, there exist or do not exist logarithms in the 
original equation in y . 

Resuming now the differential equation 

cPy _ C L yC + ^1 dy . djCi? + /3a,T^ ^y^^jj^ 
da^~ {x + l){x + 2) dx'^ x{x + l)\x + 2)^ ^^ 
write ?/ = V + w log x 

(here, as before, x is written for a/). After some easy reductions, we find for v 
the equation 

[x(x+ \){x+ 2)]» g -;^ix+ l)(x+ 2){a,x + h,) ^-x{a,7? + ^^ + y^ + 5,) t? 

= _ 2x(x + \)\x + 2)* ^ + [(x + l)\x + 2)» + a:(x + l){x + i){a^x + «i)] ^• 
Substituting for u and v their values, viz., 

and equating coeflBcients of x* "*" ^, we have for the relation connecting the coeflS- 
cients G and c 

4n(n+l)cn+i+[l2n(n— 1)— 2V — ^ijcn 

+ [l3(n-l)(n-2)-(n-l)(2ai + 3«i)-yJc_i 
+ [6(n-2)(n— 3)-(n-2)(3a, + S0-/?Jc„., 

+ [(^_3)(n — 4) — ai(n-3) — a,]c,^3 

= -4(2n + l)a,4.i+[-24;i + 12 + 2y(7«+[-26(n — l) + 13+2ax+35i]a»^i 

+ [_12(n-2) + 6 + 3ai + 5JC7,_,+ [-2(n-3) + (l + a0]a,-8. 
In the particular case already referred to, viz. 

e/o; ^ (x+l) dx ^(aj + l)'^' — ^ 
(i. c. tti = — 1 , Si = — 2, 08= — 1 , /^a = — 4, ya = — 4, Sj = 0), the integral 
which we are in search of is simply the function v , consequently the values of 
the constants c are found by writing the left-hand member of the above equation 
= ; it is easy to see then that the coefficients c of the function v are the same 
as those in the development of cos log {x+ 1). 
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This photographic map of the Solar Spectrum is now complete from wave length 3680. to 5790., 
and the portion above 3680. to the eztremitj of the ultra violet, wave length about 3100., is nearly 
ready. Negatives have also been prepared down to and including B^ and it is possible they may be 
prepared for publication. 

These photographs have been made with one of Professor Rowland's concave gratings of 21 J ft. 
radius of curvature and 6 in. diameter, mounted so as to preserve the focus constant and give a normal 
spectrum of the same scale for any given spectrum. A scale of wave lengths has been added, so that 
the whole makes a map of the spectrum, down to wave length 5790., more exact and giving greater 
detail than any other map now in existence. The error in the wave length at no part exceeds j-^^js^ 
of the whole, and is generally caused by a slight displacement of the scale, which is easily corrected. 
. The wave lengths of more than 200 lines in the spectrum have been accurately determined to about 
yirinnnr P*^^ ^^^ these can servo as standards to correct any small error of the scale. It is to be 
noted that the photograph of the spectrum can have none of the local irregularities of wave length 
which occur in all engraved maps, and which amount to more than y^j-il^^^ part in all so far published. 
This often so distorts a group of lines as, in conjunction with the imperfect intensities, to render them 
almost unrecognizable. 

The definition of the spectrum is more than equal in every part, down at least to wave length 
5325., to any map so far published. The 1474 line is widely double, as also ft, and \^ while E is 
given so nearly double as to be recognized as such by all persons familiar with spectrum observation. 
Above the green the superiority increases very quickly, so that at H we have 120 lines between 
H and Ky while the original negatives show 150 lines. The photographs show more at this point 
than the excellent map of Lockyer of this region. Above H to wave lengths 3200. the number 
of lines in excess of all published maps is so great as to make all comparison useless. However, 
above H the determination of the wave length is more uncertain than in the visible parts, and must 
remain so until a special investigation can be made. 
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The plates all contain two strips of the spectrum, except No. 2, which contains three. They 
are three feet long and one foot wide. 

Plate No. 1. Wave length 3710. to 4136. Scale 4 times Angstrom. 
2. 
3. 
4. 
5. 
6. 
7. • 

These can now all be furnished to order except No. 2, the negative of which is being made. 
The prints are made on heavy albumen paper carefully washed to prevent fading. The price 
has been put as low as possible. 

Price List. 

The plates will be delivered in Baltimore or New York, or will be sent by express or mail, 
securely packed, at the charge and risk of the purchaser, at the following net prices : — 
The set of seven plates, unmounted, $10; mounted on cloth, $12.00. 
Single plates, $2 each; mounted on cloth, $2.25. 
No plate will be given away or sent in exchange. 

Remittances may be made by draft, or money order; international money orders should be made 
payable to Nicholas Murray. All subscriptions and orders should be sent, and remittances made, to the 

Publication Agency of the Johns Hopkins Univeesfty, Baltimore, Md. 
Baltimore, FelMruary, 1886. 

Orders may be transmitted through Messrs. Trubner & Co., 57 Ludgate Hill, London ; Mayer & 
Muller, 38 Franzosische Strasse, Berlin ; and A. Hermann, 8 rue de la Sorbonne, Paris. 
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Take up now the case where ri and r, differ from each other and the differ- 
ence is not an integer. We may say for convenience that ri and r, are like when 
they differ by either zero or an integer, and unlike when the difference Ti — r^ is 
neither zero nor an integer. We have now Ti and r^ unlike, and 

n = i {(1 - eTi) + V (1-J,)^-4J, } , 

n - rs = ^{\—J,f—4J, , 

J- -^n + -^ij "r -^w 
1 n ' 



J,- - 



A^ 



The integrals of the differential equation are therefore of the form 

y, = (a!— 1)"» 

y%=-{x—\y^, 
where .=. .=. 



«=23a„(»-1)*, t; = ^5„(a:-l)-. 



fi=0 n = 

The differential equation is 

cic*"^ a;(l— a^) da; "^ . ^{l — ^f V — ^^ 

change the variable by the relation 

x = d + 1 
and in the result write for convenience x instead of a/ : also write 
All ^ — o^ii 2-4.11 + -dji = /?!, -du + J-u + -dis = — >7x, 
. ^i=— a,, 4^i + ^g = — /?,, 6^i + 3^g + 4j8=— n» 

4-^1 + 3-4^3 + 2-4.2J + A^ =: — ^j, A^^ + -d^ + -4gg + A^ + -A^ = >7g, 
and we have 

da? a?(«-hl)(a;-h2) da? ■*" a:» (a: + l)«(a; + 2)» ^' 

and also ^^^ 

n = 

The form of the integral yi {i. e. the values of the coefficients A) having 
been obtained, it will be only necessary to change Vi into r, in order to find the 
Vol. VIII. 
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values of the coefficients B — that is, in order to find the integral i/t. Writing now 

y^afu, we find for « the differential equation 

cPu _ («,-2r ) »»-K^t-6r)a;+fa-4r) d« 1 5 r , ^ , -x. 4 

+ [/?. + »'(/3i + 3a0-6r(r-l)]a;»+[y,+r(2ai+3/3a + n,)-13r(r-l)]a:» 
+ K, + r(2i3i + 3,7i)- 12r(r- l)]x+ [»?,+ 2r,7i-4r(r- 1)] \ u. 
Multiplying out by [x {x + l)(a; + 2)]* we have 

\x* + 6a^ + ISai* + 12x»+ 4x»( ~ 

= I (ai- 2r)x»+ (1^;+ 3ai— 12r)a*-\- (>7i+ 3/?i+ 2a,— 26r)»»+ (S,?, + 2|3, — 24r)«» 

+ (2,7,-8r)|^ + {[a, + rai-r(r-l)]a;^+[;3. + r(/3i + 3ai)-6r(r-l)]»» 

+ [n + '•(2ai + 3/?i + >?,) — 13r(r- 1)] x»+ [^, + r(2/3i + 8)7,)- 12r(r— 1)] x 

+ [»7,+ 2r,7i-4r(r-l)]}tt. 
Substituting for w its value, viz. ,=„ 

n=0 

and equating the coefficients of x'*'*'\ we find for the relation connecting five 

consecutive coefficients A 

{4n(n+l)-(n+l)(2>7,-8r)-[,7,+ 2n7,-4r(r-l)]|A,+, 

+ { 12n(n- 1) -w(3)7, + 2/3i- 24r)- K. + r(2/3i + 3»?,) - 12r (r- 1)] I A. 

+ 1 1 3 (n — l)(n — 2) — (n — 1)()7, + 3/3x + 2ai - 26r) 

-[y, + r(2ai + 3/3i+ni)-13r(r-l)]|A,_, 
+ 1 6(n- 2)(n-3)-(n- 2)(|3i + 3ai- 12r) 

-lJ^. + »-(/?i + 3a)-6r(r-l)]}A,_, 
+ {(n-3)(n-4)-(n-3)(ai-2r)-[a,.+ rai-r(r-l)]}A,_, = 0. 
Computing the coefficiwits A by aid of this formula, replacing x by » — 1 and 
the coefficients a, p, etc., by their values in Aj^, Aj^. . . .Aff, we have the 
desired integral of the original differential equation in the region Ci. 

Suppose, now, that the roots of the fundamental determinant equations 
differ by an integer, i. e, r, — rj = (positive) integer. The integrals are of the 
form Yi = af' log x, F, = af« [© -|- n logx] . 

The integral Ji has its coefficients determined by the last formula. Write 



.=£j, 



,»" 
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#■ 
and" substitute F« in the differential equation ; we find (writing r for r^ 

{(ttx— 2r)!r»+(/3i+3ai— 12r)i««+()7i+3/3i-|-2ai— 26r)a?+(3>7x+ 2|3i— 24r)iB» 

+ (2,7i-8r)x}^ -{[«,+ mi-r(r-l)]x*+[i3,+ r(/?j+3a0-6r(r-l)]«» 

+ [r, + r(2oj+3/3, + n0-13»*(»— l)]a^+K« + K2/?i + 3)7i)-12r(r-l)]a; 

+ [»7, + 2n7i— 4r (r — 1)] } t> = — [{ 2x» + 12a;* + 26a?+ 24x» + ^x\^ 

+ {(2r— 1— ai)«*+[6(2r— 1)— 3ai— /3,]»»+[13(2r— 1) — >:i— 3|3i— 2ai]a:» 
+ [l2(2r-l)-3>7i-2/3,]a;+[4(2r-l)-2)7j}]n. 

Equating coefficients of x*'''', we have as the relation connecting the A's 
with the h\ 

|4n(n+ l)-(n+ l)(2,7i-8'-)-['7,+ 2n7i— 4r(r— l)]}«,+i 
+ {l2n(n-l)-n(3,?i+2i3,-24r)-[^,-|-r(2/3i+3>7j)-12r(r-l)]}5, 
+ { 13(n- l)(n- 2) - (n- l)(,7i + S/^iH- 2a,- 26r) - [y, + r(2a, + 3^3,+ »7i) 

-13r(r-l)]}5,_x 
+ {6(n-2)(n-3)-(n-2)((3,+ 3a,-12r)-[/3,+ r(/3,+ 3aj)-6r(r-l)]^5„_, 
+ Un - 3)(« _ 4) - (n - 3)(a, - 2r) - [a, + m, - »-(r - 1)] }a,_, 
= — { [8n + 4 + 8r - 2,?,] A,+i+ [24n + 24r— 1 2 - 3ni - 2^3,] A, 
+ [26n + 26r — 39 — )7i — 3j3i — 2aj] A._i 

+ [I2n— 30+12r — 3ai— i3,]A„_,+ [2n — 7 + 2r — a,]A,_,f. 
It will be noticed that the coefficients of h and A in this formula (as in all the 
preceding ones) are symmetrical in r and n ; all the terms in the coefficient of j«+ 1 
which contain only n or r, or both, unite into the one term 4 (» + r){n + r + 1); 
the similar terms in the coefficient of 5, unite into 12(n -f- r){n + r — 1) ; those 
in the coefficient of 5„_x into 13 (n + r)(n + r — 3), etc. 

(Toheeontmued.) 
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Lectures on the Theory of Beciprocants. 

By Professor Stlvestbr, P. K S., Savilian Professor of Geometry in the University 

of Oxford. 

[Reported by J. Hammond.] 



The lectures here reproduced were delivered, or ^re still in the course of 
delivery, before a class of graduates and scholars in the University of Oxford 
during the present year. They are to be regarded as easy lessons in the new 
Theory of Reciprocants of which an outline will be found in Nature for 
January 7, which contains a report of a Public Lecture on the subject delivered 
before the University of Oxford in December of the preceding year. 

They are designed as a practical introduction to an enlarged theory of 
Algebraical Forms, and as such are not constructed with the rigorous adhesion 
to logical order which might be properly expected in a systematic treatise. The 
object of the lecturer was to rouse an interest in the subject, and in pursuit of 
this end he has not hesitated to state many results, by way of anticipation, 
which might, with stricter regard to method, have followed at a later point in 
the course. 

There will be found also occasional repetitions and intercalations of allied 
topics which are to be justified by the same plea, and also by the fact that the 
lectures were not composed in their entirety previous to delivery, but gradually 
evolved and written between one lecture and another in the way that seemed 
most likely to the lecturer to secure the attention of his auditors. 

Since the delivery of his public* lecture in December last, papers have been 
contributed on the subject to the Proceedings of the Mathematical Society of 
London by Messrs. Hammond, MacMahon, Elliott, Leudesdorf and Rogers, and 
one to the Comptes Rendus de I'lnstitut by M. George Perrin. It may there- 
fore be inferred that the lectures have not altogether failed in attaining the 
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desired end of drawing attention to a subject which, in the opinion of the 
lecturer, constitutes a very considerable extension of the previous limits of 
algebraical science. 

LECTURE I. 

'A new world of Algebraical forms, susceptible of important geometrical 
applications, has recently come into existence, of which I gave a general account 
in a public lecture at the end of last term. I propose in the following *brief 
course to go more fully into the subject and lay down the leading principles of 
the theory so far as they are at present known to me. The parallelism between 
the theory of what may be called pure reciprocants and that of invariants is so 
remarkable that it will be frequently expedient to pass from one theory to the 
other or to treat the two simultaneously. It may be as well therefore at once 
to give notice that the term invariant will hereafter be applied alike to inva- 
riants ordinarily so called and to those more general algebraical forms which 
have been termed sources of covariants, differentiants, seminvariants, or subin- 
variants. A form which is an invariant in the old sense will be termed, when 
necessary to specify it, a satisfied invariant, an expression which the chemico- 
graphical representation of invariants or covariants will serve to explain and 
justify. 

In an elucidatory course of lectures such as the present, it will be advisable 
to follow a freer order of treatment than would be suitable to the presentation 
of it in a systematic memoir. My object is to make the theory known, to 
excite curiosity regarding it, and to invite co-operation in the task of its 
development. 

By way of introduction to the subject, let us begin with an investigation of 
the properties of a differential expression involving only the first, second and 
third differential coefficients of either of two variables in respect to the other. 
For this purpose let us consider not what I have called the Schwarzian itself, 
which is an integral rational function of these three quantities, but the fractional 
expression 

ii /^\» 

^_± da* ^ 
dy 2I ^ 
dx \da) J 
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which becomes the Schwarzian when cleared of fractions, and which after Oayley 
we may call the Schwarzian Derivative and denote by 

{x, y) will then of course mean 

dj^ 3 / dy« 
dx 2 <^ 

dy \dy 

It is easy to establish the identical equation 

Using for brevity y, y, y to denote, as usual, ^ » j^ » ;^ > 

and «„ x„, a„< to denote -j- , -j-j , -tt^, respectively, the 

relation to be verified is 






Now, a, =— ^ 

Whence we obtain 

= -^(2yy'"-V'). 

and the truth of (1) is manifest. 

This may be put under the form 

showing that a certain function of the first, second and third derivatives of one 
variable in respect to another remains unaltered, save as to algebraical sign, 
when the variables are interchanged. An example of a similar kind with which 

we are all familiar is presented by the well-known function -j^**" v^j » which 
IS equal to --^-(^j. 
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We are thus led to inquire whether there may not be an infinite number of 
algebraical functions of differential derivatives which possess a similar property, 
and by prosecuting this inquiry to lay the foundations of the theory of Recip- 
rocation or Reciprocants. 

Having regard to the fact that the present theory originated in that of the 
Schwarzian Derivative, I shall proceed to demonstrate, although this is not 
strictly necessary for the theory of Reciprocants, the remarkable identity 

(y, a:) — (2, a:) = (-^).(y,2). 

This identical relation is the fundamental property of Schwarzians, and from it 
every other proposition concerning their form is an immediate deduction. 

In the following proof,* y and z are regarded as two given functions of any 
Variable t, and x as a variable function of the same : so that y and z are ftma- 
tlons of X for any given function that a; is of <. 

It will be seen that 

((y.«^)-(^.x))(0 

remains unaltered by any infinitesimal variation of a; , i. e. when ar becomes 
a; + 6^(0^), e being an infinitesimal constant and ^{x) an arbitrary finite func- 
tion of X . 

For brevity, let accents denote differential derivation in regard to a:, and 
let any function of x enclosed in a square parenthesis signify the augmented 
value of that flmction when x becomes x + B . In calculating such augmented 
values, since we suppose that = 5^(x), it is clear that 6, ©', 6". . . . are each of 
them infinitesimals of the first order, and consequently that all products, and all 
powers higher* than the first of these quantities, may be neglected. 

We have therefore 

= f-2ffy"-ff'l/ 

r«"n - ^[y''] _ ~d^^'~~^^'^~^'^^ _ j/"{i—2e')-3d"y"-d"'y' 

■^ -• dx + dd~ 1 + 6' ~ l+{f 

= f — Sffy"' — se"y" — ffy. 



* As originallj given in the Jtetsenger of Mathematiea (VoL XV, ), this was defaced by so many 
errata as to render expedient its reproduction in a corrected form. 
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Hence 

wi = }/r - ^^H" - 3^yy" - ^ V 

And since by definition 

we readily obtain 

[(y. «')] = 1^- 4d'(y, «)-r = (y, x)(l- 20')-r. 

So also 

[(z,x)] = («,x)(l-20')-r. 

Whence by subtraction 

[(y, «) - (2. «)] = (1 - 26')|(y , x)- (a, x)}. 
Dividing the left-hand side of this by [2/*], and the right-hand side by s/*(l — 2^) 
which is the equivalent of [z^] , our final result is 

r fy> »)—(«. a') -! _ (y>a;)— (g,a!) 
L «« J~ a« ' 

Thus, then, we have seen that the expression 

does not vary when x receives an infinitesimal variation €^(a;), from which it 
follows, by the general principle of successive continuous accumulation, that the 
same will be true when x undergoes any finite arbitrary variation, and conse- 
quently this expression has a value which is independent of the form of x 
regarded as a function of < ; it will, of course, be remembered that y and z are 
supposed to be invariable functions of ^ Let x become z, then (^, x) becomes 

(y» 2)1 while at the same time (z, a?) vanishes and -- becomes unity: so that we 
obtain (y> a?)— (g> a?) _^ / >. 

Hence, whatever function x may be of <, 

(y,a:)-(2;,x) = (-^y.(2/,2). (2) 

To this fundamental proposition the equation marked (1), itself the important 
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point in regard to the Theory of Reciprocants, is an immediate corollary. For 
if in (2) we interchange y and z, it becomes 

(z, a?) — (y, x) = (-^).(z,y); 
and now, making x = z, we have 

which is the same as (1), except that z occupies the place of a;. 

But (1) may be obtained more immediately from (2) by substituting in it x 
for y and y for z, leaving x unaltered ; when it becomes 

This is equivalent to saying that 

yr - 3y"» = - l/\^,x,, - ax*,) , 
a verification of which has been given already. 

Observe that ^^ Jt <>r (y» x) contains f -^J in its denominator and 

(a, y) contains (-f) in its denominator, which is the same as f-^j in the 

numerator. Thus it is that the sqvare of -^ enters three times. 

. Let me insist for a moment on the import of the fact brought to light in 
the course of this investigation, that J^\i is invariable when «, y and z 

being regarded as functions oft^x alters its form, but y and z retain theirs. Of 

course we might write (-^j in the denominator instead of (-5— j , and then 

make the same affirmation as before ; as will be evident if we only remember 

that by hypothesis y and z are both of them constant functions of t, and that 

/ dz \^ 
therefore ( -j- j must also be so. This is tantamount to saying that when the 

same conditions are fulfilled ((y, x) — (z, x)){dxy is invariable, i. e. that when 
X becomes X in virtue of any substitution (including a homographic one) 
impressed upon it, 

\{y,x)-{z, x)}{dxy= {(y. X)-{z, X)]{dXy, 
and thus we see that when a becomes X, 

(y, x) — {z, x) 

Vol. VUI. 
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remains unaltered except that it takes to itself the factor f -z—j which depends 

solely on the particular substitution impressed on x. 

If y=/(jx), 2 = ^(x), and -^ = 0(0:), 

our formula becomes 

1 (A, ^)-{4>^. x)]{chy= K/^-'^i X)-{q>ur'X, X)\{dX)\ 
so that, speaking of Quantics and Govariants with respect to a single variable x^ 
{/x, x) — {px, x) is to all intents and purposes a Oovariant to the simultaneous 
forms /(x) and^(x), in a sense comprehending but far transcending that in which 
the term is ordinarily employed ; for it remains a persistent factor of its altered 
self when for x any arbitrary function of x is substituted, the new factor taken 
on depending wholly and solely on the particular substitution impressed upon x . 
In the ordinary theory of invariants, the substitution impressed is limited to be 
homographic ; in this case it is absolutely general. We might, moreover, add as 
a corollary that if (y, «), (2, a), (w, a) . . . . are regarded as roots of any Binary 
Quantic, every invariant of that Binary Quantic is a covariant in the extended 
sense in which the word has just been used, in respect to the system of simul- 
taneous forms /(a), p{x), '4^{x) . . . . For every such invariant will be a function 
of(y, a;) — {2, a), {y,x) — (w, x), (z, x) — {u,x), .... and will therefore 

remain a persistent factor of its altered self, taking on a power of —=— as its 

extraneous factor. 

Calling (/x, x) the Schwarzian Derivative of /(x), our theorem may be 
stated in general terms as follows : 

All invariants of a Binary Qiumtic whose roots are the Schwarzian Derioaiives 
of a given set of functions of tike same variable are Govariants {in an extended sense) 
of that set of functions. 

The theory of the Schwarzian derivative originates in that of the linear 
differential equation of the second order, 

w"+ 2Pu' + Qu=0, 

which becomes, when we write u = ve"'^^^^ 

t/' + /v = , 
where l-Q — j^ — P, 

Now, suppose that Ui and v^ are any two particular solutions of the first of these 
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equations, aod let z denote their mutual ratio; so that, when v^ and v, ai'e the 
corresponding particular solutions of the second equation, we readily obtain 

2 = — = — 
Ml Vi ' 

and therefore, 

A aecond differeatiation gives 

But since 

the Srst term of the expression just found vanishes identically, and we have 

or, *^ = --27' 

Differentiating this again, we find 

Hence ____=2/, 

where the left-hand side of the equation is **the Schwarzian Derivative" with z 
written in the place of y. 



LECTURE 11. 



The expression 2^^ — 3^"*, which we have called the Schwarzian, may be 
termed a reciprocant, meaning thereby that on interchanging y, y", y with 
aj„ ar,„ sc,,, its form remains unaltered, save as to the acquisition of what may be 
called an extraneous factor, which, in the case before us, is a power of y' (with a 
multiplier — 1). Before we proceed to consider other examples of reciprocants 
it will be useful to give formulae by means of which the variables may be 
readily iutetchauged in any differential expression. 
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We shall write t for j/ and r for its reciprocal x, using the letters a^ bj c, 

to denote the second, third, fourth, etc., di£ferential derivatives of y with respect 
to X, and a, ^, y, .... to denote those of x with respect to y. The advantage 
of this notation will be seen in the sequel. 

The values of a, /?, y , . . . . in terms of t, a, b, c, . . . . are given by the 
formulae 

a= — a-^ff 

^=—bt + 3a^^t^, 

y = — c<* -f lOabt — 16a^ -r-'f, 

5 = — cft8 -f (15ac + 106*) ^ — 105a»6< + 106a* -5- fi, 

€ = — 6<* -f {21ad + 35&c) f — (210a*c -f 280a6«) ^ + 1260a«6< — 945a« -^ P, 

If, in these equations, we write a= 1.2.ao, 6= 1.2. 3. ai, c= 1.2.3.4.a||, . . . . 
and a = 1.2.00, /^= 1.2.3.ai, y = 1.2. 3. 4. a,, ... . they become 

ai= — ait+ 2aJ-^<*, 

ag = — d^f -h 6a^it — 5aJ -?- i', 

aa = — a/ + (eooflg + 3a!)<* — 21aSai< + 14aJ -^ <•, 

a^ = — a/ + (TaoOs -f TaiO,) fi — {2^0^ + 28af ) fi + SAo^t — 42aJ -^ ^, 

Any one of the formulae in either set may be deduced from the formula imme- 
diately preceding it by a simple process of diflFerentiation. 

Thus, since ^= ^ and — = -.-^' 

, da 1 d /—bt + Sa\ 

we have -^ = —-.—-{ ^ ) . 

dy t dx\ f J 

But -^ = y and -^ == oS^ + 69^ + cS^ + . . . . , 

so that y = (a3, + 69a + ^3^ + • • • •)( f ) 

= _J^ (— c^ + \Qabt — 16a»). 

By continually operating with — {(idi + 69a + c9ft + . . . .) the table may 

be extended as far as we please, the expressions on the right-hand side being 
the successive values of 

I i-(«a,+6a, + ca,+ . . . .) ["(-y) 

found by giving to n the values 0,1,2,3,.... 
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Precisely similar reasoning shows that, when the modified letters a^yih.fhy 

are used, 

(n + 2)a^ = — (2ao3t + ^a^d^^ + 4a,a„, + )a^-i, 

and that 

_ j-f (2aoa. + 3aAo+4a,8,, + -...)r(--7^). 

"^-^ S.4,5.....(n + 2) 

A proof of the formula 

obtained by Mr. Hammond, in which 

will be given later on, when we treat of this operator, which, in the theory of 
Reciprocants, is the analogue of the operator ad^ -f 269^ + Zcd^ + ,-... with 
which we are familiarly acquainted in the theory of Invariants. 

Consider the expression • ct — bah. 

If, in y*r — 5a^, which may be called its transform, we write 

1 « ^ —bt + ^ — <# + 10a6^— 15a» 
T = -, a=-y, ^ = —7 ' Y= :e ' 

this becomes a fraction whose denominator is f, while its numerator is 

— c<»+ lOaht— 15a«+ 5a(— 6<-f 3a*) = — c<» + 5a6^ . 
Removing the common factor t from the numerator and denominator of this 

fraction, we have 

^ ^ ist—bah 

yr — 5a/?= ^^ 

Here, then, as in the case of the well-known monomial for which 

a = — i?a , 
and the Schwarzian for which 

ibt — 3a» = — f{2^r — 3a*), 

the expression ct — 5ab=^ — ^'(y^ — B^i^) 

changes its sign on reciprocation. 

That reciprocation is not always accompanied with a change of sign will be 

clear if we consider the product of any pair of the three expressions given 

above. Or we may take, as an example of a reciprocant in which this change 

of sign does not occur, the form 

3ac — 56*. 
Here ^ ^^^ Sa{ce-l0al>t + 16<f)-5(bt-S<^ 
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In the fraction on the right*hand side the only surviving terms of the numerator 
are those containing the highest power of t, the rest destroying one another. 

Thus 3ay — 5/3* = -^ (3ac — 56*) . 

Reciprocants which change their sign when the variables x and y are inter- 
changed, will be said to be of odd character ; those, on the contrary, which keep 
their sign unchanged will be said to be of even character. The distinction is 
an important one, and will be observed in what follows. 

Forms such as the one just considered, where t does not appear in the form 
itself, but only in the extraneous factor, will be called Pure Reciprocants, in 
order to distinguish them from those forms (of which the Schwarzian 2ib — 3a' is 
an example) into which t enters, which will be called Mixed Reciprocants. It 
will be seen hereafter that Pure Reciprocants are the analogues of the invariants 
of Binary Quantics. 

With modified letters (t. e. writing a = 2ao, 6 = Ga^, and c = 240^) 
Sac — 56* becomes 144aoa3 — 180g^ = 36 (4a<^ — SaJ) . 
Operating on this with 

7= 2a*3«, + ^(^ida^ +...., 
we have V {4a^ — 5al) = . 

We shall prove subsequently that all Pure Reciprocants are, in like manner, 
subject to annihilation by the operator V. 

Hitherto we have only considered homogeneous; let us now take as an 
example of a non-homogeneous reciprocant the expression 

{l + f)b—SaH. 

Here o+^)^_3„^=(n.i-)(3« + 3f!)_|! 

In the numerator of this fraction the terms + 3a' and — 3a* cancel, a factor t 
divides out, and we have finally 

(1+ ^)/J _ 3aV = - ^i±^^^^^^. 

In general, a Reciprocant may be defined to be a function F of such a kind that 
jF(r, a, jS, y, . . . .) contains F{tj a, 6, o, . . . .) as a factor. An important 
special case is that in which the other factor is merely numerical ; the function 
F is then said to be an Absolute Reciprocant 
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When we limit ourselves to the case where jF is a rational integral function 
of the letters, it may be proved that 

F{t, a, 6, c, ....)= ± V-Fir, a, /J, y ), 

For, in the first place, since any one of the letters a, j3, y, . . . . is a rational 
function of ^, a, 6, c, . . . . and integral with respect to all of them except t, 
containing only a power of this letter in the denominator, it is clear that any 
rational integral function of r, a, /3, y, . . . . such as F{r^ a, /?, y, . . . .) is 
supposed to be, must be a rational integral function of <, a, 6, c, . . . . divided 
by some power of t. But since jF is a reciprocant, F{r^ »! i^, y, . . . .) must 
contain F{t, a,6,c,....)asa factor; and if we suppose the other factor to be 

»(^>^>^;^-'") we must have 

F{r, a,^,r ) = »(^«'^^«>-'-) i?-(<, a,b,c ), 

where ^ is rational and integral with respect to all the letters. 
Moreover, 

F{t, a,b,c )=f(li^ ^^r ) Fir, a. /?. y. . . . .)• 

Hence we must have identically 

^{tj a,b, c, . . . .)^{r, a, /?, y, . . . .) = 1) 
where, on the supposition that the functions ^ contain other letters besides t 
and T, <^(<, a, 6, c, . . . .) is, and <^(r, a, /iJ, y, • . . .) can- be expressed as, a 
rational function integral as regards the letters a, 6, c, . . . . But this supposition 
is manifestly inadmissible, for the product of two integral rational functions of 
a, 6, c, . . . . cannot be identically equal to unity. Hence t is the only letter 
that can appear in the extraneous factor and we may write 

F{r,a,^,y,....)=^^Fit,a,b,c ) 

where '4' (t) is a rational integral function. 

The same reasoning as before shows that we must have identically 

^(0^(t)=1. 
But this cannot be true if '4'(0 has any root different from zero ; for if we give 
t such a value as will make '4^{t) vanish, this value must also make '4'(t) infinite ; 

and since 

iJ/(t) = il + £r + Ct* H- + Mr"^ 

^ Aj^ B G , , M 



208 Sylvester : Lectures en the Theory of Beciprocanta. 

the only value of t for which '^{r) becomes infinite is a. zero value. Hence '^{t) 
is of the form ift*", and consequently '^{t) = Mnf^. Thus 

^(<)^(T)=iPrT-= 1, 

and therefore Jf* = 1 . 

We have now proved that if jF is a rational integral reciprocant, 

F{t, a,b,c, ) = =b rF{r, a, /?, y, ), 

or we may say, = {—yff'F{r, a, /?, y, ), 

where x = 1 or according as the reciprocant is of odd or even character. 

It obviously follows that the product or quotient of any two rational 
integral reciprocants is itself a reciprocant ; but it must be carefully observed 
that this is not true of their sum or difference unless certain conditions are 
fulfilled. For if we write 

Fi{t, a ) = (-^r«^i(T, a, . . . .) 

and Fzit, a, ) = {—y*ff^F^{r, a, . . . .), 

we see that 

pF,{t, a, . . . .) + qF^{t, a, . . . .) = {-y^t-^pF,{r, a ) + {^r*tr^qF,{r, a ), 

and consequently this expression will be a reciprocant if ;ei = x, and fi^^: (i^, 
but not otherwise. If we call the index of t in the extraneous factor the 
characlerieticj >vhat we have proved is that no linear function of two reciprocants 
can be a reciprocant, unless they have the same characteristic and are of the 
same character In dealing with Absolute Reciprocants, since the characteristic 
of these is always zero, we need only attend to their character. 

I propose for the present to confine myself to homogeneous and isobaric 
reciprocants,* i. e. to such as are homogeneous and isobaric when the letters 
<,a,6,c,.... are considered to be each of degree 1, their respective weights 
being — 1,0,1,2,.... The letter w will be used to denote the weight of 
such a reciprocant, i its degree, and J its extent, i. e. the weight of the most 
advanced letter which it contains. 

Let any such reciprocant F{t, a, 6, c, . . . .) contain a term Afa^Jf^c'^ . . . . , 
then t?-|-Z+m + n-|-.... = i 

and — V + m + 2;i + . . 

The corresponding term in F{r^ a, /3, y, 

*Here and elsewhere the word reciprocant is used in the sense of rational integral reciprocant : this 
wiH always be done when there is no danger of confusion arising from it. 



.) will be At^a^^y"". 


. . . where 


, 


, etc. 
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Now, if no term of jP contains a smaller number of the letters a, 6, c^ • . . . than 
are found in the term we are considering, the first terms of j3, y, etc., may be 
taken instead of these quantities themselves and ilT^a'/?"*y* .... may be 
replaced by 

But since 

F{t, a,b,c ) = {—ytrF{r, a, /?, y, . . • .) 

we must have identically 

Afa^lTc'' = (— )<— +*il<^+'-8'-^a'6«c* 

Hence the character is even or odd according to the parity of * — v {%. e. of the 
smallest number of letters different from t in any term), and the characteristic 
(i=zSi + w. 

The type of a reciprocant depends on the character, weight, degree and 
extent. . As the extraneous factor is always of the form ( — )'<^, where x is 1 or 0, 
we may define the type of a reciprocant by 

l:to:i,y or 0:w:i,j, 
according as its character is Ojcld or even. 

For Pure Reciprocants the smallest number of letters different from t in 
any term is (since all the letters are different from t) the same as its degree. 
Hence the character of a Pure Reciprocant is odd or even according to the parity 
of i, and for this reason the type of a Pure Reciprocant may be defined by 

A linear combination of reciprocants of the same type will be a reciprocant, 
for when the type is known both the character and characteristic are given. 



LECTURE III. 



Let F be any function (not necessarily homogeneous or even algebraical) of 
the differential derivatives which acquires a numerical multiplier Jf, but is 
otherwise unchanged when the reciprocal substitution of x for y and y for x is 
effected. A second reciprocation multiplies the function again by M, and thus 
the total effect of both substitutions is to multiply F by JP. But since the 
Vol. vin. 
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second reciprocation reproduces the original function, we must have Jf* = 1. 
Functions of this kind are therefore unaltered by reciprocation (except it may 
be in sign), and for this reason are called Absolute Reciprocanta. These, as we 
shall presently see, play an important part in the general theory. Like all other 
reciprocantfl, they range naturally in two distinct classes, those of odd and those 
of even character. 

It is perhaps worthy of notice that the extraneous factor of a general recip- 
rocant is the exponential of an absolute reciprocant of odd character. For if 

jF(<, a, 6, c, • . • .) = 4^(<, a, 6, c, . . • .) jP(t, a, j3, y, . . . .), 
we must still have, as before, 

^{t, a,b, c, )<^(^, a, /?, y» • - • .)= 1; 

t. €. log<^(<, a, 6, c, . . . .) = — log<^(T, a, /3, y, . . . .); 

or log<^(^ a, 5, c, . . . .) is an absolute reciprocant of odd character. 

An absolute reciprocant may be obtained from any pair of rational integral 
reciprocants in the same way that an absolute invariant is found from two 
ordinary invariants. For let 

Fi{t, a,b,c,....) = (— )*«r'i^i(r, a, i3, y, . . . .), 

and F,{t, a,b,c, ) = (-)'«<^«i^,(T, a, /?, y, ), 

then {W,a,b,c,....)\-^ _ ,_ y,^-..,, {i^i(T, a, |6f, y )]^ . 

or we may say that I^ -i- i^* is an absolute reciprocant of even or odd character 
according to the parity of xifi^ — tc^jii • 
Thus, for example, from 

a = — fa 
and Sac — bV=.f (Say — 5/?») 

we form > ^^~ — ^ , an absolute reciprocant of even character. 

From a reciprocant F whose characteristic is ^i we obtain an absolute 
reciprocant of the same character as jF by dividing it by <t . 

For if we only remember that t = — , it obviously follows that 

F{t, a,b,c, ) = ± t^F{r, a, /3, y, . . . .) j 

can be written in the form ! 

Fit, a,b,o, ) _ J'(r, a,^,r>->>0 ^ 

^ — =t J^ ' 

where the original character of the reciprocant F is preserved. 
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It may be noticed that a reciprocant of odd character cannot be divided by 
a/ — ItT 80 as to give an absolute reciprocant of even character; for, the recip- 
rocal of -Fbeing —ff'F', that of i^-^^/^3Tf^ will still be — J^'-^-^/=lrT, The 
character of a reciprocant is thus seen to be one of its indelible attributes* 

As simple examples of absolute reciprocants we may take -j , which 

becomes on reciprocation ^ , and -j- , which reciprocates into — -^ . The 
character of the former is even, that of the latter odd. 

Observing that . 

log< = -logTand-l.A = 2_._l, 

we have (;^ ' ^) ^^^S < = " (^r * ^) '°« ^- 

From this, in like manner, we obtain 

and so, in general. 

Hence (-li^-j-j ^ogt is an absolute reciprocant, and of an odd character, for 

all positive integral values of i. We thus obtain a series of fractions with 
rational integral homogeneous reciprocants in their numerators and powers of 
<* in their denominators. It will be sufficient, before proceeding to the more 
general theory of Eduction^ as it may be called, to examine, by way of illustra- 
tion, the cases in which i = 1 , 2 and 3 . 
Let i = 1 J then 

So that, in the case where i = 2, we have 

/l<^Vi ^ /I d \a _ b 3 a? 

_ 2&<— 3a? 
~ 2<» 

The numerator of this fraction is the Schwarzian. 
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In like manner, when «= 3, 

But here a reduction may be effected, for (^j > m well as -j- itself, is an absolute 

reciprocant of the same character as the whole of the expression just found. 

9 a' 
Hence we may reject the term 'n 1^ without thereby affecting the recipro* 

cantive property of the form, and thus obtain 

ct — 6 ab 

an absolute reciprocant of odd character. The corresponding rational integral 
reciprocant is ct — 6ab. 

We have found that -j- and — ^ — are each of them reciprocants. Why, 

then, by parity of reasoning, is not -^, and therefore 6, a reciprocant? It is 

because -^ > the square of -r , is of even character, while -^ — is of an odd 

character, so that no linear combination of the two would be legitimate. 

If we differentiate any absolute reciprocant with respect to a, we shall 
obtain another reciprocant of the same character. For let B be any absolute 
reciprocant and IH its transform, then 

R=±R; 

and since -iz^^* 'T~ ^^J ^® written in the equivalent but more symmetrical 

form 1^ JL — Ji. — 

js/i dx "" >v/r dy 

On one side of this identical equation is a fimction of the differential derivatives 
of y with respect to a; ; on the other, a precisely similar function of those of x 

with respect to y. Hence -ji' r ^ ^^ absolute reciprocant, and therefore -r 

is a reciprocant, the character of each being the same as that of R. 

I will avail myself of the conclusion just obtained, which is the cardinal 
property of absolute reciprocants, to give a general method of generating from 



Stltester: Lectwres on Ike Theory 0/ Beciprooants. 213 

any given Rational Integral Reciprocant an infinity of others — rational integral 
eductfl of it, we may say. Let F be such a reciprocant, and^e its characteristic; 

then -7 is an absolute reciprocant, and consequently --p^ T-ttj is a reciprocant, 

both of them of the same character as F\ i. e. 

or we may say 2t--iiaF 

is a reciprocant of the same character as F. 

This is even true for non-homogeneous reciprocants, for the only assumption 

made at present as to the nature of jP is that it is a rational integral reciprocant. 

But if we further assume that it is homogeneous and isobaric,* we know that 

(1^=1 Si + w. 
Now, Euler's equation gives 

3i = 3{tdt + ada + JSft + ca, -f . . . .), 
and from the similar equation for isobaric functions (remembering that the 
weights of ;, a, 6, c, . . • . are — 1 , 0, 1 , 2, . . . .) we obtain 
t(? = — idt + bdi, + 2cd^ ...... 

so that (I = 2{dt + SaS^ + 463^ + 5ca, -f 

And since —z:zad^'{' bda + cd^ + dd^ + ...., 

we may in ^2* -^ — (laj F replace 2< ^ — [la by 

2t (ad, + bda + cd, + dd,'\' ) 

— a{2tdt + Sada + 4685 + ^cd, + ), 

or by its equivalent 

{ibt—Sa^)da + {2ct—4ab)d^ + {2cU— 5ac)d^ + 

The conclusion arrived at is that when jP is a rational integral homogeneous 
reciprocant, 

\{2bt—Sa*)d^ + {2ct — 4ab)dt, + {2dt — 6a€)d,+ \F 

is another, and that both are of the same character. 

It will be convenient to use the letter G to denote the operator just found 
and to speak of it as the generator for mixed reciprocants. By the repeated 

* It will subsequently be proved that eTery rational integral reciprpcant which is homogeneous is 
also isobaric. 
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operation of this generator on a we may obtain the series (7a, G*a, G^a^ • . . . , 
whose terms will be mixed reciprocants, since each operation increases the 
highest power of t by unity. The forms thus obtained will, in general, not be 
irreducible. It is, in fact, easy to see that a reduction must always take place at 
every second step. Observing that GF only expresses the numerator of the 

absolute reciprocant — • jr(~z}^^ ^ convenient form, and that G^F ib equiva- 
lent to the numerator of f— -^ j(~J'^^ ^^^® 



_1 ^f^\ — <fa 2 






d /dF /JL -A ;£ + 3 /dF a -A 

The whole of this fraction is an absolute reciprocant of the same character as F] 
so also is -jT — fthe product ctf the even absolute reciprocant -^ by nr j • We 

may therefore reject the term -|- • ^—^ • a*i^ from the numerator, and the 
remaining fraction 

will still be an absolute reciprocant of the same character as F. Its numerator, 
which is one degree lower than CPF, may be written in the form 

This, it may be noticed, is a reciprocant of the same character as jP, even when 
J^is non-homogeneous. 

Starting with a, we have 
Ga = 2ht — 3a* (the Schwarzian) , 
G^a — G{2bt — 3a*) = — 6a{2bt — 3a*) + 2t{2ct — 4ab) = 4c<* — 2i)abt + 18a\ 
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But, for the reason previously given, \%cP may be removed, so that rejecting 
this term and dividing out by 4< we obtain the form 

ct — bah J 

which may be called the Post-Schwarzian, 

The next fonn is obtained by operating on the Post-Schwarzian with G\ 
thus, we have to calculate the value of G{ct — 5a6), where 

a = {ibt— 3a*)a« + {2ct — Aah)di, + {2dt—bac)d,. 

The working may be arranged as follows : 

d*» act bH a^b 



e(2d*— 6ac) = 


2 


—6 


. 


. 


from (Zdt — 5ac) a. 


— 5a(2cf — 4a6) = 


. 


-10 


. 


20 


** (2ce— 4a6)a» 


-66(2W-8a») = 


• 


• 


—10 


15 


" (26e-8a»)a, 




2 


-15 


-10 


85 




The result should be read thus : 








2dfi 


— . 


Uact — 


-10bH+S5a^b. 



To obtain the next of this series of reciprocants, we have to operate on this 
with G and at the same time to take account of the reduction that has to be 
made at each alternate step. The arrangement of the work is similar to that of 
the former case. 

et* adt^ bct^ a^et abH a*b 



2t^(2et-ead)zz 


4 


—12 


. 


. 


. 


from (2ee— 6ad)arf 


-15ctf(2de-5ac) = 


. 


-80 


75 


• 


. 


*' (2df-5ac)a. 


(85a*-206e)(2c^-4a6) = 


• 


. 


—40 70 


80 


-140 


" (2ce-4a6)a» 


(70a6 — 15cf)(26f — 8a») = 


• 


• 


-80 45 


140 


-210 


" (26e-8a»)a« 




4 


—42 


—70 190 


220 


—850 




-70aMce-6a6) = 


• 


. 


. -70 


. 


4-850 





4 —42 —70 120 220 

This divides by 2/, giving the reduced value 

2et^ — 21adt — Ubct + 60tt*c -f llOoJ*. 

The next obtained by this process will be seen by the following work to be 
iffi— bQaefi— 112bdfi— 70c*<*+ SOda^dt + 995ahct + 220bH — 660a«c — 1210a*6^, 
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3eMV«-7ac) = 

— 31aM2e*-flad)=: 

(— 865e + (Wa*)(2de — 5ac) = 

(— 8M + 2d0a6) (2ce — 4a&) = 

(— 21(tt + 120ac+lia6«)(26e — 8a«)=: 



ft'aet* b(U* 


eH^ a*dt dbd bH a»c a*6« 


4 -U . 




. -42 . 


. 126 . . 


. . -70 


. 120 175 . -800 . 


. 


-70 . 580 . . -880 


. . -42 


88 240 220 -880 -880 



from(2/e— 7cw)d« 
" (2ce— 8ad)a^ 
'< (2ttt— 6ac)d« 
" (2ce— 4ab)a» 
« (2W— 8a*)a. 



4 —56—112-70 809 905 



—660 —1210 



This cannot be reduced in the same manner as the preceding form; but it must 
not be supposed that the forms thus obtained are in general irreducible. 

Having regard to the circumstance that the forms of the series a^ Qa^ G^a , .... 

(1 d \* 
— • — j log t, they may 

be called the successive educts, and the reduced forms given above may be called 

the redvxied educts and denoted by ^j, JSi, JEJ, Thus, 

Ei = a, 

E^ = ibt — 3a', 

E^ — ct — 5a6, 

E^—2d^— Ibact — IQhH + 35tt«6, 

JB; = 2e<* — 2ladt — Uhct + 60a«c -f llOafe*, 

E^ = 4/fi— 56aee— llibdfi— 70c*<* + 309a*tft + 995abct 

+ 2206'^ — 660a^c — 1210a«6». 



LECTURE IV. 



We have seen that when jP is a rational integral homogeneous and isobaric 
reciprocant, GF is another of the same character. It will now appear that the 
condition of isobarism is implied in that of homogeneity ; for let jP be a rational 
integral homogeneous reciprocant, [i its characteristic and i its degree in the 
letters <,a,&,c, ...., then, in the identical equation 

F{tj a,h,c ) = ± V'Fir, a, /?, y, ) 

both members are homogeneous and of the same degree in the letters 
<, a, &, c, . • . . ; i. e. if AifctlTc'' .... be any term of F(t^ a^ b, c^ . . . .), its 



1 
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degree muBt be the same as that of V'A^o^^y*' . . . . when r, a, ^3, y, . . . • are 
expressed in terms of ^ a, 6, c, . • . . But 

_1 _ «/3_ &• _ ^ X 

T — — , a -^ , p— Y \ * • • * 1 7 — 5" "!"••••> 

and so on. The degrees of r, a, ^3, y, . . . . are therefore —1 , — 2, — 3, — 4, , . . . 
respectively. Hence 

h-\'l'\'m-\'n'\r . ...=f£ — h — 2Z — 3m — 4n— . . .. , 
or /t£ = 2A; + 3Z + 4m + 6n + . . . . 

And by hypothesis i = A: + ?+m+w + .-.., 

so that ^L — 3i= — i + m+2n+.... 

Neither fx nor i is dependent for its value on the selection of a particular 
term of F, for all terms of -F(r, a, /3, y, . . . .) are multiplied by the same 
extraneous factor zfc r, and all terms of jP(<, w, 6, c, . . . .) are of the same 
degree i. Hence — A: + m + 2n + . . . . must also be the same for each term of 
F\ or, attributing the weights — 1,0, 1, 2, .... to the letters <, a, 6, c, . . . • , 
the function F\% isobaric. 

Next, suppose F to be fractional, and let it be the ratio of the two rational 
integral homogeneous reciprocants F^ and F% . The operation of 6? on ^ will, in 
this case also, generate another reciprocant of the same character as F, For, 
since O is linear in the diflTerential operative symbols 9a» 9d» ^o • • • • » its opera- 
tion will be precisely analogous to that of differentiation, so that, operating with 
(7 on 

F- ^' 

we have ^^ ^F.GF.-F.GF, 

F\ 
In order to prove that this is a reciprocant, we have to show that the 
character and characteristic are the same for both terms of the numerator. But 
GFx is a reciprocant of the same character as -F\, and 6?F, is one of the same 
character as JP,; thus the two terms of the numerator are of the same character 
as F^F^. As regards the characteristic, it should be noticed that O [t. e. the 
operator (2ft< — 3a') 9^ + (2c< — 4a6)3j + ...•] increases the degree by unity, 
but does not alter the weight, so that it 'increases the characteristic of any 
rational integral homogeneous reciprocant by 3 . Thus the characteristic of each 
term in the numerator exceeds by 3 that of F^F^. Hence QF is a reciprocant. 

Vol, vni. 
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and, taking account of its denominator as well as its numerator, w0 see that the 
operation of (7 on a rational homogeneous reciprocant, whether fractional or 
integral, produces another in which the original character is preserved while the 
characteristic is increased by three units. 

More generally, let jPi, ^,, ^g, . . . . be any rational homogeneous recipro- 
cants whose extraneous factors are ( — )*««^», ( — )''«r% ( — )'^r», .... respectively; 
and suppose <l> to consist of a series of terms of the form AFi^F^^Fi* . . . . , such 
that the extraneous factor for each term is ( — yt^. Then <l> is a reciprocant, but 
not necessarily a rational one ; for the indices ^, ^l^, ^, . . . . may be supposed 
fractional, provided only that they satisfy the conditions xi^ + x^ + x^ 
+ . . . . — « = a positive or negative even integer, and 

f^i^ + fh^ + f^a^ + .... — f£ = 0. 

We proceed to show that O^ is also a reciprocant, and that its extraneous 
factor is (— )*r+». Since 

aJ^i aJf^ aJf^ 

we have to prove not only that each term of this expression is a reciprocant, 

but also that all of them have the same extraneous factor ; otherwise their sum 

would not be a reciprocant. 

Now, in * = ^AF^^Fi^Fi' , 

the extraneous factor for each term is by hypothesis ( — )*r, so that the extra- 
neous factor for each term of 

^=^A^F,^^-'Fi^Fi^.... 

is ( — )*~*»r""'*s and therefore -r^ is a reciprocant Also, GFi is a reciprocant 

whose extraneous factor is (— )''»r'+*. Hence -j^- GFi is a reciprocant having 

( — )T"*"' for extraneous factor, and in exactly the same way we see that every 
other term of GO is also a reciprocant with the same extraneous factor. 

Thus 6?, operating on any homogeneous reciprocant whose extraneous 
factor is ( — )*r, generates another whose extraneous factor is ( — )''^+*. 

If, in the generator for mixed reciprocants, 

G = {2bt — Sa*)da + {2ct — 4ab)d^ + (2dt— 6ac)d, + , 

we write 

a= 1.2. do, b= 1.2.3.ai, c= 1.2.3.4,«^ , . • . 
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{i. e. if we use the system of modified letters previously mentioned), its expres- 
sion assumes a more elegant form. Substituting for a, 6, c, ... . their values 
in terms of the modified letters, we have 

26< — 3a»= 2.1.2.3ai< — 3(1.2)»a5=1.2».3(ai< — aj) 

and a« = y-2-aa.; 

so that {2ht — 3a*)a„ =1.2.3 {a^t — a5)a«.. 

Again, ( 2ct — 4ab) = 1 . 2*. 3 . 4 (a,< — ao«i) 

SO that {2ct — 4ab)di, = 1 . 2. 4(0^ — a^)da, . 

Similarly, {2dt — 6ac) 3^ = 1 , 2 . 5 {a^ — Offl^) 3«, . 
Thus the modified generator for mixed reciprocants is 

1.2.3(ai< — aj)3a, + 1.2.4{a^ — a^i)d^^ + 1.2.5{a^— atfl^)d^+ , 

in which the general term is 

1 . 2(n + 3)(a^^.i< — a^^) d^ . 
The factor 1 . 2 may, of course, be rejected, and our piodified generator may be 
written in the simple form 

3{ajt — al)da. + ^(a^ — (hfli)^a, + 5(a,< — a^)d^ + 

Operating with this on the homogeneous reciprocant F{t, a^, Oi, a^, . . . .), the 
result will be another homogeneous reciprocant of the same character as F. 
When we start with a© and make the reductions which, as we have seen, occur 
at every second step, we find a system of reduced educts corresponding in every 
particular with those formerly given, but expressed in terms of the modified 
letters ao, ^i, o^, . . . . instead of a, ft, 0, ... . These are as follows : 

««> 
*ait — (4, 

* 2a/ — 6a^ — 3a\t + 7(4«i, 

ia^f — 7a^ — loiCb^t + 8a5«» + lla»af , 

* 14aff — 56a^4h — 66aia/ — 28al^ + lOSa^t + IQQa^a^t 

+ SSalt — aSoJa^ — 121aloi\. 



*It will he obaerved that in the unreduced forms, marked with an asterisk, the sum of the 
numerical coefficients is zero. This is a direct consequence, as may be easily seen, of the form of the 
modified generator, in which the sum of the numerical coefficients in each term is also sero. 
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It will be found on trial that these modified educts are obtained with 
greater ease and with less liability to error by a direct application of the generator 

Z{a^t — (4)da, + H(hi — a^)^a, + 6{a^ — (^K + » 

than by making the substitution of 1.2.ao, 1.2.3.ax, 1.2.3.4.0^, • . . • for 
a, 6, c, . • • . in the system of educts already given. For this reason the working 
by the former method is here performed, instead of being merely indicated. 
Prom ao we obtain immediately 

«i' — oj • 
Operating on this with the generator, there results 

4t {a^t — a^i) — 6ao (uit — aj) = 4a^f — lOooai^ + 6aJ. 
This, when reduced by removing its last term and dividing the others by 2<, gives 

2a^t — bOffli. 
The next form is foimd from this by a simple operation, without subsequent 
reduction, and is therefore 

lot {a^t — a^%) — 20ao(«8' — dtfli) — 15ai {ctit — aj) . 
Or, collecting the terms and rejecting the numerical factor 5 , 

2a/ — 6a^t — Salt + Tajoi . 
The operation of the generator on this gives 

1 2<* (a^^—Oofls)— 30ao<(a8<— a<^)+4(7aj— 6ai<)(a,<— «(,« +S{14a^i—6a/}{axt—(4) . 
The collection of terms and subsequent reduction is shown below : 

di^ c^fl^ <^i(i%f dla%t (irfi\t aloLi 
12 —12 .... 



. 


—30 


30 


. 


. 


• 


. 


—24 28 


24 


—28 


. 


• 


—18 18 


42 


—42 


12 


—42 


—42 76 


66 


—70 


6aoai)= . 


• 


. —28 


. 


+ 70 



— 14aJ(2a^ 

12 —42 —42 48 66 

Bemoving the factor 6<, the reduced form is 

2a/ — ^Offl^ — ^<hP4 + Sojo, + llaoaf. 
Operating on this with the generator, we have 

1 4<*(a5< — aoa4) — 42ao^ {a J. — a^^ + 5 (8aJ — 7ai^)(a^ — a^ 
+ 4(22aoai— 7a,0K^ — «oai) + 3(llaJ+ 16a(^ — 7a8<)(ai< — oj) 
= 14a5^— ^^ci^A^ — 56aia/ — 28a|«* + lOSaSog^ + I9%a^a4 
+ 33af< — SSago,— 121aJaJ, 
which cannot be reduced in the same manner as the preceding form. 
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To obtain a generator for passing from pure to pure reciprocants a process 
is employed similar to that which gave the generator for mixed reciprocants 
which we have just been using. I state the results before giving the proof, and 
then proceed to speak of generators in the theory of Invariants. The generator 
for pure reciprocants is 

{Sac — 4V)d^ + {Sad—6bc)d^ + {3ae — 6bd)d^ + ; 

or, expressed in terms of the modified letters, 

4 («(/«, — c^)9«, + 5{a^^ — aya^)da^ + 6(af/ii — aias)da, + 

By operating with this on any pure reciprocant B, we generate another pure 
reciprocant of opposite character to that of B. 

The connection between the two theories of Reciprocants and Invariants is 
so close, and these brother-and-sister theories throw so much light upon each 
other, that I began to inquire whether, in the latter, there did not exist a theory 
of Generators parallel to that of the former. 

Fortunately, Mr. Hammond was able to recall a correspondence in which 
Prof. Cay ley had given such a theory, which he regarded, and justly, as an 
important invention. . Its substance has been subsequently incorporated in the 
Quarterly Journal, (Vol. XX, p. 212). It oflFers itself spontaneously in the 
Beciprocantive Theory; in the Invariantive one it calls for a distinct act of 
invention. Prof. Cayley has discovered two generators similar in form wilh 
those for reciprocants, and one of them strikingly so ; in a letter to me he calls 
these P and Q. As given by him, 

P = ahd^ + acd}, + add^ + . . • . — i6, 
Q = acd^ + %iddc + — 2t£?6, 

where i is the degree and w the weight, the weights of a, 6, c, d, . . . . being 
taken to be 0, 1, 2, 3, ... . (I supply the a which Cayley turns into unity.) 
As an example he takes the " Invariant" aH — Zahc + 2ft' = /, suppose. We 
have then 

PI— {abda + acdt + add, + aed^ —3b) I 

= ab{2ad — 3bc) + ac{— Sac + 6b*) — Sa^bd + a^e — Sb{a^d — Sabc + 26») 
= a^e — 4a*bd — 3aV + 12a&*c — 66* 
= a*(a6 — 4W + 3c^) — 6 (oc — 6*)», 
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and g/= {acd^ + 2add, + Aaed^ — 6b) I 

= ac{— Sac + 66^) — Ga^bd + 3a^e — 6b{a^d — 3a6c + 26») 
= 3a»6— 12a»M — 3aV + 240^0—126* 
= 3a^{ae—4bd + 3c») — 12(ac — 6*)*. 
P and Q may be transformed by means of Euler's equation and the similar one 
for isobaric functions, which enable us to write 

i = ada + 636 + <^^c + ddd + . • • • 
and w = 69ft + 2c3^ + 3^d + .*..; 

P thus becomes ahda + <w^5 + «^c + ^d + • • . • 
— abda — 6*9ft — 6c3^ — bdda — • . . • 
= {ac — 5*)3ft + {ad — bc)d„ + {as — M)9rf + . . . . , 
the same in form as either of our generators, except that the arithmetical coeffi- 
cients are all made units ; a, 6, c, . . . • taking the place of the <, a, 6, .... of 
the generator for mixed reciprocants. 
In like manner, Q becomes 

{ac— 2V)dj, + 2{ad — 2bc)d^ + 3{ae—2bd)da + , 

where the arithmetical series 1, 2, 3, ... . takes the place of 3, 4, 5, .... or of 
4 , 5 , 6 , .... in the two Reciprocant Generators. 

The effect of P and of Q is obviously to raise the degree and the weight of 

the operand / each by one unit. But if we take 22 = — {2wP — iQ)^ the terms 

in Oayley's original formulae containing b cancel, so that 2wP — iQ divides out 
by a and the weight is raised one unit without the degree being affected. This 
is mentioned in the Quarterly Journal (foe. cit.) ; but it may also be remarked 
that when /is a eaiiafied invariant^ it is annihilated by the operation of R\ when 
the invariant is unsatisfied, each of the three operators P, Q and R increases its 
extent by an unit, t. e. introduces an additional letter. For let j denote the 
extent, then, writing Oo, Oi, o^, . . . . o^ for a, 6, c, . . . . , we have 

Q = Offlh^a, + 2aoa89«. + +jchflj^idaj — 2w?ai; 

whence we find 

R = —{2wP — iQ) 

= 2tvaida, + (2w — i)aA, + +{2w — ij+ i)afi^.^^ + {2w — ty)a;+i9a.. 

But for a satisfi/cd invariant 2w = ij; 

and substituting this value for 2w in the above expression for i2, it becomes 

i\j\3ao + U— l)«a9a, + + «A_i} ' 

which, as is well known, annihilates any satisfied invariant. 
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LECTURE V. 

It will be desirable to fill up some of the previous investigations by discuss- 
ing some points in them that have not yet received our consideration. 

There may be some to whom it may appear tedious to watch the complete 
exposition of the algebraical part of the Theory and who are impatient to rush on 
to its applications. But it is my duty to consider what may be expected to be 
most useful to the great majority of the class, and for that purpose to make the 
ground sure under our feet bs I proceed. To the greater number it will, I think, 
be of advantage to have their memories refreshed on the kindred subject of 
invariants, and probably made acquainted with some important points of that 
theory which are new to ihem. 

I confess that, to myself, the contemplation of this relationship — the spec- 
tacle of a new continent rising from the waters, resembling yet diflferent from 
the old, familiar one — ^is a principal source of interest arising out of the new 
theory. I do not regard Mathematics as a science purely of calculation, but one 
of ideas, and as the embodiment of a Philosophy. An eminent colleague of 
mine, in a public lecture in this University, magnifying the importance of 
classical over mathematical studies, referred to a great mathematician as one 
who might possibly know every foot of distance between the earth and the 
moon ; and when I was a member, at Woolwich, of the Government Committee 
of Inventions, one of my colleagues, appealing to me to answer some question 
as to the number of cubic inches in a pipe, expressed his surprise that I was not 
prepared with an immediate answer, and said he had supposed that I had all the 
tables of weights and measures at my fingers' ends. 

I hope that in any class which I may have the pleasure of conducting in 
this University, other ideas will prevail as to the true scope of mathematical 
science as a branch of liberal learning ; and it will be my endeavor to regulate 
the pace in a manner which seems to me most conducive to real progress in 
the order of ideas and philosophical contemplation, thus bringing our noble 
science into harmony and in a line with the prevailing tone and studies of this 
University. So long as we are content to be regarded as mere calculators 
(Faraday, at the end of his experimental lectures, was accustomed to say — I 
have myself heard him do so — ** We will now leave that to the calculators "), 
we shall be the Pariahs of the University, living here on sufferance, instead of 
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being regarded, as is our right and privilege, as the real leaders and pioneers of 
thought in it. 

That Cajley's two operators, which have been called P and Q^ are in fact 
generators, may be proved as follows :* 

Let a = (id^+ 26a, + 3ca^ + 4da,+ . . ."• 

and = a{p^da + li(^h + '^^ + .. . .) — xh, 

where x, X, fx, v, . . . . are numbers. 

When X is the degree of the operand, and ;i = ^ = r = ....= l, the 
operator is identical with P; but is identical with Q when x is twice the 
weight of the operand and X = 0,f£=l,r=2, •. .• 

If now we use « to signify the act of pure differential operation, it is 
obvious that 

n0 = (nx0) + (n*0), 
0n = (nx0) + (©*n), 
so that n0 — 0n = (ii ♦ 0) — (0 » n) . 

But since £ia = 0, ilfe = a, flc = 26, . . . . , 

we have il * = a{7jjda + ^iihdj, + Zrcd^ + . . , .—x) 

and 0*n = a(X6a6 + 2ficdc + Svdda + ). 

Hence 110 — 011 = a j Xada + {2ii — X)bd^ + {Sv — 2fi)cd, + — x}; 

or if the operand / be any invariant (satisfied or unsatisfied), we have A/= 0, 
and therefore 0A/= 0; so that we find 

aei=a\Xada + {2fi — X)bd^ + {3v—2ii)cd,+ —x\I. 

If in this we write X = |ix = i/=.... = 1, and x = i, where i is the degree of 
the operand, becomes P and we have . 

aPI=a{ada + ta^ + ca, + . . . . — {)I. 
But, by Euler's theorem, the right-hand side of this vanishes, and therefore 

api= 0. 

Similarly, by means of the corresponding theorem for isobaric functions, we may 
prove that IlQ/= 0. 

For if, in the general formula, we write X = 0,/t£=l,v=2, .... and x = 2ti7, 
where w is the weight of the operand, we find 

aQI=a{2bdt + 4cd^ + 6dda+ — 2w)I=0. 

Thus, when stands either for P or for Q, it is either, an annihilator or a 

* In the Quarterly Journal (Vol. XX, p. 212) Prof. Gayley only considers a special example, and has 
not given the proof of the general theorem. 
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generator {%. e. ©/ is either identically zero or else an invariant). But if I be 
the most advanced, or say the radical letter of /, no term of mdj can cancel with 
any other term of©/; and since, for this reason, ©/cannot vanish ideotically, it 
must be an invariant, and the operators P and Q must be generators. 

The generators previously given for reciprocants also possess this property 
of introducing a fresh radical letter at each step. The radical letter, on its Brst 
introduction, enters in the first degree only, and in the case of the educts of 
logf, whose values have been calculated, its multiplier is seen to be a power 
of t. The form of the generator for mixed reciprocants 

3(aif — Q^'^da. + ^{(ht — <^K + + (^ + 3)K + 1* — Oo^OSa- 

shows this, or it may be seen by considering the successive values of 

For let - ■ '-^— ^ — ^ " * denote this expression, and let its radical letter be a^; 

then, on differentiating again with respect to x, the new letter introduced arises 
solely from a term in the numerator 

^ J* [t, ao, ai, a,, . . . . aj • — • 

But a^ = 0-^2.3 n + 2; sothat^ = (n + 3)a^ + i. 

Hence, if when a^ is the radical letter, it occurs in the first degree only and 

dF 
multiplied by a power of <, it follows that, since -j- will be a power of t^ the 

derived expression which contains the radical letter a^+i will contain it in the 
first degree only and multiplied by a power of t. And since this is true for the 

case i = 1 , when — • -^ log < = -y » it is true universally. 

Observe that for i= 1, 2, 3, . . . . the radical letter is Og, ^i^ o^^ _ . , 
respectively. 

It will be remembered that (— • -jA log t is an absolute reciprocant. It 

may be called the i}'^ absolute educt, to distinguish it from the rational integral 
educts ^1, £j, ^3, . . . . whose values have already been calculated. 

Let R{t^ dfl, Oj, a,, . . . . a^) be any homogeneous rational integral recipro- 
cant, and let the educts be J[|,, J-i, ^4,, . . . . J.,^; then obviously 

a„ may be expressed rationally in terms of J.,^ and a^-it ^n-ai ■ ■ — «ot ^ 
a,_t '' " " " " ^n-i and a„ _„,... ao,^ 

fli " '' " '* *' jli,aoand<, 

VOL. vm. 
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where observe that the denominators in these expressions are all powers of t. 

Hence, by successive substitutions, R{t, ao» ^» • • • • ^») ^^J ^^ expressed 

rationally in terms of ^„, A» A» and t. Thus any rational integral homo- 

JE 
geneous reciprocant is a rational function of educts, and is of the form -5- , where 

:E is a rational integral function of the educts. 

Does not this prove too much, it may be asked, viz. : that any function F 
of the letters is a rational function of the educts, which are themselves recipro- 
cants, and will therefore be a reciprocant ? But this is not so ; for observe that 
although F will be expressed as a sum of products of educts, such products will 
not in general be all of the same character, and their linear combination will be 
an illicit one, such as is seen in the illicit combination of a* with the Schwarzian 
{ait — al). 

We have seen that by differentiating an absolute reciprocant, or by the use 
of a generator, we obtain a fresh reciprocant. But there are other methods of 
finding reciprocants ; as, for example, if the transform of ^(<, a, 5, c, . . . .) is 

^'(t, a, /3, y, ), i. €. if 

^{t, a,b, c, . . . .) = ^'(t, a, /?, y, ), 

then -^K*, a,b,c, ) = ^(r, a, |3, y, . . . .). 

Whence, by multiplication, 

^(<, a,h,c, ) '4^{t, a.hyC, ) = ^{t, a, /?, y, ) '^{r, a, |3, y, . . . .). 

Thus ^.'4' is a reciprocant, and, moreover, an absolute one of even character, 
although neither ^, which is a perfectly arbitrary function, nor ^'i its transform, 
is a reciprocant. 

Herein a mixed reciprocant differs from an invariant, which cannot be 
resolved into non-invariantive factors. It is worth while to give a proof of this 
proposition ; but first I prove its converse, that if ^, j, r, . , . . are all invariants, 
their product must be so too. This is an immediate consequence of the well- 
known theorem that 

n/=o 

is the necessary and suflficient condition that / may be an invariant where, as 

usual, A is the operator 

aa, + 263, -f- 3ca^ + , 

and the word invariant has been used in the same extended sense as formerly. 
For £i{pqTS. . . .) = (^ + ^ + ^ + . , . )pqrs .... 
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But since jj , 5 , r , . . /. are all invariante, we have ilp= , fly = /Hr = , 

and therefora 

il{pqr8 ....) = 0. 
Next, suppose that Iz=z P^Q^^ 

where /is but Qi is not an invariant. 

To meet the case in which Pi and Q^ are not prime to oae another, Qy^ if 
resolved into its factors, must contain one Q* where Q is not an invariant. 

Suppose that P^ contains Q^, and let i +y = Aj; then we may write 

/= P(2*, 

where P is prime to Q. But since /is an invariant by hypothesisp 

n/= 0, 

and therefore, 

Q^£iP + hPQ'''aQ=0', 

^* p- ^ap 

Now P is prime to Q, so that the fraction -^ is in its lowest terms; therefore 

£IQ contains Q] but this is impossible, for the weight of HQ ia leas than that 
of Q. Hence /cannot contain any non-invariantive factor Q^. 

All this will be equally true for a general function J annihilated by any 
operator il which is linear in the differential operators 9^? 3^, 3c, . • , , no matter 
what its degree in the letters a, 6 , c, . . . . themselves; /, e. we shall still have 

where Pand Q are prime to each other, and, as before, HQ will contain Q as a 
factor. But if H is an operator which diminishes either the degree or the 
weight, £IQ is either of lower degree or of lower weight than Q, and so cannot 
contain it as a factor. Hence J cannot contain a factor Q not subject to annihi- 
lation by n. 

If, however, il does not diminish either the degree or the weight, it may be 
objected that HQ might conceivably contain the factor Q; and were it so, there 
would be nothing to show the impossibility, in this case, of a function /subject 
to annihilation by fl containing a factor Q, which is not so. But quaere: Is it 
possible, when J is a general homogeneous and isobaric function of a, 6, c, .... , 
for DJ to contain J and at the same time the quotient to be other than a 
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number ? * Valde dvbitor. But I reserve the point. Setting aside this doubtful 
case, and considering only such linear partial differential operators as diminish 
either the degree or the weight of the operand, we see that there cannot exist 
any universal operator of this kind whose effect in annihilating a form is the 
necessary and sufficient condition of that form being a reciprocant But this 
does not preclude the possibility of the existence of such annihilators for special 
classes of reciprocants, and in fact (as we have already stated and shall hereafter 
prove) Pure Reciprocants are definable by means of the Partial Differential 
Annihilator 

which is linear in the differential operators, and diminislies the weight. 

The generator for mixed reciprocants, which we have called (r, will not 
assist us in obtaining pure reciprocants, but generates a mixed reciprocant in 
every case, even when the one we start with is pure. Thus, starting with the 
pure reciprocant B, our formula 

GR= {3(ai<-aJ)a,. + 4(a,«-a^i)5«. + &ia^ — a^)da, + ....}B 
may be written thus 

GB = «(3aia«^ + 4a A. + 5aA. + )R 

— ao(3ao9ao + "^^i^a, + 6a,9^ + )B. 

Here B being ^wre, i. e. a function of Oo, ai, a,, . . . • (without <), we see that 
(Sao^a, + 4a A. + 5«t9a, + 6a A, + ....) B 

= 3 {a^da, + aA, + a%^a, + )B 

+ («A.+ 2a,a„,+ 3a3aa.+ . . . .)B 
= {Si + w)B, 
where i is the degree and w the weight of iZ. Hence 

GB = <(3aAo + 4aA. + ^aa^a. + ....)B—{Si + w)a^, 
where it should be noticed that a^ is of opposite character to B (for Oq is of odd 
character), while GB has been proved to be of the same character as B. Thus 
we cannot infer that ^(3ai9a^+4a,9^^+ ^<h^at'^ , . . .)B \% a reciprocant The 
mixed reciprocant GB cannot therefore be resolved into the sum of two terms, 
one of which is a pure reciprocant and the other a pure reciprocant multiplied 
by<. 

*If Q=j!Xia. + g6a* + rcac + ...., where p^^ q, r are in Arithmetica] Progreesion, --^ is a 

number ; but tiien Q could not be an annihilator. 
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LECTURE VI. 

Before proceeding to prove that, as was stated in anticipation in Lecture 
IV, the operator 

{Zac — 4V)di, + (Sad— 5hc)dc + {Sae — ehdjd^ + , 

or, when the modified letters are used, 

4 (floOf — a\) da, + 6 {<hfh — <h<h) 9a, + 6 (a<^4 — aias)da,+ . • . . , 
will serve to generate a pure reciprocant from a pure one, it may be useful to 
briefly recapitulate what has been said concerning the character and charac- 
teristic of reciprocants. It will be remembered that the extraneous factor of 
any rational integral reciprocant is of the form ( — )*<^, that the character is 
determined by the parity (oddness or evenness) of x, and that (i is what has 
been called the characteristic. 

For homogeneous reciprocants it has been proved that f£ = 3i + ti?, where 
t is the degree of the reciprocant and w its weight, the weights of the letters 
tf Uyb, Cf .... being taken to be — 1 , 0, 1 , 2, . . • . respectively. The character 
is odd or even according as the number of letters other than t in the principal 
term or terms is odd or even. By a principal term is to be understood one in 
which t is contained the greatest number of times. So that, in other words, the 
character is governed by the parity of the smallest number of non-t letters that 
can be found in any term. For pure reciprocants, there being no t in any term, 
the character is determined by the parity of the number of letters in any one 

term. 

R 
Let R be any pure reciprocant, and suppose its characteristic to be |[^; then —j 

tt 

is an absolute reciprocant. If, however, we differentiate this with respect to x, 
and thus obtain another reciprocant, the resulting form will not be pure, for its 
numerator will be identical with the form obtained by the direct operation on 
R of the generator for mixed reciprocants, and its denominator will be a power 

of t. But, remembering that —: , and therefore — ;r » is an absolute reciprocant, 

t tr 

we see that —^ , which is the quotient of the two absolute reciprocants -^ and -^- , 
d /R 



is so also. Hence -r-(-"T y ^^ ^ reciprocant, and, since it no longer contains <, a 
pure one. Now, dR 1^ j^t% 
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remaiiis a reciprocant when multiplied by anj' power of the reciprocant a. 
Hence the numerator of this expression, or 

is a reciprocant. The general value of -r- has been seen to be 

adt + ft9a + c9ft + ^c + • • • • I 
but, since R is supposed to be pure, dtR = . 

We may therefore, in 3a -z [ib^ replace — by 

bda + cdt + ddc + eda + 

Now, remembering that /ii=3i-f w?, and that by Euler's theorem and the 
similar one for isobaric functions 

i = ada + bd^ + cde + ddd-i . . • . 

and w= bd^+2cdc+Sdda+ , 

we see that fi is equivalent to 

3ada+ 4bd,+ 5cdc+ 6dd^+ 

Hence, ^^ ^ (ib = 3a {bda + c36 + <©o + ^9d+ • • • •) 

— b(Sada+4:bdt+5cdc+6dda+ ) 

= {3ac—4b^)dt+{Sad — 6bc)dc+ {Sae—6bd)da+ 

Thus, if R be any pure reciprocant, 

\{Sac—4h^)dt + {Sad—6bc)dc+{aae — 6bd)da+ }R 

is also a pure reciprocant. If the type of jB be w; i, j, that of the form 
derived from it will clearly he w + l-j i + 1, j + 1. Its character (which, for 
pure reciprocants, depends solely on the degree) will therefore be opposite to 
that of R, and its characteristic will be ^ + 4, that of R being [i. 

Beginning with the form Sac — 5fc*, which was given as an example in 
Lecture II, a series of pure "educts" may be obtained by the repeated use of 
the above generator; and it will be noticed that the successive educts thus 
formed are alternately of even and odd character, whereas those previously 
given, viz. a, 2bt — 3a*. . . . , were all negative. A reduction similar to that 
which formerly took place when the generator for mixed reciprocants was 
used, may be effected at each second step in the present case. For, since the 

characteristic of fsa -z i^bj Rib (i + 4, the next operation will give 
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Performing the indicated differentiations, this becomes 

= 9<^^-\-9ah^-3(iab^-S(,acB-3{fi + 4)ab^ + fiili + 4)b*B 

= 9a» ^ — 3 (2ft + 1) od ^ — 3/zaci2 + f* 0* .+ 4) J»i2. 
Adding /m (ft + 4)(3ac — 56*) -S to 5 times the above expression, we obtain 

which, when divided by 3a , gives the pure reciprocant 

15a^-H2f,+ l)b^ + fi{(i-l)cB. 

This form is one degree lower than the second educt from R^ the depression of 
degree being due to the removal of a factor a by division. 

When the modified letters Oo, ai, a^, a^, . , . . are used, the generator 

{Sac — 46«) d^ + {Sad — 56c) d, + {Sae — 6bd) da + (1) 

is easily transfornied by writing in it 

a=2ao, 6=2. 3. ai, 0=2.3.4.0,, d= 2.3.4.5.Gf3 . . . . , 
and consequently ' 

^*-2:3' ^'- 2.374' ^^-2.3.4.5 

when it becomes 

2>.3«.4 , ,,^ , 2».3^4 .5, ,^ . 2*^*14^5^. .^ ^ 
2 3 Wh—(n)da,+ 2.3.4 (^o«8— «i«»)9«^+ 2.3.4.6 \^^^—^i^)^a,+ 

Dividing each term of this by 2.3, and writing the numerical coefficients in 

their simplest form, we have 

4 {af/h—a\)da, + 5 {a^s—aia^)da, + 6 {chfli— a^a^) da,+ , (2) 

which is the modified generator previously mentioned. 

The generators formerly used in the theory of mixed reciprocants were 

{2tb — Sa^yda + (2^c — 4ab)d, + {2td ~ 5ac)a, + ' (3) 

and S{tai—al)da.+ 4:{ta^—a^i)da,+ 5{tas — (^da,+ (4) 

The memory will be assisted in retaining these formulae if we observe that (1) 

is obtainable from (3), or (2) from (4), by increasing at the same time each 

numerical coefficient and the weight of each letter by unity. 
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It will, I think, be instructive to see how the form Sac — 56* was found 
originally by combining mixed reciprocants. The degree alone of a pure recip- 
rocant suffices, as we have seen, to determine its character ; but when we are 
dealing with mixed reciprocants their character does not depend either on the 
degree or the weight, so that we require a notation to discriminate between 
forms of the same degree-weught, but of opposite character. In what follows, 
(+) placed before any form signifies that it is a reciprocant of even character, 
while ( — ) signifies that its character is odd, 

I have previously given the three odd reciprocants 

(-) «, (A) 

(_) 2bt—Sa\ (B) 

(— ) ct—5ab. (0) 

From these we obtain even reciprocants ; thus the product of (A) and (C) is 

(-I-) ac< — 5a«6, (D) 

and the square of (B) is (+) 46V— 12a^bt + 9a*. 

After subtracting the even reciprocant 9a* from this, we may remove the 
factor 4t from the remainder without thereby affecting its character. These 
reductions give ( + ) bH — 3a'6 , 

which may be combined with the even reciprocant (D) in such a manner that the 
combination contains a factor t. In fact, 

3 {act — ba^h) — 5 {Vt — 3a*i) = (3ac — 56») t , 
so that a legitimate combination of mixed reciprocants can be made to give the 
pure one 3ac — 56*. 

Similarly we might find the known form 

9a^d— 45a6c+ 406^ 
which equated to zero expresses Sextactic Contact at a point x, y. But it is 
more readily obtained by operating with the generator on 3ac — 56* ; thus, 
{(Sac — 46»)aj + {Zad— 6bc)dc\ (3ac — 66») = — 10b(3ac— 46*) + 3a(3ad — 56c) 
= 9a*d— 45a6c+ 406". 

An orthogonal reciprocant may be defined as a mixed reciprocant whose 
form remains invariable (save as to the acquisition of an extraneous factor when 
the reciprocant is not absolute) when any orthogonal substitution is impressed 
on the variables x and y. Concerning such reciprocants, we have the very 
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dR 
beautiful theorem : If R and -j- are both of them redprocants, tJien R is an 

orthogonal reciprooant. 

First suppose jR to be an absolute reciprooant ; i. e. let 

R = qR{q = ±l), 
where R is afunction of «, a, 6, c, . . . . and R the same function of r , a, ^, y, . . . . ; 
then, denoting by AR the variation of R due to the variation of y by ex, and by 
BR the variation of jK due to the variation of a? by — ey, we have 

For the variation of < is c and the variations of a, b, c, . . . . vanish. Similarly 

dr 
Now, since R = qRf, 

DR = qDRf=-Bq^. 

therefore DR + AR^e (^^ - q^^, 

i. e. the total variation of R (due to the change of x into x — ey and of y into 
y + €x) vanishes if ^^ ^^ 

Hence, if R be an absolute orthogonal reciprooant, —jp is also an absolute 

reciprooant (though it is not orthogonal) of the same character as R. 

If R be not absolute, suppose its characteristic to he fi] then it can be made 
absolute by dividing it by ar. The application of the foregoing method of 

variations will now prove that -j- (—^] is an absolute reciprooant of the same 

dt NaT/ 

character as -r- . But -37 1 ";r ) = ~ir -7- • Hence -5- is a reciprooant whose 
aT di KaT/ ar dt di 

characteristic is fi, and character the same as that of R. 

The simplest Orthogonal Reciprooant is the form 

{l+e)h — '&aH, 

which occurs on p. 19 of Boole's Differential Equations. When equated to zero 

it is the general differential equation of a circle. It is noticeable that although 

Boole obtains this form by equating to zero the differential of the radius of 

curvature (1 -|- ff 

a 
Vol. vni. 
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he does not recognize the fact that it vanishes at points of maximum or minimum 
curvature of any plane curve, but says that the '^ geometrical property which 
this equation expresses is the invariability of the radius of curvature," 
Taking this form as an example of our general theorem, let 

JK = (1+<»)J — 3a*<; 

then -~^—ibt— 3a*, 

at 

which is the familiar Schwarzian. Observe that 

and 2bt — 3a* = — /{2(3r — 3a») , 

so that the characteristic and character are the same for both these forms. 

The form ct — 5a6, which we have called the Post-Schwarzian, when multi- 
plied by 2 and integrated with respect to t, gives 

cf— 10a6< + 4>(a, 6, . . . .). 
In order that this may be a reciprocant, we must have 

0(a, 6, ....) = c + 15a?. 
In this way the Orthogonal Reciprocant 

{l + ^)c—10abt+ 15a^ 
was obtained originally. 

It will be easy to verify that this is a reciprocant by means of the identical 

relations J_ 

T 

a 

a = jr } 

flr — 3a» 

6= -g— , 

^^r^— 10a^r + 15a» 

0= ? 

We shall find that 

(1 + f)c—lQabt + 15a» = — ^' {(1 + '^)y — ^^^^'^ + 15a«}» 
and comparing this with 

ct — bah = — ^{yt — 5a/?), 

it will be noticed that both forms have the same character and the same 
characteristic. 

The complete primitive of the differential equation 
c(l + ^) — l^aht + 16a^ = 



r 
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has been found by Mr. Hammond and Prof. Greenhill. The solution may be 
written in the following forms : 

dt 



m 

/cos {0 — A)dO 

/sm {d — A)dd . f • 



where h = sin 15^, 1(1=. sin 75°, 

and X=:?x + wy + Wi, 

F=: ma; — /y + w,, 
I, m, nuUi being arbitrary constants. % 

The last two forms of solution are due to Prof. Greenhill. 



LECTURE VII. 

I have frequently referred to, and occasionally dilated on, the analogy 
between pure reciprocants and invariants. A new bond of connection between 
the two theories has been established by Capt. MacMahon, which I will now 
explain. Let me, by way of preface, so far anticipate what I shall have to say 
on the Theorem of Aggregation in Invariants (i. e. the theorem concerning the 
number of linearly independent invariants of a given type) as to remark that 
the proof of this theorem, first given by me in Orelle's Journal and subse- 
quently in the Phil. Mag. for March, 1878, depends on the fact that if we take 
two operators, viz. the Annihilator, say 

n = G^o9a» + "^ida, + 3a,a„, + +jaj^ida^ 

and its opposite, say 

0=ajdaj_^+ 2a^-i9«_,+ 3a^-89a^,+ • • • • +Ja,da.^ 
then (no — OH) / is a multiple of /. 
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/ Thus, if /stands for any invariant (t. e. if 11/ = 0), it follows immediately 
that no/ is a multiple of /, and consequently Ci^O^I is also a multiple of /. 
We may call £i and 0, which are exact opposites to each other, reversing 
operators. 

Now, MacMahon has found out the reversor to F, the Annihilator of pure 
reciprocants. His reversing operator is no longer of a similar, though opposite, 

form to F, as is to n, but is simply — ; nor is the effect of operating with 
F-T- on any pure reciprocant B equivalent to multiplication by a merely 

numerical factor, as was the case with HO/, butrF-7-jjK is a nimierical 

multiple of aR, and as a consequence of this ( 1^"*;t-^) ^ is a numerical multiple 

of d!^R. Thus the parallelism is like that between the two sexes, the same with 
a difference, as is usually the case in comparing the two theories. 

This remarkable relation between the operators F and — may be seen 

a priori if we assume that (as we shall hereafter prove) to each pure reciprocant 
R there is an annihilator F of the form 

3aU+ (. . . O^oH- (. . . :)da+ (. . . 09-+ • • • . 

not containing 9„ and linear in the remaining differential operators 3*, 3ci 9d» • • • 

For if we call the characteristic /ii, by differentiating the absolute pure recipro- 

JB 
cant — ^ with respect to x we obtain, as was shown in the last lecture, the pure 

reciprocant Za^-(,bB. 

Since this is annihilated by V, we have 

d 



Za(V-^B—fiRVb — nhVB=Q. 



But, since E is a pure reciprocant, VR=. 0; and from the assumed form of Fit 
follows that ' Fft = 3a». 

Hence 3o(7-^)i2— 3/Ma»i2= 0, 

{v^)B = t.aB. 
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.( 
Thus the operation of F ^ is equivalent to multiplication by fia, so that (barring 

jp 
the introduction of a) V restores to -^ the form it had antecedent to the opera- 
tion of --z- , and may be called a qualified reversor to -r: • 

For example, suppose that 

B=Sac—6b\ 

Since we are using naturai letters for the derivatives of y with respect to a, we 

— = bda'\'cdb + ^dc +...., 

and, as we shall presently see, 

V= 3aU+ 10abdc+ (15ac + 10b*)da + . " 

Now, ^ = (Wa + ca, + da,)(3ac — 56») = 3Jc — lObc + Sad=Sad—7bc. 
Operating on this with F, we find 
F-^ = F(3ad— 76c) = — 21a*c — 70a6* + 3a(15ac+ 106»)= 24a»c — 40a6»; 

*. e. F-^ {Sac — 56*) = 8a (3ac — 56*) . 

Let us now inquire whether it is possible so to determine an operator F 
that the relation / tr ^ ^ 



(i^i-i^y=(»'+-')<^ 



may be satisfied identically when F is any homogeneous isobaric function of the 
letters a, 5, c, .... of degree i and weight w. If so, we must be able to satisfy 
each of the equations 



which are found by writing a, 6, c, d, • . . . successively in the place of F. 
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Now "jr = *>7r: = ^>7^=^» ....so that the above equations may be written 

76=3a»+;^(Fa), 



Fc = 4a6+A(F6), 
7d=5ac+-^(7c), . 



These equations are sufficient to completely determine F on the supposition 
previously made that it iis linear in the differential operators and does not 
contain g„ ; for, since F is linear, it miist be of the form 

(Fa)a„+(F6)a»+(Fc)a,+ 

and, since it does not contain da, we must have Fa = 0, and therefore 

F6 = 3a», 

Fc = 4aJ + -^ (3a») = iah + 6a6 = IQah, 

Yd = 6ac .+ -^ (10a6) = 5ac + 106* + lOac = 15ac + 105», 

Fe = 6ad + ^ (16ac + 106«) = Sod + 156c + 206c + 15a<i = 21ad + 356c, 

Hence F= Sa'a^ + lOaJa, + (15ac + \W)da + (21ad + 356c)a, + 



When the modified letters ao, ai, Oi^, . . . . are used, we shall have, in conse- 
quence of the change of notation, ^ F , J 12 =z ^ym^R (instead of [laR). If, as 
before, we seek to satisfy the equation 

we shall find, on writing a^ in the place of F, 

(^^-i^)«- = 2(3 + ^)«<^.- (2) 

This condition will be suflScient, as well as necessary, for the satisfaction of (1) 

when V is linear ; for then 

V— — ~^- V 
dx dx 
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will also be linear, its general term being 



V dx dx ^"'^J^'^' ' 



which is equal to 2(3 + n)a,fijda^ by equation (2). Hence 

( V-^ —-^y) J^= a sum of terms of the form 2(3 + n)a^^d„, F 

= 200(30080. + Sa^da, + 3o,a., + ....) F 
+ 2oo(oia,.+ 2o,a„, + ....)-?'; 
». e. equation (1) is satisfied whenever (2) is. Writing in (2) 

— z=(«-f 3)o„+i, 

we obtain (« + 3) Va,,+i = 2(« + 3)ooa, + -^ ( Va„), (3) 

from which the values of Va^ may be successively determined. 
When Foo= 0, the value of Fa„, which satisfies (3), is 

4 
thus Vdi = -— . aj, Fa, = Sa^^i, Va^ = Qaffi^ + SaJ, .... 

and the value of V is therefore 

-2--«o9«,+ 5aoai9a,+ 6(«oaj+ -2'^V^««+ 7 (ooOs + ajO,) 9^^ + 

Now that we are on the subject of parallelism between the old and new 
worlds of Algebraical Form, I feel tempted to point out yet another very inter- 
esting bond of connection between them. There is a theorem concerning Inva- 
riants which I am not aware that any one but myself has noticed, or at all events 
I do not remember ever seeing it in print,* which is this : If we take any 
" invariant" and regard its most advanced letter as a variable, or say rather as 
the ratio of two variables u:v, by multiplying by a proper power of v we 
obtain a new Quantic in t^, t?; or, if we take any number of such invariants 
with the same most advanced letter (or, as we may call it in a double sense, the 
same radical letter) in common, we shall have a system of binary Quautics in 
u, V. My theorem is, or was, that an Invariant of any one or more of such 
Quantics is an Invariant of the original Quantic. I recently found a similar 
proposition to be true for Reciprocants, viz. forming as before a system of pure 

* The theorem is, however, given in Vol. XI, p. 98 of the Bulletin de la Soci6t6 Mathematique de 
France, in a paper by M. Perrin, which has only recently come under the lecturer's notice. 
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Reciprocants into Quantics in u, v, any ''Invariant" of such system is itself a 
Reciprocant. 

The two theorems may be stated symbolically thus : 

ir = rI 

On mentioning this to Mr. L. J. Rogers, he sent me next day a proof which, 
although only stated as applicable to Reciprocants, is equally so, mviatis mutandis, 
to Invariants. Although given for a single invariant, it applies equally to a 
system. 

I give Mr. Rogers' proof that any invariant of a pwre reciprocant (the proof 
will not hold for impure ones) is a pure reciprocant ; or rather I use his method 
to prove the analogous theorem that any invariant of an invariant is itself an 
invariant. It will be seen hereafter that this same proof applies to pwre recipro- 
cants with only trijfling changes; but the proof as given by Mr. Rogers requires 
some further considerations to be gone into for which we are not yet ripe. 

Consider, for the sake of simplicity, the binary Quintic 

(a, 6, c, d, e,f\x, yf, 

and let / be any invariant of it (satisfied or unsatisfied) ; then 

/= aj^ + a,/»-» + o^'*-* +.... + a,, 

where ao, Oi, o^, . . . . a,^ do not contain/, but are functions of a, 6, c, (;?, e alone. 
Let the Protomorphs for our Quintic be denoted by -4, jB, G, D, E, F\ then 

F= c?f— babe + 2acd + SVd + 66c*. 

Eliminating /from /by means of this equation, we have 

Ia^= A^^ + A,F^-^ + A,F^-^+ + A^, 

where Aq^ A^, A^, , . . . A^ are all of them invariants (not necessarily integral 
forms, but this is immaterial to the proof, for H annihilates fractional and integral 
invariants alike). For 

a{Ia'^)=a{A,F- + A^F--'+ . . . . + A,), 

and, in consequence of /a*" and ^ being invariants, so that, as regards fl, ^may 
be treated as if it were a constant, this becomes 

= F^^aA^ + F^-^aA^ + F^-^£iA^ + + £iA^, 

in which the coeflBcients of the several powers of F must be separately equated 
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to zero. In other words, jl<), J., , -4,, . . . . JL^ are all of them invariants- Now* 
any invariant of 

is a function of -4o, Ai A» • • • • -^» ^^^ therefore an invariant. 

(N. B.— We oannot assume that any function of general reoiprocants is its^ a reciprocant.) 

Again, since 

AJP^+ . . . .+^, and a«/*+ . . . . +a^ 

are connected by the substitution 

-F= ay — babe + . . . . i 

which is linear in respect to the letters F and /, any invariant of 

is (to a factor prba, that factor being a power of a which is itself an invariant) 
equal to the corresponding invariant of 

aj^+ +a^. 

But every invariant of the former has been shown to be an invariant of the 
original quantic, and therefore every invariant of the latter is so also. 

I add some examples in illustration of this theorem : 
Ex. 1. Take the invariant of the Quintic 
ay— 10ab€f+ 4acd/+ \6Vdf— \2h(?f+ 16ac6*+ 9iV— I2a^e—16hcde 
+ 480^0 + 48 JcP — 32c»cP. 

The discriminant of this, considered as a quadratic in /, is 
a*(16ace*+ %V<?— 12a(JPe—76bcde + 48A + ASbd^— 32c*cP) 
— {5abe — 2acd = 86»d + 66c»)» 
= 16a'ce*— 16aVe*— 12a^cPe—&6a^bcde + 48aV6 + SOab^de — 60aVc^e + ASa^bcP 

— 36a^c»(?— 32a6*cc?— 646*(?+ 24ab<^d + 966Vrf — 366*c*. 
It will be found on trial that this is divisible by the invariant 

4(ae— 4W + 3c»), 
the quotient being 

4a*ce — 4a6»c — 3a*t?+ 2abcd + 4b^d — ZV<? 

= 3a(acc— 6^e — acp+ 26cd — c») + (ac — 6»)(a6 — 4Jc« + 3c») , 

Thus the discriminant of the quadratic in /, i. e. of the invariant 
ay*— 2/(5a6e — 2md + 86»d— 66c*) + , 

is shown to be an invariant. It will further illustrate the proof of the theorem 
Vol. vm. 
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if we remark that precisely the same invariant is obtained by eliminating / 
between the above form and the protomorph 

ay— 5abe + 2acd + %Vd — 6Jc?. 

Ex. 2. If we take the pure reciprocant 

45a^(?— 450a*6cd + 400a J'd + 192aV+ 165a6V— 4006*c, 

which, from its similarity to the Discriminant of the Cubic, I have called the 

Quasi-Discriminant, and form its discriminant, when regarded ajs a quadratic in d, 

we find 

45a«(192aV+ 165a6V— 4006*c) — (225a»6c— 200a6^)*. 

If, in this expression, we write P = 3ac — 56', so that 3ac = P + 66', it becomes 

5.64a»(P+ 567+5.165a»i*(P+5y)*— 15.400a*i*(P+56»)— 625a*6»(3P+767. 

On performing the calculation it will be found that all the terras involving h will 
disappear from this result, and there will remain the single term 320a*/^, ». e, 
320a* (3ac — 56*)', which is a reciprocant. 



LECTURE VIII. 

In my last lecture the complete expression, both in terms of the modified 
and unmodified letters, was obtained for F, the annihilator for pure reciprocants 
assuming its existence and its form. These assumptions I shall now make good 
by proving, from first principles, the fundamental theorem that the satisfaction 
of the equation VR = 

is a necessary and sufficient condition in order that R may be a pure reciprocant. 

It will be advantageous to use the modified system of letters, in which 

4^ A Q ^y ^ ^y ^ ^y ^ ^y 

«, Oo, «!, «»,..•. stand tor -^ , y-2 . ^ , j-g-g . ^. . j-gyg-^ . ^ ,... . 

, ^ 1 cPa? 1 cPa; 1 cftc 

ana ao , ai , a„ . . . • lor — . ^ , ^-^^^ . ^ , j-^Tg:^ ' d^ - ' ' • 

respectively. Let the variation due to the change of x into x + ey, where e is 
an infinitesimal number, be denoted by A. Obviously this change leaves the 
value of each of the quantities a©, ai, a,, . . . . unaltered, and therefore 

Ai2 (ao > 0^1 ) ^2 ,....)= , 
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whatever the nature of R may be. But when £ is a pure reciprocant, 

i2(ao, ai, Oj, ....)= ± t*^R{a^j ax, a,, . . . .), 
whence it immediately follows that 

Ar'*i2(ao, Oi, a,, . . . .) = 0.* 
Before proceeding to determine the values of 

Af, Aoq, Aai, Ao,, .... 
it will be useful to remark that since 

-^ = <, ^= 1.2.00, ^= 1.2.3.01, 

we have ^ = 2ao, ^ = Soj, . . . . 

and generally ^ ~ (^ "^ ^) ^«+i • 

Now let \t\ denote the augmented value of t, and in general let [] be used to 
signify that the augmented value of the quantity enclosed in it is to be taken. 
Then r .-i _ dy _ dy dy _ t 

= 2oo — Setao ; 
i. e. [oo] = Oo — SetoQ. 

Reasoning precisely similar to that which gave 

2K]=.(l-eO^[0 
leads to the formula 

(n+3)[o, + J = (l-60-^W, 

from which the augmented values of oi, ^, 03, . . . . may be found by giving to 
n the values 0, 1 , 2, .... in succession. Thus, writing w = 0, we have 

* It has been Buggoeted by Mr. J. CheyaUier that the proof might be simplified by considering the 
variation Aa7 T i2 (gq , a^ , a, , . . . .) instead of M ''iS (Go , ai , a, ,....) • 
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3 [aj = (1 _ri)^ K] = (1 -^) -^ («o- 3rfao) 

= (1 _ g<)(3ai— Sftai— 660?) = 3ai— c(12toi+ 6aJ), 
or [aJ = tti — € (4toi + 2aJ) . 

Similarly, when n = 1 , 

4 [a,] = (1 -rf) ^ [aJ = (l-rf)-^ (a,-4fta,- 2mJ) 

= (1 — f<)(4aj— IBcfeiji— 20€flv»i) 
= 4a, — 20£to, — 2Ofia0ai, 
and [aJ = Oj — 5e (fa, + difli) . 

Again, 5 [a,] = (1 — a<) -^ [a,] = (1 — «<) -^ (ag— 5rfa,— Sfo^O 

= (1 — £^(508— 25efa8— SOfOoO,— ISwJ) 
= 5a, — 30etog— SOeOoO, — IScoJ, 
80 that [og] = Og — £ (6fa3+ eooOt + 8aJ). 

In like manner we shall find 

[aJ = a4— 78 (tei + OeOg + «i«»)- 
These results may be written in a more symmetrical form ; thus : 

2[<] =2t—26f, 

2[ao]= 2ao— S6(too+«o<), 

2 [aJ = 2ai— 4€(tei + aJ + a^t)^ 

2 M = 2a|— 5e(fa,+ a(^*+ «i«o+ «jO» 

2 [a,] = 203— 6f (ta8+ OoOsH- aJ + a,ao+ aji), 

2 [aJ = 2a4— 76 {ta^ + aotts + (hfh + a^K^i + «8«o + <^it) • 
The general law 

2[a^] = 2a«— (n + 3)6(fa«+aaan-i+ +a«-iao+anO> 

or, as it may also be written, 

n. -I- ^ 

Aa«= 2~ H(fa« + aoan-i+ + an-i«o+anO, 

admits of an easy inductive proof. 

Assiuning the truth of the theorem for [a J , and writing for brevity in 
what follows, 

we have [aJ = a„— ^?^6/S;. 



Stltester: Lectarea on the Theory of Beciprooants. 245 

Now, 

JO 

^ = (n + 3)ta.+i+2aoa, 

+ (n + 2) a^, + 3aia,_i 
+ (n + 1) aia,_j + 4«f/i, _, 

+ + 

+ 4a,_,a,+ (n + 1) a^.jCii 
+ 8o,_ia, + (n + 2) a^Oo 
+ 2a,a,+ (n + 3)a, + i< 
= (n + 4)(to,+ 1+090,+ aiO«_i+ + o„_iOi+ 0^0,+ a^+it) — 2ta,+i 

Hence -^ [o,] = (n + 3)o,+i— ^ e{{n + 4) ^,+1— 2to«+i}. 

But, as we have already seen, 

(«+3)[o,+J = (l-e<)-^[o,]; 
consequently, 

i. e. the theorem holds for [a«^.i] when it holds for [o„] . But we know that it 
is true for the cases n = 0,l,2,3, 4, and therefore it is true universally. 
Resuming the proof of the main theorem, it has been shown that 

Ar''E(ao, Oi, oj, ....)= 0; 
i.e. — |ttr*A<+i2-*AB=0, 

or -/dEr^A< + -gA«o+^Aoi+-g^Ai,+ .... = 0. 

But A< = — c<», 

Aao= — 3etoo, 
Aoi= — c(4tai+2aj), 
Aa,= — c(5<o,+ 5o^i), 
Ao, = — e (6ta,+ eooO, + 3c^), 
A04 = — e (7te4 + 7ooO,+ TojO,) , 



and consequently 

<(/!* — 3a^.,— 4oia„,— 5o^^— 6o,a„,— 7a4a„.— )i2 

-{4(^)a„.+ 6(ooOi)a..+ 6(a^+|-)a,.+ 7(o„o, + OiO»)a,.+ ....}i2 = 0. 
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This is equivalent to the two conditions 

(3«o9a.+ 4aia„,+ 5a,a„.+ )B = (iB 

and FB=0, 

where 

F= 4(^)a,,+ 5 {a^)da. + 6 (a^+ -|-) 3,, + 7 (0^03 + cha,)d,^+. . . . 

I!or greater simplicity I confine what I have to say to the only essential 
case, to which every other may be reduced, of a homogeneous pure reciprocant. 
The equation 

(Sooaa. + 4aA, + 6a,a,. + ....) B = (iB 

shows that for every term w + 3i is constant ; i. e. w is constant and therefore 
the function B is isobaric. This is also immediately deducible from the form of 
the relations between Oo, ^i »«,,.•••; a© » oti, o^, .... , and, what is important 
^ to notice, for future purposes, 

F{a^, Oi, a,, . . . .) — ff'F{aQ, ai, a,, . . . .), 

when J'' is a homogeneous isobaric function, and (i=^W'jr3i is itself a homo- 
geneous function of (ao, ai, a,, . . . .), whose degree is the same ag[ that of F. 
The only condition affecting B, a function of Qq, ai, a,, .... , supposed 

homogeneous and isobaric, is 

VB = 0. 

I shall now prove the converse, that if B=^ F{aQf Uu 02^ . . . .) (being 
homogeneous and isobaric) lias V for its annihilator, then B is b. pure recipro- 
cant. Let D be the value of F{ao, Ox, a,, . . . .). — ff'F{a^, ax, a,, . . . .) 
expressed as a function of a©, Oj, a,, . . . . alone. Then D will be .a function of 
the same type as F{aQ, aj, a,, . . . .). 

Suppose that AD = ; 

i, e. that the variation of D due to the change of x into x + ey vanishes in 
virtue of the equation VB = . 

Let D become U when y receives an arbitrary variation y + i^u, where 97 is 
an infinitesimal constant and u an arbitrary function of x ; then the variation of 
ly will vanish when x is changed into x + ey + eyju, and consequently when x is 
changed into x + ey the variation of ly will also vanish. Hence 

Aiy = o, 

and if we take the difference of the variations of D and ly, we shall find 
A(v!'^D'\'v!"^D + vr4'D + ) = . 
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Now, the arbitrary nature of the function u shows that we must have 

and if we reaaon on -7- i) , 3- i?, .... in the same way as we have on D, we 

ooo ctoi 

see that the variation A of each of the second differential derivatives of D will 

also vanish ; and, pursuing the same argument further, it will be evident that 

the A of any derivative ofD, of any order whatever, with respect to tio, ri^ , cig, , . . . 

will vanish. Hence D = ; 

for if this is not so we may, supposing D to be a function of degree i in the 

letters a^^ ay^ a^ , take the A of each of the differential derivatives of D 

of the order i — 1 ; each of these variations would vanish by what precedes ; 

i\ €. the variation due to the change of x into x + ey of each of the letters 

a^j ai, a^i . , , , contained in D would be identically zero, which is absurd. We 

see, therefore, that when A2)= (i. e. when B is annihilated by 7), D = 0, or 

F{ao, Oi, a, ) = tf'F{aQj cii, a,, . . . .), 

which proves the converse proposition. 

It will not fail to be noticed how much language, and as a consequence 
algebraical thought (for words are the tools of thought), is facilitated by the use 
of the concept of annihilation in lieu of that of equality as expressed by a 
partial differential equation. 

It is somewhat to the point that in the recent two grand determinations of 
the order of precedence ajnong the so-called fixed stars relative to our planet, 
aa approximately represented by the intensities of the light from them which 
reaches the eye^ the one is directed by the principle of annihilation, the other 
by that of equality. Prof. Pritchard's method essentially consists in determining 
what relative thicknesses of an interposed glass screen, effected by means of a 
sliding wedge of glass, will serve to extinguish the light of a star ; that employed 
by Prof. Pickering depends on finding what degree of rotation of an interposed 
prism of Iceland spar (a Nicol Prism) will serve to bring to an equality the 
ordinary image of one star with the extra-ordinary one of another. As these 
intensities depend on the squared sines and cosines of this angle of rotation 
measured from the position of non-visibility of one of them, it follows that the 
tangent squared of the twist measures the relative intensities by this method. 

Hereafter it will be shown that if ^ is a homogeneous isobaric function of 

y, y, 2/', /', . . • . 
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whose weights are reckoned as 

— 2,-1,0, 1, 

then, when x becomes x + hy^ where h is any constant quantity, F becomes 

{l + Uy^e'^'^F, 
where < = 3/, Fi = — <*a, + F, and /[£ = 3i + ii? , 

i being the degree and w the weight of F . 

From this, by an obvious course of reasoning, could be deduced as a particu- 
lar case the condition of F{a^^ a^, a,, . . . .) remaining a factor of its altered 
self when any linear substitutions are impressed on x and y] viz. the necessary 
and sufficient condition is that F has V for its annihilator. 



LECTURE IX. 



The prerogative of a Pure Reciprocant is that it continues a factor of its 
altered self when the variables x and y are subjected to any linear substitution. 
Its form, like that of any other reciprocant, is of course persistent when the 
variables are interchanged ; i. e. when in the general substitution, in which y is 
changed into fy + g^ + h 

and X into fy + flf'a; + h\ 

we give the particular values A= 0, A' = 0,/= 0, {/ = 0,/'= 1, gr= 1, to the 
constants. Stated geometrically, the theorem is that the evanescence of any pure 
reciprocant JB indicates a property independent of transformation of axes in a 

plane. We suppose i2 to be homogeneous and isobaric in a, 6, c (If it 

were not, the theorem could not hold, for either the change of y into xy or that 
of cc into Xx would destroy the form.) 

The persistence, under any linear substitution, of the form of pure recipro- 
cants may be easily established as follows : 

By a semi'svhstitution understand one where one of the variables remains 
unaltered. There are two such semi-substitutions, viz. where x remains unal- 
tered, and where y does. 
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r. Let X remain unaltered and y become yy + gx + h; then a, ^, c, • . • • 
become ya,/6,/c, .... respectively ; and therefore 

12 (a, i, c, . . . .) becomes /*i2 (a, i, c, . . . .), 

where % is the degree of 12. 

T. Let y remain unchanged and x become fy + sfx + K. Then, instead of 
R, I look to its equal 

%. e. to gir''R{a, /?, y, . . . .)> 

which becomes ?(/ + S^T)-''gf'*JB(a, i3, y, . • . .)• 

Since i2 is a reciprocant, this is equal to 

or, replacing t by its equivalent — , 

Thus we see that the proposition is true for a semi-substitution of either 
kind. Consider now the complete substitution made by changing y into 

fy + gx + h. 

and » into Fy+ Qx + H. 

If /= and 6r = 0, then 33 1 ^4 1 • . . • become -^ . 3^ , -s • t^ > ; so that 

^(a, 5,0,....) becomes jp^+w • ^(^i i^> >^> * ^ * Ov ^^^ since this is equal to 

j,^.2r'*i2(a, 6, c, ), 

the proposition is true. 

But if either of the two letters /, G (say /) is not zero, we may combine two 
semi-substitutions so as to obtain the complete substitution, in which y changes 
into Jy + gx + h 

and X changes into J^y + Ox-^- H. 

l^ Substitute yi {=/y + grx -|- A) f(w y , and Xi (= x) for a. 

T. Then substitute y, (= y^) for y^, and x^ {=fyi + sf^ + K) for a?|. 
By the first of these semi-substitutions 

Riflj bf c, . • . .) 

Vol.. VIII. 
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takes up an extraneous factor/*. By the second it acquires the factor 

Hence we see that the extraneous factor is a negative power of a linear function 
of tj which we shall presently particularize, though it is not essential to the 
present demonstration to do so. 

It only remains to show how the combination of these two semi-substitutions 
can be made to give the complete one in question* We have 

Vt = Vi —fy + fl^» + A 
and x^ - fy^ + c/ici + A' = / (/y + graj + A) + (/« + hi 

=ffy + {fg^^)x + {fh + K). 

In order that this may be equal U} Fy + Gx + H^y^B must be able to satisfy the 
equations xi — ^ ^ — n 9^ xt — tt *^ 

which is always possible, since by hypothesis / is not zero. Similarly it may be 
shown that when /vanishes, but Q does not, by substituting 

r. Xi{—Fy+ Gx + H){oTx, and yi(= y) for y, 
2^ x^l= xi) for X,, and y, (=/'yi + /xi + A") for y^, 

we may so determine /', gr", A" as to get the complete substitution as before. 

In every case, therefore, any linear substitution impressed upon the variables 

X and y will leave B {a, b^ c ) unaltered, barring the acquisition of an 

extraneous factor which is a negative power of a linear function of t. 

Now, the first semi-substitution introduces, as we have seen, the constant 
factor /* ; 

the second introduces the factor 

where ^=Ji-\-g. 

The complete extraneous factor is the product of these two, and is therefore 

To express f and jf in terms of the constants of the complete substitution we 



I 

L 
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Writing these values for/' and g' in the expression jiist foundp we obtain 

which is the extraneous factor acquired by B when the complete substitution is 
made. For example, if x becomes 

Fy-^-Gx + ff 
and ^ becomes fy + gx + h, 

the altered value of a fi. e. of -7^ is 

i/G-gF){Ft+G)''a. 
Corresponding to the simple interchange of the variables, we have 

F=l, e = 0, H=zQ;f=o^ g=lr A = 0, 
so that /G — gF= — 1 , 

and the altered value of a is -^ , 

a 

or • a = -7r, 

which is right In this case the general value of the acquired extraneous faetdr 

{fG — gF)\Fi + Gy becomes (— )'r^ 
thus showing, what we have already proved from other considerations, that the 
character of a pure redprocant is odd or even according as its degree is odd or 
even. 

We saw in the last lecture that every pure reciprocant necessarily satisfied 
the two conditions 

(where fi is the characteristic), and 

VE=0. 
We also saw that VR = was a sufficient as well as necessary condition that 
any Iwmogeneom function i2 of a^, ai, o^, . . . . should be a pore reciprocant. It 
will now be shown that every pure reciprocant is either homogeneous and 
isobaric, or else resoluble into a sum of homogeneous and isobaric reciprocants- 
Non-homogeneous mixed ones, it may be observed, are not so resoluble, so that 
the theorem only holds for pure reciprocants. 

1*'. Let us suppose that R (a pure reciprocant) is homogeneous in a,, , Ai , ag , 
. . , • ; then it must be isobaric also. For, if i is the degree of R ^ Euler's theorem 

shows that 

(3flr,a,^ + 3a,8„, + 80,3,.+ Za^,^ + ...)R= ^iR\ 



'^ 
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and since jR is a pure reciprocant, the condition 

is necessarily satisfied. Hence 

(« A, + 2ai8,, + ^CL^a^ + ....) R = (iJi — Zi)B = a constant multiple of JR, 
which is the distinctive property of isobaric functions. 

And, vice versa^ if i2 is homogeneous and isobaric of w.eight v) and degree i^ 

then (8aoaa,+ 4aA, + 5a,8a.+ )R= {w + Zi)R = fiR. 

Thus homogeneous pure reciprocants are also isobaric and their characteristic 
is 3i + ti;. (This property is also true for mixed reciprocants, as we have 
previously shown.) 

V. Suppose that R is not homogeneous, but made up of the homogeneous 

parts R,, R^f, R,,,, 

Then, since F(JB, + i2,, + i?,,, + ) = 

is satisfied identically, it is obvious that 

VR,+ VR,,+ FJB,,,+ ...: = 
must also be satisfied identically. 

But since all the terms are of different degrees, the only way in which this 
can happen is by making VR„ VR^ ^^m^ . . . • separately vanish. Now, 
R,^ Rjf, Rff^, .... are by hypothesis homogeneoua functions of Oq, o^, a,, . . . . , 
and it has just been shbwn that each of them is annihilated by F, which has 
been shown to be a sufficient condition that any homogeneous function of 
^f <^} ^> • • • • ^&7 ^6 & puf^ reciprocant. Thus each part i2^, JR^^, Rf^fj .... 
of JB is a pure reciprocant 

Also, the condition 

{^o3a. + 4a^da, + 6(hda, + . . . .)R = (iR 

shows that if ii , ii^i ; i,, t^, ; ij, tr, ; . . . . are the deg. weights of R,^ R^^j JJ^^^ , . , . . , 
we must have 

3h + «?i = f£, 3^ + «?ii = /i£, 3<, + «?8 = i^f • • • • 

Thus non-homogeneous pure reciprocants are severable into parts each of 
which is a homogeneous and isobaric pure reciprocant, the characteristic of each 
part being equal to the same quantity (i, which is the characteristic of the 
whole. 

I will now explain what information concerning the number of pure recip- 
rocants of a given type is afforded by the equation VR = . Let 

Aa^ai'ai' . . . . a^ 
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be a term of a homogeneous isobaric function (with its full number of terms) 
of Oo, Oif Oi, , . . . ajj whose degree is i, extenty, and weight w^ and which we 
will call B. 

Then in the entire function there are as many terms as there are solutiona 
in integers of the equations 

In other words, the number of terms in jS is equal to the number of ways in 
which w can be made up of i or fewer parts, none greater than^, This number 
will be denoted by (w] i,J) . 

Since the function B is the sum of every possible term of the form 

each multiplied by an arbitrary constant, the number of these arbitrary constants 

is also (^;*iy)« 

Now, suppose 12 to be a reciprocant ; this imposes the condition 

7B = 0. 
Consider the effect produced by the operation of any term of 

F=4 (I) a,. + 5a«aA, + 6 (a^ + ^) 3,, + , . _ . , 

say r 01^03+ -^J 3„^ (rejecting the numerical coeflBcient 6). 

Operating on B with 3«, decreases its weight by 3 and its degree by 1 unit. 

a' 
The subsequent multiplication by 000, + -—- , on the other hand, increases the 

weight by 2 and the degree by 2 units. Hence the total effect of [ OoOi + ~\ d^^ 

b to increase the degree by 1 and to diminish the weight by 1 unit. The same 
is evidently true for any other term of V. Thus the total effect of V operating 
on the general homogeneous isobaric function B of weight w, degree i, extent 
y, ia to change it into another homogeneous isobaric function whose weight, 
degree and extent are respectively w — 1 , t + 1 , y . Observe that the extent is 
not altered by the operation of V. 

It is easily seen that the coeflScients of VB are linear functions of the coeflS- 
cients of J2; e. g, if 

B = Ac^ + Bofflio^ + (7of , 

7i2 = oJo,(6^ + 25) + o5af(3^ + 5B+ 6(7), 
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Hence the eondition VR = gives us (to — 1 ; ♦+!,/) Kneao' equations between 
the {w; iyj) coefficients of R\ so that, aaavmmg that these equations of condition 
are all independent, after they have been satisfied the number of arbitrary con- 
stants remaining in B {i. e. the number of linearly independent reciprocants of 
the type w] i^j) is equal to 

{w]i,j) — {w—l\i+ l,y) 
when this difference is positive ; but when it is zero or negative there are no 
reciprocants of the given type. 

If, however, any r of the {w — 1 ; t + 1 , ji) equations of condition should 
not be independent of the rest, these equations would be equivalent to (ti? — 1 ; 
i + 1 , y) — r independent conditions, and therefore the number of linearly inde- 
pendent reciprocants of the type w',i,j would be 

(^; iij) — {w — l;i+l,j) + r. 
It is therefore certain that this number cannot be less than 

^w; i, j) — (w— 1; i + 1, j). 
We shall assume provisionally that r = , or in other words that the above 
partition formula is exact, instead of merely giving an inferior limit. Though it 
would be unsafe to rely on its accuracy, no positive grounds for doubting its 
exactitude have been revealed by calculation. 

Such attempts as I have hitherto made to demonstrate the theorem have 
proved infructuous, but it must be remembered that more than a quarter of a 
century elapsed between the promulgation of Cayley's analogous theorem and 
its final establishment by myself on a secure basis of demonstration. 



LECTURE X. 



I will commence this lecture with a proof of Capt. MacMahon's theorem 
that if R is any pure reciprocant and (i its characteristic (i. e. its weight added 
to three times its degree), 

where j/^ may be replaced by either 2ao or a, according as the modified or 
unmodified system of letters is employed. 
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Instead of a pure reciprocant, let us consider any homogeneous isobaric 
function F of degree i and weight w] and [for the sake of simplicity writing 

9, for -~\ instead of the operator V^d^ let us consider Y^d^ — d^ F™. We have 
identically 

+ 

+ (78,— a,F)7— ^a^-^i?* 

+d^{V^dl-^~dl''^V^)F. 
NoWt the operation of (73, — 3*7) on any homogeneous isobaric function 
whose characteristic is f^i is equivalent, as we have seen in Lecture VII, to 
multiplication by jttiy ; so that if the characteristics of 

3:-^^, Yd%-'F, y^di-'F y^-^d^,-^F 

are ^1 » i^% 1 F» i^t 

it follows that 

( 7~3: - 3: 7-) =(fi^i+i«,+i£*3+ - . • ^ +fi.)y' F— ^sr 'J^+ a.( 7-3r '-a:-' f») j^- 

Observe that 

7^-'(73, — 3,F)^-^i?'=7™-Vy3r'i^=fiiy'7"*-^3:-^J', 

where tlie transpOBition of the y is permissible because 7 does not act on it; but 

if y were preceded by 3^, it could not be similarly transposed. 

The numbers /£i, f^,, /i^j • . - . form an arithmetical progression, for each 

operation of 7 increases the degree by unity and diminishes the weight by 

unity, so that 

^j =r 3^1 + tt'i become ftj = 3 {%i + l) -{-{w^ — 1) = ^i + 2 _ 

Similarly ^3 = ^1+ 4, ^^ = ^4+ 6, . . , , p™ =/t^i+ 2m— 2. 

The characteristic of F being 

^ = 3i + w, that of 3^~^J^ is ^1= ii-^- n — 1 ; 

for each operation of 3^ leaves the degree unaltered, but adds an unit to the 

weight I hence 

f'i+^ + f'B+ +fi^=77i(/i + 7n + n— 2); 

so that 

(7™3;— 3:7''0J?'=w?(^+m+ft— 2)/F"-^3:-*^+3^(7^^-*— 3:-'F'™)J: (1) 



=^ ■ ^'«i? ^ 



256 Stlvbstbb : Lectwea on the Theory of BedprocanJta. 

9 

When F=^Bf 9L pure reciprocant, so that FjB = 0, our formula becomes 

F«*a:72=m(f£ + m + n— 2)y"F'"-^a:-^i2 + a„F'»a:-^i2. (2) 

Suppose that in (2) wi>n, then F*3;i2=0. This is obviously true when 
n = , and when n = 1 . When n = 2 we find 

V^diB = m{ii + m)y"F*-ia.i2 + d^V^d^R 
= if wi > 2. 
Similarly the case n = 3, m >> 3 can be made to depend on n = 2 , m >^ 2, and in 
general each case depends on the one immediately preceding it. Next let n=m 
in (2); then, remembering that V^d^^^R^:, 0, we have 

F*ari2 = m(/i£+ 2m— 2)y"F*-^ar-^i2, 
from which MacMahon's theorem that 

F*ari2 = l. 2.3 . ...m\n{ii+2){ii + A) (^ + 2m — 2)\{f/TR 

is an immediate consequence. 

Another special case of Formula (1) is worthy of notice, viz. that in which 
we take n = 1 , when we obtain the simple formula 

(F*a,-a,F«)i^=m(,£ + m— l)y"F— ^#. (3) 

If in this we write a^ in the place of Fy and (the modified system of letters being 
used) 2^0 for y", ^i becomes 3 + n, and we have 

(F*a. — a.F*K= 2m(m + n+ 2)aoF*-*a,„ 
or, as it may also be written, 

y^djin - d,V^a^ 2(m + n+2)aoF^-^a. ,x 

1.2.3 m 1.2.3 m~ 1.2.3 (»»— 1) * ^^ 

Mr. Hammond remarks that this last formula may be used to prove the 
which was given without proof in Lecture II. Assiuning that 

we have to prove that the theorem is also true when n is increased hj unity. 
Differentiating both sides of the assumed identity with respect to a;, we find 

= _ t-'^-'d.a, + r — *{ a. Va, + 2 (n + 3) a^^} 

+ .... ; 
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the general term being 

^ ^ U.2,3 m^ 1.2,3 (t»— 1) i 

which, by means of (4), reduces to 



1.2.3 m' 

Hence 

a,a,= - <-*-»a.a. + t—'Vd,a^-t—' ^^ + 

or, more concisely, g^^^^ _ ^ 3(,- r^^g^^^ 

But 9,an = (n+8)an + i, and 9^» = <aya„ = (n+ 3)to,,^.i, 

and therefore (n + 3)to.+,= -(n + 3)r'*-»G"")an4.i, 

The theorem is eaaily seen to be true, forn = 0, 1 , 2, and is thus proved to be 
true universally. 

I will now return to the point at which I left off in my previous lecture. 
We saw that the exactitude of the formula 

for the number of pure reciprocants of the type tx7;t,y could not be inferred 
with certainty unless we were able to prove that the {uo — 1 ; i -|- 1 , /) linear 
equations between the coefficients of jB, found by equating VR to zero, were all 
of them independent. A similar difficulty presents itself in the proof of the 
corresponding formula {wji^j) — {w — 1; i^j) in the invariantive theory ; but 
in that case I succeeded in making out a proof of the independence of the 
equations of condition founded on the fact that n**0*/is a numerical multiple 
of/, where /is any invariant, and A, are. the well-known operators 

I have since discovered a second proof of the theorem for invariants which, 
though very interesting, is less simple than my first; but neither of these 
methods can be extended to the case of reciprocants. 

It was suggested by Capt. MacMahon that the fact that V^d^R is a numeri- 
cal multiple of a'^R ought to lead to a proof of the theorem for reciprocants 
Vol. vni. 
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similar to that obtained for invariants by my first method, alluded to above, but 
this I find is not the case ; and indeed it is capable of being shown a priori that 
it cannot lead to a proof. One great distinction between the two theories, which 
is fatal to the success of the proposed method, is well worthy of notice. 

If {w ; iyj) — {w — 1 ; if y) => (I shall sometimes call this positive), then 
(«£/; i,j) — {uf — 1 ; i, j) => for all values of id less than w ; 

the condition that this difference, say A{w]i^j) shall be positive being simply 
that ij — 2to is positive (i. e. ij — 2io=>0). This is not the case with the 
difference {w] i, j) — {w — 1 ; i -|- 1 ,y), say E (tr; i, j) ; it by no means follows 
that if this is positive for a given value of to (i, J being kept constant), it will be 
BO for any inferior value ofw. 

We may illustrate geometrically the condition iJ— 2u?=>0, which holds 
when A{w]ifJ) is non-negative. 

Let (i,y) be co-ordinates of a point in a plane and draw the positive branch 
of the rectangular hyperbola 

iJ — 2t^?= 0. 

1 A 



«/— 2w>0 




Then, iJ — 2t(?< for all points in the area YOXBA between the curve and its 
asymptotes ; but for points on the curve AB^ 

i; — 2ti;=0,, 

and for all points of the infinite area on the side of AB remote from the origin, 

ij— 2«i?>0. 

Thus, for all points which lie either on or beyond the curve AB^ 

A{w\i^ J) is non-negative, 

and for all points between the curve and the asymptotes 

A {w ; i, j) is non-positive. 
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We have here considered w as constant and i,/ as variable, but in the case 
where all three are variable we should have to consider the hyperbolic paraboloid 

ij— 2tr = 0, 

of which the curve AB is a section, by the plane w = const. ; and the condition 
of A(t(;; i,y) being non-negative or non-positive depends on the variable point 
(i, y, w) lying in the one case on or beyond the surface, and in the other between 
the surface and the planes of reference. 

The function of i,/, w^ whose positive or negative sign determines in like 
manner that oi E{w\%^ J), cannot be linear in w. What its form is, or whether 
it is an Algebraical or Transcendental function, no one at present can say. Indeed, 
except for the light shed on the subject by the Algebraical Theory of Invariants, 
it would have been exceedingly difficult (as I know from vain efforts made by 
myself and others in Baltimore) to prove the much simpler theorem that 
A (tr; i, J) is positive (i. e. non-negative) when ij — 2w is so. It amounts to the 
assertion that the coefficient of a^x^ in the expansion of 

1 — x 

(1 _aXl — ax){l —aa?) {l — ax^ 

is always non-negative, provided that ij — 2w is non-negative. 

This is a theorem of great importance in the ordinary Theory of Invariants, 
and may be seen to be a consequence of the fact, which I have proved, that 
(using \w] i,y] to denote a function of the type w] i,y having its full number 
of arbitrary coefficients) there are no linear connections between the coefficients 
oi £i\w) i,y] when ij — 2t^=>0; but no one, as far as I know, has ever 
found a direct proof of it. 

Viewing the connection between the two theories of Invariants and Recip- 
rocants, I think it desirable to recapitulate with some improvements the proof, 
given in the Phil. Mag. for March, 1878, of the theorem that the number of 
linearly independent invariants of the type w] iyj is exactly A(«?; t,/) when 
this quantity is positive, and exactly zero when it is or negative. 

As regards reciprocants, at present we can only say that the number of 
linearly independent ones of the type w] i, j is never less than E{w] i, /), 
leaving to some gifted member of the class to prove or disprove that the first is 
always exactly equal to the second. The exact theorem to be proved in the 
theory of invariants is as follows : 
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If y_ 2«?=>0, the number of linearly independent invariants of the 
type wi i, j is A (to; %,j). 

If ij — 2w? <C 0, the number of such invariants is zero ; i. e. there are none. The 
proof is made to depend on the properties of 

and of = afia^_^+ 2a;-i9a,_,+ 3a^-»9a,^,+ +j<h^ar 

If U be any homogeneous isobaric function of degree i and weight w in the 
letters a^^ Oi, o^, . . • • o^, it is easy to prove that 

(no - on) u= {ij— 2tr) u, 

and consequently, if {7 is an invariant /, so that A/= 0, 

CiOI={ij—2w)I. 

I call ij — ato the exoem and denote it by 97, and shall first show that if 17 is 
negative /= ; i. e. there exists no invariant with a negative excess. This will 
prove that when A («?; i, j) is negative, t. e. when {w — 1 ; *, i) >(«?; »i j), the 
number of independent functions of the coefficients of [w; t,y] which appear in 
n [«?; *,y] is exactly equal to {w; i,j)f which is the number of the coefficients 
themselves. Clearly it cannot be greater ; for, no matter what the number of 
linear functions of n quantities msj be, only n at the utmost can be independent; 
there might be fewer, there cannot possibly be more. The complete theorem is 
that the number of independent coefficients in A [w; i^j'} is the eubdominant of 
two numbers : one the number of terms of the type w\i, y, the other the number 
of terms of the type w — 1 ; i, j. 

N. B.— That one of two numbers which is not greater than the other is caUed the sabdominant. 
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Bt Chablotte Anoas Soott, Bryn Mtxtor College, 

QtMrHaection <md Quinguisection. 

The equation for Quartisection may be written in a form somewhat simpler 
than that given by Professor Cayley in the Proceedings of the London Mathe- 
matical Society, Vol. XI (1879), pp. 11-14, viz. : 

»7* + >7»-»7»{i(i>-l) + ?+m} 
+ »7Ji(/+A)(i'-l)-U(i>+l) + 207-A)(?+m)} 
+ jm—\{l—inf{p—l) = 0, 
where X»= (a, i, c, d){X, F, Z, W), 

XY=(/,g,h,k)(X, Y,Z, W), 
XZ= (7, m, I, »»)(X, T, Z, W), 
and Z+m= i(2>— l)or i(3p + l) 

according as p= 1 or 6 (mod. 8), 

/+g + h + kz=kip-l), (1) 

a + b + c + d= — l — 2{/+g + h + k) — 2{l + m). (2) 

The simplification is in the coefficient of yj , which may be written 

^p{l-fn)-(l+m)]; 

and then we have for the equation for Quartisection 

V+V-{i(l>-l) + ? + m}>7* 

+ h{p{l-m)-{l + m)}v 
-k\pil-my—(l+my] = 0, 

where I — wi is the only quantity whose value in terms of p is unknown. 
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To find the coefficient of *i, viz. —XXTZ, 

2XTZ= TZW-h ZWX+ WXY+ XYZ 

= Z.TW+ W.ZX-\-X.WT-\- Y.XZ 
= (F+ W)XZ-\- (X+ Z) YW 
= (F+ W){1, m, I, m) + (X+ Z){m, I, m, I) 
= 2?(rZ+ ZW+XY-\- WX) 

+ «i(jr»+ Y*-\-Z*-\-W*+2XZ-\-2YW) 

— w»(a + 6 + c + <i + 2? + 2m) 
= - 2Z(/+ ^ + A + *) [by (2) 

+ m{l + 2(/+S' + A + A;)f 

= -(?-»n)^ + «» [by(l) 

= — h\p{l-m)-{l-\-m)\, 
.'. coefficient of >? = i {^(Z — m) — {l-\-m)\. 

In the Proc. Lond. Math. Soc, Vol. XII, pp. 15-16, and Vol. XVI, pp. 61-63, 
Professor Oayley considers the theory of the Quinquisection. He gives the 
expression of the fifteen coefficients in X}, XY, XZ in terms of five quantities 
a, p, ^,/,k, connected by two quadric equations and by the linear equation 

a + /3 + ^ = i(l>-l). 

Professor Cayley finds the expression of these coefficients in terms' ofa,fi,^,/,k, 
by induction from numerical examples, but refers to Mr. F. S. Carey's Trinity 
Fellowship Dissertation (1884) for proofs of equivalent formulae. From the 
form of Mr. Carey's results, I imagine that his proof is not the one here given. 
Using Professor Cayley 's "notation, /* is the number of positive integral solutions 
(with regard to X, ft, v) of the congruence 

y» + y«M + l = y*'+«(mOd.>^, 

where y is the selected prime root, and therefore yi'""^'^ — 1 (mod. p) ; t. e., 

y^= — l (mod. p) [p = lOp + 1] . "^.^ 
The congruence is therefore equivalent to. 

y5(P+^)+l^ y6.' + »=y«X^ 

the number of solutions of which gives the coeflScient of X in the product TZ} 
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This method is applicable to the coefficients in the products of the periods, but 
not to the coefficients in the squares of the periods, for, since there are five 
periods, complementary terms come in the same period. Thus the only systems 
of equalities that we get are 

A=:y = Z; i=in=:o. 

Write i(jp — 1) = X. We have then (see Prof. Cayley's paper) 

I/=X. I,k = X. 2a = — ! — ■«,. ) .. 

For the equation for Quinquisection we have 

coefficient of »?* = — 2X= 1 ; 

coefficient of yi' = S{XY+XZ) = — I/—Xh = —2X. 

The products of the periods in threes are such as ZWT or else such as TWT. 

SZWT= X. TZ-{'T.ZW-^Z.WT-{-W.TZ+ T. XY 

= XU, /, g, h, t) + T{i, J, /, g, h) + Z(A, i, J, /, g)+Wig, h,J, i,f) 

+ T{f,g,h,i;j) 
= /(XF+ YZ-\- ZW-\- WT-\- TX) 
-{•glxZ-{- YW-\-ZT-\- WX+ TY) 
+ h{XW+ YT+ ZX-\- WY-\- TZ) 
+ i{XT-{- YX+ ZY-\- WZ+ TW) 

+y (x» + r» + z» + F» + r») 

= (/+») V-2X+ (^ + h)Ve.l.X+j'^.XX 

= -;t(/+S' + * + »)+y(H-4;i) [by (3) 

= - j^(/+ </ + A + * +y) +y (1+ 6^) 

Similarly, 

^YWT=X.ZW+ Y. WT-^ Z. TX-\- W.XY-^ T. YZ 
= -^(/+S' + *+y) + »(H-4X) 
= — a»+in. 

/. coefficient of »?* = — 2 {ZWT + YWT) 

= 2;i»-i)(i+y) 

= 2;i»— p(a + /3). 

Write «i for fg-\-gh + U-\- ij-\-jf 

and «i iotfh -\-gi-\-hj-\- if-\-jg, 
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then 2rZTrr=2C;,/, g, h, %^h, ij,f, g) 

= «p5-r» + (»j + •,)2XF+ («i + 1^) 2XZ 

= - ^.2* - «, (V+ 2*) - «.(2a + V) 

= — X^— 2X«, + (1 + 3A,)«, [by (3) 

Now ^+2»i+2ii=R/]« = A,«, [by (3) 

and «, =fh + grt + V + */ +^7 

=/a + S'^ + a* + ^/+a^ 

= (« + ^)(/+17) + a' 

= (a + /?)(^ + a) + a* 

= ^(a + i3)-a|3, 
/. ooefiScient of jy = — ^' + j> |^(o^ + /3) — a/^} • 

The remaining term I have not succeeded in finding. The equation for 
Quinquisection is liierefore 

»?• + »?* -2^,7'+ |2(^)-i>(a + ^)}»;* 

- { (^)'-P t^(« + ^>-«^^ } '7 + [?] = 0. 
where ^ + a + /3 = i(2>— 1). 



A Contribution to the Theory of the General Eqtiation 

of the Sixth Degree. 



By p. N. Cole. 



The subject of the pretaent article was suggested to me by Prof. Klein, when 
I was a student in his Seminar at Leipzig, and I wish here to acknowledge my 
great indebtedness to him for valuable advice and suggestion, which have been 
of the greatest use to me. The fundamental idea of the entire treatment of 
the subject is due to him, as I have indicated below, and he might claim many 
of the particular methods involved as his own, if he should consider them worthy 
of such recognition. 

The modem theory of the equation of the fifth degree may be said to date 
from the demonstration by Abel of the impossibility of the algebraic solution 
of the general equation of the fifth degree,* and the establishment by the same 
mathematician of the algebraic equations for the division of the elliptic func- 
tions,t equations of which the general equation of degree five is essentially a 
particular case. With this latter discovery of Abel, two important steps were 
made. The actual solution of the general equation of the fifth degree was 
obtained, and its theory identified with that of certain elliptic functions whose 
• nature was fast becoming known through tha work of Abel and Jacobi, and, 
what was more important, ih^ formal constitution of the equation was ascertained, 
and thereby an important impetus given to a theory then just struggling into 
existence, but now become one of the most powerful of mathematical instru- 
ments — the Theory of Substitutions. Fifty years before Abel, Lagrange^ had 
succeeded in unifying the theories of the equations of the first four degrees, 
which, before his time, had been a set of detached facts rather than a theory. 

♦Crelle's Journal, Bd. I. 

t Abel: Oeuvres completes. Edition of Helmboe, 1881. 
X Mem. d. Berliner Akademie 1770-1. Oeuvres, T. III. 
vor.. VIII. 
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Encouraged by his success in this direction, he proposed a similar theory for the 
algebraic solution of the general equation of any degree. This theory, although 
it necessarily failed, contained the germs from which, later, the Theory of Substi- 
tutions developed. It was Evariste Galois* who understood how to reject what 
was erroneous in Lagrange's theory, and to adapt the remainder to the increased 
mathematical knowledge of his own day. He had succeeded in advancing the 
theory so far that he was able to make a direct application of it to this new 
discovery of Abel's. On this double foundation of the theory of the elliptic 
functions and the Theory of Substitutions, the theory of the equation of the 
fifth degree is based. Had Galois lived a few years longer, he would undoubtedly 
have constructed a tolerably complete theory of this and other equations, but, 
as it is, this theory has been one of slow growth. It may now be regarded as 
complete, and further investigation naturally takes a turn in the direction of the 
theory of the higher equations. 

To Hermitef and KroneckerJ we owe the greater part of our knowledge 
of the general equation of the fifth degree. The former started from the 
equation of the sixth degree, wliich Abel deduced for the division of the 
elliptic functions by 5, and obtained the general equation of the fifth degree as 
a resolvent of this. The latter operated with Jacobi's multiplier equation, which 
is also a resolvent of the equation of the fifth degree. For the further history 
of this subject, I refer to Prof. Klein'8§ work on the Ikosahedron, which I shall 
frequently have occasion to cite, and which abounds in historical information, 
and is particularly rich in footnotes. To this work, too, I refer for the elegant 
geometrical developments which in late years Klein has given to this theory, 
connecting it with the modern geometrical methods, and giving it a complete- 
ness which was wanting in the purely analytical theory. 

While the theory of the equation of the fifth degree is thus complete in all 
directions, that of the sixth degree is only just begun. Two methods of solution 
have been proposed, both analogous to the method for the fifth degree, but 
essentially different from each other in their points of view. Camille Jordan]] 



* ETariste Galois : Oeuvree mathematiques. Edited by LiouTille in T. XIV of Liouville^s Journal. 
t Hermite : Sur la resolution de T^quation du cinquieme degrd. G. R., t. 46 and 62. 
t Kronecker : Monatsberichte der Berliner Akademie, 1861. CrellOi Bd. 59. 

i Klein : Vorlesungen uber das Ikosaeder u. die Auflosung der Gleichungen vom f unften Grade. 
Teubner : Leipzig, 1884. 

II Traits des Substitutions, p. 880. 
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has shown that any algebraic equation of degree n may be solved by the aid of 
the formulae for the bisection of the periods of the corresponding hyperelliptic 
functions. This method would require the establishment of these formulae, and 
the reduction of the equation of the sixth degree to the form of a resolvent of 
them. This, so far as I know, has not yet been done. The second method was 
proposed by Klein,* and it is this method with which the present article has to 
deal. On account of the analogy of the method to that of the equations of 
lower degree, I prefix a short, and necessarily incomplete, account of the latter, 
referring to the original articles cited in the footnotes for complete information. 
The central feature of the theories of the equations of degree one to five is 
the important part played by certain groups of linear transformations of a single 
variable. In fact, the theory of these groups is, formally, the theory of the 
corresponding equations, and appears, under one metamorphosis or another, in- 
all the various phases in which their theory can be presented. The fourth degree 
is the first for which the group of linear transformation is of prominence. Here 
it is composed of the six linear transformations of the anharmonic ratio of the 
roots. The four roots have six anharmonic ratios, and, if one of them be denoted 

by ;i, the others, as is well known, are if -j- 1 1 — X, ^j t» ■ » — t~ , all of 

which proceed from any one by linear transformation. These six anharmonic 
ratios satisfy an equation of the sixth degree, which, of course, is not the general 
equation, but is characterized by the fact that every root is a rational linear 
function of every other root. This is the equation of the sixth degree which 
appears in the ordinary theory of the solution of the equation of the fourth 
degree ; it reduces at once to a cubic which may then be solved, and from these 
solutions those of the biquadratic are at once obtained. 

For the equation of the fifth degree, the matter is more complicated. Here 
the group of linear transformations contains sixty operations, which are repre- 
sented as follows : If we denote by e a number congruent to 0, 1 , 2, 3, 4, or 

00 mod. 5, and from 2/ = — ^-j mod. 5, then, by proper choice of a, /?, y, i, 

^ will be an integer, whichever quantity we take z congruent to. It is found 
that there are 60 sets of values, a, j3, y, 5, which satisfy these conditions.! If 



* Ikosaeder, p. 126, footnote. Math. Ann. XV. 
t See, say, Clebech : Geometrie, p. 89. 
X Netto : Substitutionentlieorie, p. 141. 
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we select any one of these sets, and put z successively congruent to 0, 1 , .... 4, 
00 mod. 5, we shall get for sf values congruent to • . . . (x>, but in a different 
order from the original. Now, a rational function of the roots of the equation 
of the fifth degree can be found,* which, when these roots undergo any even 

permutation, is linearly transformed by the formula ^' = [T^ • This function 

^ then plays to a certain extent the same part in the theory of the equation of 
the fifth degree which the anharmonic ratio X plays in that of the fourth degree. 
It satisfies an equation of degree 60, of which the coefficients involve no further 
irrationality than the square root of the discriminant of the given equation. 
There is, however, the important difference that the equation in X is simpler 
than the general equation of the fourth degree, while that in ^ is precisely the 
equivalent of the general equation of the fifth degree, and is neither more 
difficult nor simpler. In the language of the theory of substitutions, X belongs 
to the exceptional self-conjugatef sub-group of the general group of 24 permu- 
tations of the 4 roots, the result being that the group of the X equation is 
reduced to 6 permutations, while the ^'equation has still the group of 60 
subst. which the general equation of the fifth degree has after the adjunction of 
the square root of the discriminant. 

If the g's above be taken as suffixes of six quantities sc, every permutation 
of the z's will give a corresponding permutation of the a's. The resulting group 
of 60 substitutions could easily be identified with the monodromicj group of 
the modular equation of Abel and Her mite for the division of the elliptic 
functions by 5 , but this would be beyond the scope of the present article. For 
the same reason I can only make passing mention here of the identification of 
the group of linear substitutions of the ^'s with the group of rotations of the 
ikosahedron, and the connection with the line geometry of the surfaces of the 
second order.§ 

Of the greatest importance, on the other hand, for the present purpose, is 
the theory of the linear diflferential equations of the second and third ordens 
given in the third chapter of Klein's work. We have seen that the quantities 

* Klein : Ikosaeder, p. 187, where A. and f^ are such functions. 

1 1 have ventured to translate Klein *& ^^ ausgezeichnete Untergruppe " by ^* self -con jugate sub- 
group," and use this nomenclature in preference to the ^^groupe permutable " of Jordan. For the 
theory of this group see in particular Klein ^s book, pp. 88-9. 

t Camille Jordan : Traits, p. 277. 

{ Cf. throughout Klein ^s book. 
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^ above satisfy an equation of degree 60 with coefficients which are rational 
after the adjunction of the square root of the discriminant These coefficients 
may all be expressed as rational functions of a single parameter {Z of Klein's 
work). The roots of the equation are all obtainable from any one of these by 

linear transformation, A' = ^ , ^ , or ^ = , ^ » to follow Klein's notation. 

If this last equation be differentiated three times with respect to Z, we may 
eliminate a, ^, y and 6 from the four resulting equations, and obtain the 

differential equation -^ ^{r*')~/ s'C/y'* Either side of this 

equation is therefore an expression unchanged by any even permutation of the 
roots, and is therefore a rational functiop of Z. We have thus a differential 
equation which the quantities ^ satisfy, and may study the solutions of this 
equation, from which those of the general equation of the fifth degree are 
rationally compounded. 

The method proposed by Klein for the solution of the general equation of 
any degree is perfectly analogous to this. We have to seek a group of linear 
substitutions which shall be isomorphicf with the group of nl permutations 
belonging to the equation. Functions of the roots must then be found which 
undergo these linear transformations when the roots are permuted ; and finally, 
corresponding differential equations must be obtained and their solutions studied. 
In the present article, I have begun the determination of these differential 
equations for the case of the general equation of the sixth degree. 

First of all, a group of linear transformations must be found which shall be 
isomorphic with the entire group of 6!= 720 permutations of six things, or 
with the corresponding alternating group of 360 permutations. Here a short 
digression on the composition of the group of 7 20 permutations of six things, 
in which, as before, I merely indicate the sources of information, may not be 
out of place. First of all, this group contains the self-conjugate alternating 
sub-group of 360 permutations, for which the square root of the discriminant is 
the corresponding function. Next to this come, according to the law demon- 
strated by Bertrand and Serret,J the sub-groups of 120 permutations. By 

* Either side of this equation is the '' Sohwarzian Derivative " of Gayley. See Schwarz : Crelle, Bd. 
75. Also Klein : Ikdsaeder, p. 74, footnote, 
t Jordan : Traits, p. 56. 
t lb. p. 67. Serret : Algdbre sup^rieur, Vol. II, Chap. 3. 
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exception there are two of these, the ordinary intransitive group, affecting only 
five of the elements, and the extraordinary group containing only permutations of 
four, five and six elements.* As a result of the presence of this exceptional group, 
all equations of the sixth degree are connected in pairs, the roots of the two 
equations of each pair belonging respectively to the ordinary and the extraor- 
dinary groups of 120 permutations. There will be six of these groups of each 
kind. Half the permutations of each group will be odd and half even. The 
intransitive and imprimitive groups of lower orders are easily determined. The 
former are the system of sub-groups belonging to the general group of 5 elements. 
The latter are of orders which are divisors: (1) of 72, corresponding to the 
division of the six elements into two sets of three each ; (2) of 48, for two sets, 
one of two. the other of four elements ; and (3) also of 48, for three sets of two 
each. The primitive groups can contain no permutations which affect less than 
four elements.f They are to be determined according to the known methods.J 
If now we attempt to find a group of linear transformations which shall be 
isomorphic with the group of 720 or 360 permutations of six elements, we meet 
at the start with a certain difficulty. There is no such finite group of linear 
transformations of a single variable. The presence of such a linear group is a 
characteristic feature of the equations of the first five degrees, and seems to 
group these equations by theuiselves, as Klein has 8hown.§ Two ways offer 
themselves in which we can overcome the apparent difficulty arising from the 
absence of the linear group. On the one hand, we may look for infinite groups 
of linear transformations of a single variable ; on the other, we may introduce 
additional variables and consider finite groups.|| The latter method is that 
with which we are to deal. We inquire, then. What is the smallest number of 
variables for which a group of linear substitutions isomorphic with the 720 
permutations of six elements exists ? There is no such group for one or for two 
variables. There is, however, such a group for three variables, or, if we write 
our linear transformation in homogeneous form, for four variables, of which the 
ratio of three to the fourth will then be transformed by a non-homogeneous 
linear transformation. This group of ti'ansformations is best known under the 
geometrical form in which its theory has been treated in connection with the 

*Serret : Alg. eup., Vol. II, Chap. 3. Netto : Substitutionentheorie, pp. 124-5. 

t Netto, Chap. V. X lb. p. 125. 

I Klein, pp. 180-1. II lb. Chap. V throughout. 
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remarkable surface of the fourth order and class known as Kummer's surface,* 
and with theory of the complexes of the second order of Pliicker's Line 

Qeometry-t 

As is well known, the general equation of the second order in Pliicker's 
line co-ordinates denotes a geometrical configuration composed of cx>^ straight 
lines in space. These are so arranged that in every plane lie cx>> lines enveloping 
a conic section and through every point in space pass «>' lines, forming a cone of 
the second order. One condition being necessary in order that a conic section 
should break up into two points, or that a cone of the second order should break 
up into two planes, there will be <x>> planes for which the conic is a pair of 
points and <x>* points for which the cone is a pair of planes. The surface 
enveloped by those «>' planes and that traced out by the oo^ points are identical, 
and this surface, of which class and order are evidently equal, is Rummer's 
surfaoe.l Written in the ordinary line co-ordinates, the equation of the general 
complex of the second order is a^p^ + <3^j^s + ^^^* + f^vtsiPi$Pti + ^^^ = 0, to 
which is conjoined the quadratic identity p^pu + i>i3i>« + Pwi^ja = 0. If we 
introduce the canonical co-ordinates of Klein into these equations, they become 

2 x,a:f = and 2a:f = 0, the cross-terms disappearing in both equations. The 

formulae connecting the two sets of equations may be taken as follows : 

^l = Pl% + PUf ^%=—i{P}2—Pzdi a^3=i^l8+i>«. <^A=—{PTS—p4i)f 
'JC5 = PH+P%Sy ^ii=—i{Pli—Pi3)' 

If we denote the left-hand side of the equation of the complex by A, a 

linear tangential complex for the line y, of the complex will be 2 T -r-r j ir< = 

or2x<Xiyi=0. In order that the line y< should be a singular line of the 
complex, we must have Xx]y\ = ; i. e. the linear tangential complex must 
be a special one. The line yj is then tangent to the Kummer surface, and the 
equation ^x^x^i = shows that every tangent to the surface at the point 
of contact of y, will also cut x<//<. The bundle of tangents at this point is 
therefore represented by par< = (x^ + ^)yii where >l is an arbitrary variable 
parameter. These lines satisfy the equations 2a:f = 0, 2xiyi = 0, 2yJ = 0; or, 

putting for y its value in terms of ar, 2a^ = 0, 2 -,=0, 2, ~--„ = 0. 

* Kummer: MoDatsberichte der Berliner Akademie, 1864. 
t PlUcker : Neue Qeometrie des Raumes, etc. Edited by Clebsch and Klein. 

{For the geometry of Kummer 's surface cf. througlrout Rohn's article in 6d. XV and XVIII of 
the Math. Ann. 
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The first of these equations shows that x^ is a line ; the second, that it belongs to 
a complex of the second order ; the third, that it is a singular line of this 
complex. The Kummer surface belongs therefore to <x>' different complexes of 
the second order, corresponding to the oo' different values of ;i. 

The six linear cpmplexes ar< = are called by Klein the fundamental 
complexes. A congruence of any two of them will consist of all lines which 
cut two fixed straight lines, the directrices of the congruence. If the six funda- 
mental complexes be divided into three congruences, the six directrices will cut 
each other in pairs so as to form a tetrahedron. The 16 tetrahedra obtainable 
in this way are called the fundamental tetrahedra. 

If, in the equation of the complex, we put for any ar< its negative, the 
equation will be unchanged. There are 32 possible arrangements of the signs, 
and these give rise to 32 transformations of space, which leave the Kummer 
surface unchanged. Sixteen of these are coUineations, the other 16 being dualistic 
transformations. These convert in particular the system of 16 double points 
and 16 double tangent planes of the surface into the same system in a transposed 
order. Again, if we have used any system of co-ordinates based on any one of 
the 15 fundamental tetrahedra, these will be transformed if we take any other 
tetrahedron. Such a transformation amounts to a permutation of the funda- 
mental complexes, i. e. of the a/s. These permutations evidently leave 2a^ 
unchanged. Every straight line therefore transforms into a straight line ; that is, 
these transformations are either coUineations or dualistic transformations. There 
are as many of them as there are permutations of the aj/s, i. e, 720. If we 
combine these with the 32 transformations above, we have a group of 32.720 
linear transformations of space which is isomorphic with the group of the 720 
permutations of six elements. This is the geometrical linear group to which I 
had reference above.* 

We have next to determine a function of six arbitrary elementsg which is 
linearly transformed by this group of substitutions. To obtain such a function 
we observe that a permutation of the ar's in this equation of our complex 2x,icf = 
amounts to a permutation of the x^s. Now, the point co-ordinates of a double 
point of the Kummer surface, referred to any one of the 16 fundamental tetra- 
hedra, will be 16- valued functions of x^ .... x^. It appears, therefore, that the 
point co-ordinates of any double point of the Kummer surface referred to a 



*0f. here .Tordan : Traite, p. 317. 
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fundamental tetrahedron are functions which undergo precisely the — ^ — - 

go 720 

linear substitutions corresponding to the — ~ — coUineations of our group. 

These co-ordinates are the moduli whose theory was given by Borchardt in his 
article on the Arithmetic-Geometric Mean of Pour Quantities.* 

The moduli are 4 in number, corresponding to the 4 co-ordinates of the 
double point. They are given by the equations : • 

? + ^* + r + ^* = ^^135.246, f« — 97» — ^ + ^»=Vl36.245, 
f — >7* + ^-^* = Vl45.236, f + >7*-^-^*=Vl46.235, 
2(^^+i7^) = ^^124,356, 2(f^ + >7^) = ^/l25.346, 2 (f 37 + P) = V 1347256, 
2(f? — *7^) = Vl23.466, 2{l;^ — rjQ = V 126.^6, 2(^)7 — f3) = Vl56. 234, 
when, e* g. 136 . 246 denote (xi — Xs^x^ — x^){x^ — Xi){x^ — x^{x4, — x^{x^ — x^ . 

In regard to the isomorphism between Hie senary group of 360 permuta^ 
tions of the x^a and the quaternary group of the linear transformations of the 
point co-ordinates of the double points (disregarding for the moment the changes 
of sign which arise from even changes of sign of the x's of the fundamental 
complexes), Prof. Klein noted in one of his lectures that this might be a holoedric 
or hemiedric isomorphism, since the change of sign of all the point co-ordinates 
leaves the line co-ordinates unchanged, so that it might be that to every operation 
of the senary group two operations of the quaternary group, differing only 
in sign, correspond. That the isomorphism is hemiedric is evident from the 
following consideration : For every even permutation of the x^a there will be 
either one or two corresponding linear substitutions of the ^, 97, ^, 3, according 
as the isomorphism is holoedric or hemiedric In particular, for the identical 
substitutions of the x's we shall have either simply the identical substitution of 
the ^, )7, ^, S', or this and a second substitution consisting simply in the change 
of sign of $, >7, ^, 3. If, therefore, we can simultaneously change the sign of 
all forms of the Borchardt modtili by a series of permutations of the x% which 
result in each x^a returning to its original position, the isomorphism will be 
hemiedric, and conversely, if the latter be the case, such a set of permutations 
can be found. The quantities x being entirely arbitrary, we select any conven- 
ient values of Xg, ;c5 and x^ (no two of which shall coincide) and take Xi and Xj 
and x^ very near each other. (We may conveniently represent the 6 x's by six 
points in a plane.) Consider now the quantity: >v/(135)(246). If xi and x^ 

* Borchardt : Abh. d. Berliner Akademie, 1878. 
Vol.. vm. 
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describe continuous paths, so that finally xi becomes x^ and x^ becomes xu this 
square root will have been multiplied by d= i. A repetition of this operation 
will give us — >v/(135)(246). The quantity >v/(136)(245) will undergo the same 
transformation. The other two square roots >v/(146)(236) and \/(146)(236) will be. 
unchanged. Again, if we permute xi and x^ in the same way, the latter two 
square roots will change sign, while the former two remain unchanged. By an 
identical permutation of the x^& we can therefore change the sign of ^, »?•, ^ and ^ 
simultaneously. Then ^, »?, ^ and ^ will each have been multiplied by db i. 
A repetition of the operation will change the sign in each case. To every 
operation of the senary group will correspond the two operations of the quater- 
nary linear group, so that the latter group consists of 32.360 substitutions. 

Camille Jordan,* by a process nearly the inverse of the one just given, but 
which does not employ the line geometry, has exhibited geometrically that it 
is possible to obtain a group of linear substitutions of four elements which 
shall be exactly holoedrically isomorphic with the 360 even permutations of six 
elements. Thus the 16 double points of the Kummer surface satisfy an equation 
of degree 16, of which the group is determined readily from the fact that the 
16 points lie on 16 planes, 6 points in each plane, and 6 planes through each 
point. This group consists of 16.720 substitutions, and to it corresponds 
holoedrically a linear group of 16.720 coUineations of space. Corresponding 
functions are then constructed and grouped in sets of 16, each set representing 
the six double points in a plane, these six sets being permuted among each other. 
There must be 720 of these permutations, since any interchange of the planes 
interchanges the double points, and conversely, to every one of these 720 permu- 
tations of the six points in a plane will correspond one, and only one, of the 
720 coUineations. The two groups are therefore referred holoedrically to each 
other. It follows also that the two alternating sub-groups are holoedrically 
related. I have introduced this result of Jordan's because it has an immediate 
bearing on the construction of functions which shall undergo the operations of 
our linear group. Kleinf has shown that if we have two linear groups, one 
affecting n variables, and containing iV' substitutions, the other affecting [i variables, 

and containing — substitutions, then, if isomorphism exists between these 

groups, we can construct rational, homogeneous, integral functions of the sc's 

* Camille Jordan: Trait6, etc., p. 818. 

t Klein : Ueber die Aufldsung gewiseer Gleichungen, etc., Bd. XV of the Math. Ann. 
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which undergo the substitutions of the y's. As a particular case, the linear 
substitutions may be merely the permutations of the x^s. It appears, therefore, 
that m the present case we can obtain rational, homogeneous, integral functions 
of the x^B which shall undergo one group of linear substitutions when the ar's 
are permuted. Klein shows in the same article how actually to construct such 
functions, but I am not aware that this construction has actually been carried 
through for the present case. 

The Borchardt moduli are therefore, in two respects, by no means the 
simplest functions which could be used. They are irrational to a considerable 
degree, and their group is 32 — 1-edric isomorphic with the alternating group 
of the x% and even after the adjunction of the geometry of the Rummer 
surface we have a meriedric isomorphism. They are, however, well-known 
functions which have a bearing on various mathematical theories, and they 
are in a very compact form. Moreover, a set of transformations will readily be 
found for passing from the formulae which may be obtained from them to any 
other system of quantities which may afterwards be obtained. 

Taking, then, the Borchardt moduli as the fundamental functions, we can 
immediately obtain a system of linear differential equatiohs with coefficients 
rational in the coefficients of the given equation and the VA, and satisfied by 
these moduli- These are at once formally given by the following method: 

We construct the determinant in which the derivatives are taken with 
respect to any coefficient of the given equation of the sixth degree : 
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The desired differential equation is got by expanding this and equating to : 



£»' 



yt 



I 


»7 


f 


e 


»/ 


^ 


e 


V 


r 


cw 


»?'" 


C" 



3 

3" 
3'" 



+«' 



fff 



+ o' 






r! 

V 



Yfft 



3 



+ 0)" 



+ 



Kin 

r 



»7 

y/ 

rf" 









3 

3' 
3" 

3IT 



= 0. 



276 CoLB : A Gimtrihuiion U> the Theory: of the 

These sub-determinants will evidently only be multiplied by the same 
conatant factor for all when the £, 17, (, S^ are linearly transformed, i. e. when the 
«'s are permuted la^n even number of times. Their ratios are therefore unchanged 
by any ev^n permutations of the x^s. From this we cannot, however, infer 
directly that these ratios are rational functions of the coefficients of the proposed 
equation and of the square root of the discriminant, since we are not certain 
that the determinant ratios are rational in the x% while the theory of substi- 
tutions deals primarily only with such functions as are rational in the roots. 
Precisely the same process, however, as that of the theory of substitutions in 
the limited sense of the word will demonstrate that our determinant ratios are 
rational in the coefficient and the square root of the discriminant Thus let 
f^ .... 4^;^ be the values of the determinant ratios and form 

^1 + ^ • • • • + ^x = A^> 
^iVA db ^\/A + ifc ^xV A = -4i, etc 

From these we can get ^ as a rational function of the A^b and V A. From 
which again it is apparent that A. = 2. This is a perfectly general proposition. 
Any two algebraic functions, whether rational in the roots or not, belonging to 
the same group, are rational functions of each other and of the coefficients of 
the proposed equation. 

To solve the equation of the sixth degree, we must first remove the coeffi- 
cients of the terms ^ and a;^ form the corresponding differential equation with 
respect to each of the four remaining coefficients, and actually calculate the 
ratios of the determinants which appear as coefficients in these differential 
equations. 

Actually to differentiate ^, >?, ^, S four times, substitute the results in the 5 
determinants, and reduce the result, removing all common factors from numer- 
ator and denominator, etc., would be nearly impossible, as one will readily 
perceive on remembering that any function has 6 first, 21 second, 66 third, and 126 
fourth derivatives with respect to six quantities, and that we must first differen- 
tiate the ^, >7 , f , ^ with respect to the a;'s and afterwards the x's with respect to the 
coefficients of the proposed equation. It is therefore necessary to have recourse 
to infinite series. We must expand the roots in terms of the coefficients, 
substitute these values in the Borchardt moduli, and obtain them also as infinite 
series, which are then to be substituted in the determinant ratios, and the latter 
obtained as rational functions of the coefficients, and of the square root of the 
discriminant. 
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Here we meet with a certain technical difficulty. The coefficients of our 
differential equations are, to be sure, rational functions of the eoeffidente of the 
given equation and of the ^/A. But they are not integral functions. From 
the final infinite series we shall therefore be unable to separate numerator and 
denominator. There is no method of determining a priori the roots and poles 
of these functiona, and any attempt to determine them would necessarily be a 
tentative process of which the success would be highly improbable. Again, if 
we attempt to avoid this difficulty by considering each determinant by itself, we 
are checked in two ways. First, the single determinants may or may not be 
rational, after the adjunction of the VA, according as the constant multiplier is 
unity or not. As a matter of fact, we shall find later that it is unity in all 
cases. And further, we have the former difficulty, that the determinants them- 
selves are not integral functions of the cofficients. The former difficulty is easily 
got over as follows : Every even permutation of the x's multiplies any one of 
the determinants by some constant factor, which may in particular cases be unity. 
All permutations of the x% therefore, give the determinant a set of 32.720 
values, all of which are constant multiples of any one of them (equality being 
regarded as a particular case). All these values of the determinant have, there- 
fore, the same group of substitutions, which will therefore be a self-conjugate 
sub-group of the alternating group of six elements. But there are only two 
such sub-groups, namely, the alternating group itself and the group consisting 
of the identical substitution. The determinant therefore belongs to the entire 
group of 720 substitutions and is rationed, or it belongs to the alternating group 
and is rational after the adjunction of the square root of the discriminant, or it 
belongs to the identical substitution and is 32 .7 20- valued. That the last does 
not occur is evident from the consideration of the group itself, one of the substi- 
tutions of which interchanges ^ and ^, and a second 97 and ^, the product of the 
two, therefore, leaving each determinant unchanged. The determinants are, there- 

fore, of the form ^ , ^?\ . , where Si, S%, 8^,84^ denote integral rational functions of 

the coefficients of the proposed equation. To determine more completely the nature 
of the determinant, we must observe how it behaves when the x^b undergo odd 

permutations. On the one hand, these will all convert ^Tq^Tj i^*^ J^^^/j ' 

On the other hand, if we interchange, say, x^ and ar,, ^* and j?* are unchanged, 
while ^ and 3^ are each multiplied by — 1. The 10 conditions between the 
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I, ^, >7, S' are satisfied if we put for 5, >7, ^, ^, ^, >7, tf , i^. The interchange of «i 
and xs , therefore, changes the sign of each determinant That these two results may 

agree, we must have SiS^ + S^SyA = 0. Prom this either a, a^A = ^ t or 

iSj =: /Sii = 0, or /Si = /Si = 0. In any case we see that our determinants are of 

the form ^ . i where the JS^s are rational integral functions of the coefficients. 

The second difficulty would be more formidable if the nature of the Borch- 
ardt moduli themselves were not in our favor. For it will appear that for these 
moduli the function /? is a power of the discriminant, so that the denominator is 
fully determined from the start, except that the index of the power is unknown. 
This simplification will also occur, as we shall see, in the case of any of the 
systems of moduli proposed by Klein, it being a sufficient condition for rational 
moduli that they shall be integral. That it is the case with the Borchardt 
moduli appears in actually differentiating. Suppose, for instance, we consider the 
differential equation with respect to the coefficient of a?. For the first derivative 
of f we have 

and if our equation be 

whei'ey takes every value from 1 to 6 except i. Again, each of the derivatives 
of I with respect to the «< will evidently contain in the denominator only powers 

of ^ and products of differences of roots. The denominator of -rr will, there- 

df 

fore, be composed entirely of products of differences of roots and powers of ^ , 
and it is evident that the same will be true for all the derivatives of any order 
of ^j ^1 ?» ^ taken with respect to any coefficient. For future reference I give the 
six first derivatives of ^ with respect to the sc< : 

^ _ 1 f fa — g5)fa — 2ai + g8)(ga — X4)(a?4 — JgeXge — g») 

. fa — a^5)fa— 2a?i + a^)(g, — a^)(a^ — a:e)(a?6 — ga) ' 

2^/ {xi — a;4)(a?4 — iF5)(a?5 — Xi)(Xi — Xt){x9 — x^){x9 — x^) 

fa — ar6)fa — ggj + a^)fa — '^4)fa — a?5)fa — a^a) 



2 V (a?! — ar8)fa — a:«)(«6 — ^)fa — !^i){^i — «6)(a?6 — «i) 
. fa — a?6)fa — ^ + g6)fa — gsK^s — g5)fa — ail) ) 
2\/ (a?! — xt){xt — x^){x^ — xi){x^ — x^){Xi — x^){xti — X2)} 
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<g _ 1 f (a% — a?i)fa — 2g8 + a?i)(gi — g4)(a?4— a?g)(g6— a^) 
dxt ^ \2^/{xl— iCsXa-, — Xfi){x^ — JCi)(a?8— »4)(a?4 — a;e)(ajft — a^) 
(a?! — a?4)(a?4 — ^i){^ — ai)(g'6 — g»)(a?6 —2x^ + x^) 



+ 
+ 



(a?6 — ai)(g< — 2g» + a^Xa^ — a?4Xa?4 — g5)(g8 — ai) 



2 V(a^ — a^Xa^ — ^eX^ij — a?i)(a^ — a?4)(a:4 — iF5)(«5 — sh) 
{xi — a?4Xa?4 — a?6)(iCg — aiX^g — g8)(g5 — 2g» + a^) ) 
2 V (an — x;){x^ — a;eX«« — aiX«i — ^X^t — «5)(a?5 — *«i) ) ' 
_df__ J_ f (a?! — xz){xt — 2a^ + gsX^i— ^^4X^4 — -^Xai^ — ^) 
da% 2c 1 2\/ (a?i — a:«)(ar, — a^jXa^s — ^)(^i — a?4)(a?4 — aJeXaii — a^) 
(a^ — a;4)(a;i — 23- 5 + a:4)(a^ — Xi){xt — ay^Xge — ^3) 



+ 



2 V (a?! — a;4Xa?4 — x^){xt — aji){as| — a^)(a:, — a^)(«, — a?,) 
(g» — a?4)(a!i^ — 2a^ H- a;4Xa;i — a^)(a-8 — Xn){x^ — x^) 



2a/ {xt — arsXaJi — Xii){xn — x^^x^ — x^X^^ — a:B)(ir5 — x^) 
, (a^ — a;«Xga— 2a!g + a?<Xa?i — a?4Xa?4 — ggXa^s— ah) ) 
W{xi — a?4)(a?4— xi;){x^— Xi){Xi — Xi){Xi — Xn){x^ — Oj) J* 

The other three are obtained from these by permuting Xi and a:,, x^ and x^, 
Oj and x^ respectively. 

If, now, we expand our determinants, we shall get a fractional function of 
which the denominator will be composed of products of differences of roots 
and some power of the product i^, >7, ?, ^. Since 2(^^+ rj^) = /i/(124p66) and 
2 (^^ — >7^) = V (123X456), we have 

8^^*7^=124.356 — 123.456= 12. 56. (24. 41. 35, 63 — 23.31.45. 64) 
= 12.di.6Q({x^^—XiX^)(x^+x^)+{x^Xfi—x^^){xi+^ 

Since, now, the denominator is either symmetrical or alternating, it is evident 
that every difference of a pair of roots will occur as often as any other difference. 
These differences may therefore be grouped together and give some power of 
the VA. There remains over a power of the parenthesis above. This is 
neither symmetrical nor alternating, but is 30-valued. The numerator^ therij must 
he of such a nature that this ZO-^alued function cancels out, and this shows at once 
that the denominator is simply some power of tlie square root of the discrimi- 
nant. That this is an odd power is evident from the above. 

For the rational functions proposed by Klein, nothing but differences of the 
roots would occur in the denominator from the start, and for them the denomi- 
nator would also be merely a power of the square root of the discriminant 



280 Cole : A OcnJhibuticm, to the Theory of tlie 

The knowledge of the nature of our determinants obtained by this process 
of reasoning suflSces to remove all theoretical diflSculties in their computation, 
which is now perfectly straightforward, but extremely long and tedious. It is 
necessary to determine to what power the square root of the discriminant enters 
in the denominator. From this the degree of the numerator is easily ascer- 
tained, and the numerator itself is got at once by multiplying our final infinite 
series by the denominator. 

In the following computations, I have aimed at complete accuracy above 
everything else. Every step has been thoroughly tested by parallel methods, so 
that there is scarcely any possibility of error in the determination of the infinite 
series for |, ^, f , 3. Errors may have crept in in the final determination of 
the coeflScients in their rational form. These will readily be detected when the 
coeflScients have been finally determined in full. Although the value which 
these determinations may have depends entirely on their accuracy, I have not 
thought it best to give them in full, on account of their great length. I have 
deposited a copy of them in the library of Harvard University. They may be 
divided into four parts: 1st. The calculation of the roots in terms of the 
coefficients. This I have carried out, for the case where the coefficients a^, a;*, 7? 
and ic* are 0, to eleven terms, as follows : 

e «" jt, «* 8 9l6» ^ . 4301e . , lie* , . lle» 3 

In the accompanying table I have given only the test of the accuracy of the 
determination, by actually substituting the value of x in the equation, but I 
obtained the coefficient in another way. It will be noted that every sixth 
coefficient, beginning with the fifth, vanishes, which fact is of considerable assist- 
ance in the computation, and is a good test of correctness. In getting the 
expansion, I have supposed the equation to be divided through by — 3 , and 

have put for jc, r— ^ » and for a ^| » so that the Borchardt moduli must be 

multiplied finally by ^ — 8 and for a we must put - — —^ • 

2d. The determination of the products (135)(246), etc. This is much 
facilitated by the following considerations : The first terms of the six series for 
the roots are 1, f, e*, — 1, — e, — g*, in order. Consider now the equation of 
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which the roots are ^ times the present ones. This equation will be of the 
form SB* — eaa; — 1 = 0. The roots of this equation will be got by putting — ea 
for a in the six series above. If now we calculate for this new system of roots the 
products (1S5)(246), etc., these will evidently be equal to the former products, 
but in a different order ; for each root has been moved forward two places in 
the order 123456, the first being multiplied by e* and becoming the third so far 
as the first term is concerned. Having obtained (145)(236), we get therefore 
(146)(235) and (136)(246) by putting for x, — ea and ^a respectively. It is 
therefore only necessary to calculate (135)(246) and (146)(236), and in case of 
the former, (246) is at once obtainable from (123) by putting — e*a for a. We 
have 

tM,K\— «/ _i_ ^y, 7 I . 1967 , , 240691 , N 
(136) = -3(e + 6»)(^l_—a» + 3r2roa'+^r2^ «•••..> 

/aAa\— o/- j-Ja/ 1 7 , 1957 , . 240691 , \ 
(246) = -3(e + e»)(-l-— a'-gr^a'-H-gr^a*....), 

/i^K\_o oji_L2(l + e) , e— 6 , 7 — 14e . 350 — 916 4 

_ 196 — 98e , 35814—176136 , 34130 + 841306 , 
3« 2T a+ 38 2» *~ 3».2" " 

^ 3210518 — 3587236 , . 14055494—281109886 , 
-r 310 2" « T 3pr2^5 ** 

, 214802770 — 571820276 ,» , 73539718 — 367698596 „ 

+ w:^ ** "^ 3»r2« " ' 

/ooo^ «/ . ,x . 2— 46 , 66— 1 , 7 — 146 - , 350 — 2596 4 
(236)=2(6+l) + — 3— a-|--Y2-a» 9736-°^+ 3'.2* " 

, 98—1968 . , 18201 + 176136 , 34130 — 682606 ^ 

•+■ 3«.2» ** + — 3*:^ — " ¥:^ — " 

358723 — 32105186 , , 14055494 — 281109886 , 

H 3I0 2l« ** T 31* nU * 

214802770 —1576207436 „ 36769859—735397186 u 

135 . 246 = — 27 (- 1 - |r^ a« ....) = 27 + ^^ a« + . . . . , 

14fi 9^ft-12^^(l=i)«»4-Mi±^)„. 2352 30095 112915(1-6) , 
145.236-12+— g a+ 27~~ **~ 3^2^" + "3^^** ¥7^ " 

118285 (6» + 8) , , 15129056 ,» 
W7^ ** "' 3». 2^* ** • 

The disappearance of terms in regular order again furnishes a valuable control 

of the accuracy up to this point. . 
Vol.. vm. 
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3d. The extraction of the square roofs of the products above : 

V(Xi — Xt){Xt — X,)(a55 — sBi)(x, — x,){x, — xt){x, — X,) 

___ ,» . 5(1— g) , . 20(i? + c') , 445g , 25(g+l) , . 217206 , 

— 2V3+ 24V3 ""^ 108V8 " ~3».2»V3" ~ 3».2*V3 ** "^STaVs" 
. 1975 (e»—l) , 13763766(1 — e) , 11396316 (< -{-<») , 
+ 3».2»V3 " 3'.a»V3 " "" 3»2'V3 ** 

8917326368 „ 462064876 (1 -^ g) „ 
■^ 3".2»V3 " "^ 3". 21V 3 ** ' 

V(aJi— ac8)(««— aJ«)(««~ a5iX«ii— «iK«4— «»)(«» — «•) 

« ,o 6 , , 20(g + g») ,,446 , . 26(g + g») , . 21720 6 , 

= 2V3-24;73a + 108V3 " +3»,2V3* + 3*.2V3 " + 3r2V3" 
1976 (g + g») , 13763766 , 11396316 (g + «*) , 891732636 ,, 

3r^V3~" "^ 3».2"V3 " "" 3".2"-v/3 " " 3".2»V3 * 
462064876 (g + g») „ 

~ 3K2V3 ° ' 

V(aJi — »«)(»« — xt){x, — XiXx, — xs){xt — «,)(x, — »,) 

■ ^ .^ , 6(l+g«) . 20(g + g') 445g* 26(1 + g*) 217206 

-^V**+ 24-^3*''" 108V3 " "•" 8*^V3 "^ 3».2*V3 * "^^ 3^2»V3" 
. 1976 (1 + g) T 13763766g g 11396316(g + g») , 891732636g* „ 
"•" 3^2»^/3 *~ 3».2'V3 " 3'».2"V3 "~ 3".2»V3 " 

, 452064876 (g»—l) „ 
+ 3^2»*V3 " • 

V(aa — ailXas— a»X«»— a5i)(x»— a4)(«4— «t){^t— sc,) = 3V3 + 3«.2"V3 ***' 

the combining of the results so as to give |*, if, ^, ^i 

.n « #« . 5(g + g^) , , 273646 , 11396316 (g + g») , 

^'=9^^ + A;78 "+3\2«V3^- 3^.2V3 ^' 

>in_ /9 Sg* , 5(g + g») , 446g , 26 (g 4-1) , 48186 , 

4^-_ ^3-12^3" 27V3 *~3*.2V3**~ 3».2V3 " ~3^2»-v/3" 

. 1975 (g»—l) , , 13763766(g— 1) , , 11396316 (g + g») , 
+ 3'.2»V3 " ■*" 3».2"V3 * + 3»2'V3 " 

891732636g „ 462064876(1 + g) u 
■•" 3".2»V3 * ■•" 3".2"V3 *' 

A^- /^ ^ „t 5(g + g^ , , 446 , . 26(g + g') , 48186 , 
4»_ V3— j2:;^a- 27^3 « + 3*.2V3*+ 3».Vv3 "~3«.2»V3* 

1976 (g» + g) , . 13763766 , , 11896315 (g + g^ , 
~ 3'. 2»V3 * ■•" 3».2"V3 * ■*" 3**.2V3 " 

891732636 „ 462064876 (g + «*) „ 
~ 3".2»V3 ** 3".2"-v/3 * ' 
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^j— ,0 , 56 , 6{e-h^) ,. 445e» .. , 25(1— «*) , 48186 , 
4>7-_ V3+ J2V3 ** ~ 27 VT * "*" 3«. 2V 3 " + S^.'^V^'* ~ 3\ 2'V3 " 
j_ 1975 (e + 1) , 137637556 , 1 1395315 (c + e*) , 
"•■ 3^.2«V3 " 3».2" " + 3".2V3 " 

8917326356* „ 452064875 (e*— 1) u 
~ 3". 2»V3 " "•■ 3"2"V3 * ' 

and the extraction of the square roots in each case : 

r-3 o^ , 5(6+6») , ■ 99715 , 402845 (6 + e») , 

t — 2 ^ ^ "•" 108 jC^^I * ■*" 3*. 2"-^^ 27 " "" 3» 2»V27 * ' 

r 1 yo 6e* s 5(g + 6*) , 3956 99715 , 479615g* , 

S = 2 '^ ^ 48^27 " ~ 108-^ 27 " ~ 3». 2»-C'^ * + 3\ 2'V 27 " "•" 3*. 2»^ 27 ** 

, 402846(6 + 6*) ,934457156 „ 

■^ 3".2^V'27 "'^3».2V27"' 
*i_i-Vq _i^*_ 5(6 + 6*) , . 395 4. 99716 , . 479616 , 
* - 2 V<» — 48^27 ~" 108-^^7 " "•" 3».2»->J^ * ^ 3^2"^ 27* ■*" 3«. 2^27 * 



+ 3**.2»V27 *"'3».2«'>C'27*' 
^ Vi_i-_^*_ 5(6 + 6*) , , 3956* ^ 9 9715 , 4796156 

2V3 + 48^27"" 108^27* "^ 3*.2»^27* "^ 3l2'V2'7"~ 3«.2V27' 



402845 (6 + 6*) , 934467166* „ 
+ 3« 21V27 " ~ 3».2*V27 " • 

Here again terms vanish in regular order; namely, for ^, all terms except 
those whose order is divisible by 3, and for ^, *j, ^, the 6th, 7th, 11th, 13th, etc. 
Further, the relation between the coefficients of ^ and those of the correspond- 
ing terms of ^, ij, ^, is a valuable check. These I have tested by means of 
2 ({^ — >7^) = V123.466 , which ensures the correctness of the values of the f >7^^. 

4th. The determination of the coefficients of the differential equation. 
First of all, the degree of the denominator must be obtained. The values 
of a for which two roots are equal are got by equating the discriminant to 
0.6*. a* — 6*=0.* This gives 6 finite values of a, each of which is, in our 
case, a point of the first order ; «. e. only two roots are equal for any one of these 
values of a. We may therefore expand the roots in ascending powers of a — a^, 
if Of be one of these values. For those roots which do not coincide we shall 
have only integral powers, while for the two coincident roots the i powers of 
a — a« will occur. If these series be introduced into the Borchardt moduli, as may 

* See Salmon's Higher Algebra, p. S68. 
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legitimately be done, we shall have the latter expanded in a system of conver- 
gent series, in which the i and h powers may occur, biU no negative powers. If 
there be written a© + aj (a — Oo)* + • . . . i© + ^ (« — <h) +••••» ^te., and if 
these series be differentiated and substituted in the determinants, we may deter- 
minate the highest power to which a — oo appears in the denominator, and this 
will be the upper limit of the power of any factor xi — o^ in the denominator, 
and therefore of the square root of the discriminant to be determined. This 
matter is considerably simplified by the following considerations : If two roots 
are equal, say Xi and x^, since Xi — a^ is not a factor of any of the square roots 
V (136X246), etc., occurring in the Borchardt moduli, these square roots will 
involve only i powers and integral powers of (a — a©). Again, if two roots are 
equal, two of the moduli vanish, while two do not. The two which do not 
vanish will contain only i powers and integral powers of a — a©, while the 
other two may also involve i powers. Consider now the first coefficient in the 
differential equation for a. The numbers in the determinant denote the highest 
negative power of a — oq which occurs in the corresponding infinite series : 

/. /v I I 

- - 



1 


1 


3 3 


2 
3 


2 
3 


4 4 

7 7 


2 
6 

2 


2 
5 

2 


4 4 
11 11 
4 4 



The highest negative power of a — a© which will occur in the development 

11 7 1 
of this determinant will be the power whose index i8-j-+-^ + -2" = 6. But 

since the square root of the discriminant must occur to an odd power, we see 
that a' will contain the denominator as a factor. 

But f , >7> ^> ^ ar^ homogeneous functions of the x's of degree -5- , and a is 

homogeneous of degree 6. Hence the determinant just considered will be of 
3 

degree 4.— — 5 — 10 — 15 = — 24. Since the square root of the discrimi- 
nant is of degree 15 in the roots, it must enter at least to the third power in the 
denominator, which is therefore either A , a\ A* or A*. Having now expanded 
the determinant in an infinite series, we may try these denominators successively. 
First, if the denominator is A*, the numerator will be of degree 3.15 — 24 = 21. 



flo^A^o 



General Equation of the Sixth Degree. 285 

The only combination of a and 8 which is of this degree is a^j; the numerator 
could therefore' contain only this one term, and all following terms mlist cancel. 
This is not the case. As I have obtained only two terms of the infinite series 
in -IT- , it is impossible to proceed further in this way. I have therefore begun 
at the other end of the coefiScient, and have obtained a development of the 
moduli in terms of — instead of -r- . This will serve as a very perfect test of 

the work ultimately, and the consideration of the series in this form is instruct- 
ive as showing that the term which would contain the lowest power of S must 
vanish in every coefficient of the differential equation with respect to a. For 

consider the four series in — » — r +«!, — r + «tc., -~: + 61, — v 1 ^^' Differ- 

entiate these, and form the determinant and expand in powers of — . Evidently 

the constant term will be 

1 1 

^—1 fi—1 

(^_2)(^_1) (^-2)0.-1), ^t^-' 

ill - S){ii - 2){ii -i){li- S){[i - 2)0£ - 1) 
and is therefore 0. The same will be true for every coefficient which is. not 
obtained from four sets of coefficients of diflFerent powers of S. Evidently the 
first power of 5 for which this is possible is the sixth power, which can be 
obtained by taking the constant term from one set, the term of 1st degree from 
another, and the terms of 2d and 3d degrees from the other two. The lowest 
jxncer of h which appears in any coefficient of the differential equation for a tmll he 
the sixth power. 

We can now test the hypothesis A% since, in this case, the numerator 
contains only the term a'3*, and this also fails. Finally, I have actually calcu- 
lated the coefficient of h^ in this coefficient by the process indicated above, and 

which evidently requires only three terms of the series in — . This coefficient 

having been determined, A^ can be tested, and it too fails. It follows, there- 
fore, that the denominator of the first coefficient is A*. This being known, it 
appears at once that the following denominators are A^, A % A^, A^. The 
numerators can then be written at once with arbitrary coefficients. Thus that 
of the first coefficieDt is pio^h^^ + p^p^h^^ +jpga"5*. The last coefficient is deter- 
mined in each case from the — series, the first two from the -x" series. 

a ' . 
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(In determining the coefficient I have used both the method of imdeter- 
mined coefficients and that of the expansion of the determinant.) 

This gives us at once all the terms of the first coefficient. We notice now 
that the second coefficient is the derivative of the first, so that all its terms are 
known. In the other coefficients, two, three and four terms respectively are 
still wanting. To obtain them both, the series must be extended further. These 
further extensions will also check each other as they meet, ensuring absolute 
accuracy in the result. The differential equation for a is, so far as I have 
determined it, 

^_ — 8" .a^\5».79aMi<»-f8^*.2».5».464»»^<?^^=t:19. 8^'.5".2'.ff'M« . 

A -J , t, 

^ 125.79.8*^2» ^aJ"+5^8»^2«^893418a^^'* + ±: 19, 8". 2*. 5'^ a".<^' 

Dzz -^ , 

„_ 8»^ 2". 126 . 79 . 99715flM^^ -f A: 19 . 8^'. 2». 6"a*M< 

In the final results, the coefficients are by no means so irregular as at first 
appears. The powers of 2 and 3 may readily be combined with the variable, 
since their variation is so regular. This I have not cared to do until I could 
obtain the complete coefficients. 

The further theory of these equations, which I intend to treat in future 
papers, will consist in the complete determination of all the coefficients, and the 
transformation into similar equations, referred to the four absolute invariants of 
the binary sextic as independent variables. This transformation can probably 
be effected by means of the "Typische Darstellung" of Clebsch.* The rela- 
tion of the equations to the theory of the bisection of the hyperelliptic 
integrals of deficiency 2 constitutes a theory by itself. Finally, the theory of 
these equations should be studied in the manner which Schwarz has made so 
well known in the case of the linear differential equations of the second order 
with rational coefficients, and ultimately I hope to study them in connection 
with that latest of Sylvester's great methods— The Theory of Reciprocants. 

GAMBRiDas, June, 1886. 

* Clebsch : Blnom. Formen, p. 455. 



A Proof of the Elliptic^Function Addition-Theorem. 

By J. 0. Fields. 
The Integration of the differential equation 

can be effected by aid of the factor 

A^i\if^ — y 8in ^ cos ^ sin 4' <^ob t^ 
1 — i* ein* ^ sin* 4^ ~^ " ' 

which J as will shortly be seen, is an integrating factor ; thui, 

^ A<p A^ — ff sin ^ cos ^ sin 'J' cosi^/tftp _l ^^ - 

1~J^ sin* ^ sin^ 4- ' ^ A^ A^/ 

= l~;fc»sin'»flm'^ (^^^~^ '^"* •^*''* '^"'^ *=*^«^ S) "^ ^ ^ '* 

and since 1 ^ — J^ sin* ^ sin' 4 = cos'^ + sin*<J) — /t* sin* ^ sin*4' := cos'<^ + sin*<pA*i|', 

^^'' = cos'^ H-Bin»4>Av (^^~^ '^''^ ^^'^ sin4. cos4.g)+ ( ) 

= l+tan'^^Av C"^^ sec»<|^- *» tan^ sini^ cob'^^) + ( ) 

= ^^— xt-r rf{tan ^A4) + ( ) 

1 + tan*^A*if ^ r r; i V / 

= d (tan"^ tan <f At^) + rf (tan"^ tan ^Af ) 
- .\ tan"^ {tan ^^A-^^) + tan^^ (tan iJ/Aif) = (i ; 
tan ^ At^ + tan '^ Af _ . 
1 — tan <p tani^A4>AiJ^ ~ "' 

And since evidently ^ = 4* when 4^0| ^ ia the amplitude of (u + v), where 
u, V are the elliptic functions whose amplitudes are 4», 1^ respectiyely, 

* ( ) being the eame funotloa of (i'^ ^) that the ptecediDg term is of (^ , i/*) , 
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The formula for sn {u + v) can be very readily derived from above ; thus, 
/ I \ • tanu 



Vl + tanV 
tan <^ A^ + tan ^ A4> 



V(tan ^Ai^ + tan ^A^)* + (1 — tan ^ tan i/zA^^A^f/)' 

tan <^ A4 + tan if/A^ 

~ V 1 + tan» <^ A»4+tan» M»4> + tan»^ tan»M> AV 

tan ^ A^ + tan -4^ A^^ 

~ V(l + tan*^A*i|/)(l + tan»4A**) 
_ sin ^ cos ^ A4 + cos 4> sin ^ A^ 

V(co8'^ + sin*<^A*4)(cos*4 + sin'^A*^) 

sin 4> cos ^A^+ cos ^ sin ^A4> 

~ ""^ 1 — 1(? sin*4> sin^i^ * 

since cos'^^ + sin'^A^// = 1 — 1^ sin*^ sin*'^// = cos*^ + sin^^f/A*^; 
♦.6. sn (w + «) = sn w en t? dn r + sn i? en tt dn w-T- 1 — A? sn* « sn* v. 

The en {u + v) and dn {u + r) can of course be just as readily obtained. 
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Band III, 

Beltrami, sur les couches de niveau 61ectromagn6tiqueB 
Halphsn, sur les invariants des 6quations differentielles 

lin6aires du quatridme ordre. 
KONIGSBKRGBR, tkber die einer beliebigen Differential- 

gleichung erster Ordnung angehdrigen selbstst&udi- 

gen Transcendenten. 
EiRAUSE, sur la transformation des f onctions elliptiques. 

— sur la transformation des fonctions hyperelliptiques 
de premier ordre. 

— sur le multiplicateur des fonctions hyperelliptiques 
de premier ordre. 

Kkazer und Prym, (iber die Verallgemeinerung der 

Riemann'schen Thetaformel. 
Lt: Paiqb, sur les surfaces du troisi^me ordre. 
LiNDELOF, une question de rentes viagdres. 
Mrt.tjn, eine Verallgemeinerung der Gleichung 

— tkber gewisse durch die Gammafunction ausdruck- 
bare unendliche Producte. 

Poincar£, m^moire sur les groupes klein^ens. 
Prym, ein neuer Beweis ftir die Riemann^sche Theta- 
formel. 

— Ableitung einer allgemeinen Thetaformel. 

0^ DE Sparre. sur une Equation diff6rentielle lin6aire 

du second ordre : Deux memoires. 
Steen, note sur certaines equations diff^rentielles 

lin6aires. 

Band IV, 

Appell, sur les fonctions de trois variables reelles 
satisfaisant d Tequation diff6rentielle A^=: . 

Bjerknes, recherches hydrodynamiques. 1. Les Equa- 
tions hydrodynamiques et les relations suppl6men- 
taires. 

Cantor, de la puissance des ensembles parfaits de points. 

Darboux, sur T^uation aux d^rivees partielles du 
troisi^me ordre des systemes orthogonaux. 

GOURSAT, demonstration du th6oreme de Cauchv. 

Hermtte et Fuchs, sur un d^veloppement en fraction 
continue. 

— et Lepschitz, sur Tusage des produits infinis 
dans la th^orie des fonctions elliptiques. 

KOWALEVSKI, Hber die Reduction einer bestimmten 
Klasse Aberscher Integrale 3^" Ranges auf ellip- 
tische Integrale. 

Laquerre, sur quelques points de la theorie des equa- 
tions num^riques. 

Matthiessen, Untersuchuneen ilber die Lage der 
Brennlinien eines unendlich dtinnen Strahlenbtln- 
dels gegeneinander und gegen einen Hauptstrahl. 

MiTTAGhLEFFLER, sur la representation analytique des 
fonctions monogdnes uniformes d^une variable in- 
d^pendante. 

— demonstration nouvelle du thEor^me de Laurent. 
Poimcar£, sur les groupes des equations liueaires. 
ScHEEFFBR, Beweis des Laurent'schen Satzes. 
SoNiNE, sur la generalisation d'une formule d'Abel. 
Zellbr, zu Eulers Recursionsformel ftLr die Divisoren- 

siunmen. 

Band V, 

FiEDLBR, iiber die Durchdringung gleichseitiger Rota- 
tionshyperboloide von parallelen Axen. 

GouRSAT, sur une classe dlntegrales doubles. 

Hermtte, sur quelques consequences arithmetiques des 
formules de la theorie des fonctions elliptiques. 



Krey, einige Anzahlen ftir iBIegelfl&chen. 

Le Paige, nouvelles recherches sur les surfaces du 
troisieme ordre. 

Malmsten, sur la formule sommatoire d'Euier. 

Phraom^n, Beweis eines Satzes aus der Mannigfaltig- 
keitslehre. 

PiCARD, sur les formes quad ratiques temaires indefinies 
d indeterminees conjuguees et sur les fonctions 
hyperf uchsiennes correspondantes. 

PoiNGAR^, memoire sur les fonctions zetafuchsiennes. 

SOHEEFFER, allgemeine Untersuchungen fiber Rectifica- 
tion der Curven. 

— zur Theorie des stetigen Functionen einer reellen 
Verfinderlichen. 

Schrotbr, Beitr&ge zur Theorie der elliptischen Func- 
tionen. 

Zeuthen, sur les pentaddres complets inscrits d une 
surface cubique. 

Band VL 

Du Bois-Reymond, liber den Begriff der L&nge einer 
Curve. 

KowALEVSEi, (iber die Brechung des Lichtes in crystal- 
linischen Mitteln. 

MoLK, sur une notion qui comprend celle de la divisi- 
bilitie et sur la theorie generale de reiimination. 

RuNQE, zur Theorie der eindeutigen analytischen Func- 
tionen. 

— zur Theorie der analytischen Functionen. 

— Entwicklung der Wurzeln einer aJgebralschen 
Gleichung in Summen von rationalen Functionen 
der Coefficienten. 

Stern, eine Bemerkung (iber Divisorensummen. 
Stieltjbs, un theoreme d^algebre. 

— sur certains polyndmes qui verifient une equation 
dififerentielle lineaire du second ordre et sur la 
theorie des fonctions de Lame. 

Weber, zur Theorie der elliptischen Functionen. 
Weierstrass, sur la theorie des fonctions elliptiques. 
Traduit de Tallemand par A. Pautonnier. 

Band VIL 

Cantor, liber verschiedene Theoreme aus der Theorie 
der Punctmengen in einem fi-fach ausgedehnten 
stetigen Raume Gn. Zweite Mittheilung. 

Falk, Beweis eines Saues aus der Theorie der ellipti- 
schen Integralen. 

GyldIin, die intermediare Bahn des Mondes. 

Krey, (iber Systeme die Begrenzungen von Continua. 

LlPSCHrrz, deduction arithmetique d^une relation due 
& Jacobi. 

Minkowski, Untersuchungen tiber quadratische Form- 
en. 1. Bestimmung der Anzahl verschiedener 
Formen, welche ein gegebenes Genus enth&lt. 

Netto, zur Theorie der Elimination. 

Phragm£n, sur un theoreme concernant les fonctions 
elliptiques. 

— (iber die Begrenzungen von Continua. 
Poincar^. sur un theoreme de M. Fuchs. 

— sur requilibre d^une masse fluid animee dhin 
mouvemient de rotation (d suivre). 

RUNGE, tiber die auflosbaren Gleichungen von der 
Form x^'\-nx'^v=.0. 



SCHLAPU, (iber y 



'sin ax dx 



sin bx 1-^x^ 



-^und verwandte Integrale. 
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Sur les Fonctions Abeliennes. 

Par H. Poincar6. 



§ 1. BSchction des Int^grales. 

J'ai donn6 dans le Bulletin de la Soci6t6 Math6matique de France (tome 12, 
page 124) une demonstration et une generalisation de deux th6or6mes de M. 
Weierstrass. Je veux d'abord rappeler ici succinctement, en y ajoutant quelques 
complements, ce qu'il y a d'essentiel dans cette d^monsti^tion. 

Soient J^ Jt, . . . . , Jp, p int6grales abeliennes de rang p. 

mi sjstfeme de p^riodes normales de /j ; 

yij y%, ,yp; yiyi, jyl 

les p6riodes correspondantes de J^ ; 



tii hj . . . . J tp] tii i%i • • ' • i tp 
les p^riodes correspondantes de J^ ; 




et enfin Wi, t^s, , Wpj ui, te,', , uj, 

celles de Jp. 

De telle fapon que Ton ait : 

^il/i — ^i + ^ — xiy2+ — + «pyp — »^P 
et '-^^ — - — 1 autres relations de meme forme. 


= 



2 
Imaginons maintenant que Ton puisse trouver 2^' nombres : 

si > H* > • • • • > S*^ > 
^1 » ^J » • • • • f Vtii } 



Ti, Tg, . . . . , Tj^ 
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tels que les p6riodes de I'int^grale Ji puissent Be mettre sous la forme suivante : 

«< = 2»a|^fc ; xi = 2»a/»^» 

les 4/Exp nombres a^ et a^ 6tant tous entiers. 

Supposons que Ton ait de meme pour les p^riodes de rint6grale e/i : 

(les nombres a^ et a^ conservant les memes valeurs que plus haut) qu^il en soit 
de meme pour les p6riodes des int6grales suivantes J^. . . . et qu'enfin pour les 
p^riodes de Tintfegrale J^ on ait.: 

Nous dirons alors que les (i int^grales /^i />) • . . • , <^^ sont r6ductible8 au 
geinre/£. 

Nous formerons le tableau des 4jup nombres entiers : 



(1) 



a^.i ai.i tta.x ai.i • • • • ^p.i otp.i 
»i.» ai.f a,., a^., .... a^., ap., 



Otl.2<* 0^1. 8m Ot».2^ O^J.Jm • • • • ^fi,%ii ^p.Jfi 



Le probl^me que nous nous proposons est de r^duire ce tableau k sa plus 
simple expression. 

Voici comment cette reduction pent se fiiire : 

l"". Au lieu d'envisager un syst^me de p^riodes normales 



X^ I CTg , • • . • , CCp J Xij X^y , , , . J Xf, 



de I'int^grale Ji et les p6riodes correspondantes des autres int^grales, on aurait 
pu envisager un autre systfeme de p6riodes normales de Ji . 
Par exemple : 



+ ajf, xg, 


. . . . , Xp ; 


Xi, X}, . • . • , Xp 


— Xij X,, 


• . • . , Xp ; 


— xi, xi, , xl 


— Xi', X,, 


. . . . 1 XpJ 


•^1» ^» • • • • > 37p 



ou bien 
ou bien 

formeront encore trois syst^mes de p^riodes normales de Ji. 

II sera done permis : 

Ou bien d'ajouter dans le tableau (1) aux termes d'une colonne de rang 
impair, les termes correspondants de la colonne de rang pair qui la suit (nous 
dirons pour abreger que ces deux colonnes appartiennent a la meme paire). 

Ou bien de changer de signe tous les termes des deux colonnes d'une meme 
paire. 



( 
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Ou bien de permuter dedx colonnes d'une meme paire en changeant tous 
les signes d6 Pune d^elles. 

Plus g6n6ralement on peut faire I'opSration suivante que j'appellerai I'opSKl- 
tion Aj et qui n'est qu'une combinaison de celles dont nous venons de parler : 

Remplacer les noinbres a^ et a[j, pfer les ndmbres entiers ^a ®t i^<» d^finis 
comme il suit : 

^ik = (tff'ik + h^ik ; fiik — Cfaa + dfL[t 
oii (oi, 61, Ci, di), (a,, 6,, c^, d^j ..... (a^, 6p, Cp, d^) 

sont 4p nombres entiers aatisfaisant aux p conditions 

De meme les periodes 

— »i, ari, 3^8, a;4, , . . . , aj^; — «i{, ai, asj, a;^, . . . . , a^ 
oubien Xi + «ii a^. «8i • • • • 1 »p; «!> ««— aji', ac^, . . .. , a?^ 

sont encore des {)6riodes normales. 

II est done permis : 

Ou bien de permuter deux paires de colonnes en changeant tous les signes 
de I'une d'entre elles. 

Ou bien d'ajouter la premiere colonne d'une paire tc i la premiSre colonne 
d'une autre paire ni et de retrancher en meme temps la deuxifeme colonne de la 
paire ri de la deuxi^me colonne de la paire 7t. 

Plus g6n6ralement on peut faire Pop6ration suivante que j'appellerai TopSra- 
tion B : 

Remplacer les nombres a^* et a^ par les nombres ^3^ et /S^* d6finis comme il 
suit : ^a = 5;/i(^^j ; /?« = 2/6ya/* 

les o^ et les ft^ 6tant des nombres entiers satisfaisant aux conditions suivantes : 
le determinant des a^ est 6gal ^ 1 de meme que celui des &^; de plus on a: 

2<a^6a=0 si y^A; 
et XfOLifiij = 1 

de telle sorte que les deux substitutions lin6aires d6finies, la premifere par les 
p* nombres a^, la seconde par les p* nombres b^ soient deux substitutions cor- 
relatives. 

y. Posons maintenant : ^i=2anij< 

les a^t 6tant des coefficients entiers dont le determinant est 6gal & 1 . Supposons 

de plus que les quantit6s >7fc, • • • • > 'i^* 

soient form^es k Paide des >/,.... et des r comme les ^' sont formes avec les ^. 
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Par hypoth^e les p^iodes de Pint^grale Ji sont des combinaisons lin^aires 
^ coefficients entiers des quaiitit6s ^ et les p6riodes des int^grales J%j . . . . ^ J^ 
serODt fornixes avec les quantit^s >;,...., r comme celles de Ji avec les 
quantit^s ^. 

De meme (et cela se voit sans peine), les p^riodes de l'int6grale J^ seront des 
combinaisons line&ires ^ coefficients entiers des quantit6s ^' et les p^riodes des 
int6grales J%i . . . .^Jf^ seront form6es avec les quantity ri', . . . . , if comme 
celles de J^ avec les quantit6s ^. 

II est done permis de faire Fop6ration suivante que j'appellerai Top^ration (7: 

Remplacer les nombres a^ et a^ par les nombres /?it et /d^ definis comme 
il suit : /3« = 2^»a^ ; ^'n, — ^/^jaf^ij 

les coefficients % 6tant 4(i^ nombres entiers dont le d6terminant est 6gal h 1 . 

On peut en particulier permuter deux lignes du tableau (1) en changeant 
tons les signes de I'une d'elles, ou bien ajouter une ligne k une autre. 

En d'autres termes, on conserve le meme syst^me de p6riodes normales, 
mais on remplace le syst^me des quantit6s ^ auxquelles ces p6riodes peuvent se 
r6duire par un syst^me Equivalent. 

Le probl^me que je me propose est de r^duire le tableau (l)^sa plus simple 
expression par le moyen des operations A, B et G. 

Euvisageons d'abord le cas oii /x = 1 , c'est k dire oii l'int6grale Ji est r6duc- 
tible aux int^grales elliptiques. Nous supposerons de plus, mais seulement pour 
fixer les id6es, p = 3. 

Le tableau (1) s'6crira alors : 

oti.i tti.i <h.i OjJ.i oa.i a^.i 
«!.» «{., a,., ai., oj., a^., 

II est clair que les op6rations A, B, C, appliqu6es au tableau pr6c6dent ne 
changeront : ni la quantity 

(2) aiaa^t — ai.«a^i + a,.iai., — Oji.iOj'.i+aj.iai.,— ag.ga^.i 

ni le plus grand commun diviseur des termes de la premiere ligne, ni celui des 
termes de la deuxi^me ligne, ni celui des determinants formes avec deux des 
colonnes du tableau.- 

Cela pos6 : 

V. On peut, par rop6ration A, annuler a/.i, a,^l, ag.i. II est done toujours 
permis de supposer que le tableau (1) s'^crit: 

ai.i Oj.i a,.i 
ai.8 ai.8 og.g a^, (Xg.g Oj.g 
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T. Appliquons maintenant rop^ration B. Les nombres ai.j, o^.i, as.i ne 
cesseront pas d'etre nuls ; mais nous pourrons nous servir de cette operation de 
fapon ^ annuler o^.! et ag.i. II arrivera alors que a^sera le seul terme de la 
premiere ligne qui ne sera pas nul ; je puis toujours le supposer 6gal ^ 1 ; car 
s'il ne r6tait pas on pourrait remplacer la periode ^i par son multiple aj j^i et 
ai.i deviendrait ainsi 6gal S, 1 . II est done toujours permis de supposer que le 
tableau (1) s'6crit: 

10 

oti.» oti.s ««.» ai.» as.s tts.s 

3**. Appliquons de nouveau TopSration A, mais sans toucher S, la pre mifere 
paire de colonnes ; les termes d6j^ annul6s resteront nuls. Mais nous pourrons 
diriger I'operation de fapon h, annuler a^.s et as.^. Le tableau deviendra : 

10 
oti.s «i.| Oj.j tts.s 

4°. Appliquons TopSration B sans toucher k la premiere paire de colonnes; 
les termes dejS, annul^s resteront nuls, et nous pourrons diriger Vop6ration de 
fapon ^ annuler ag.^. 

Le tableau (1) s'6crira alors, en remplapant les lettres a pourvues d'indices 
par de simples lettres a^ b^ c, etc.: 

1 j 
a 6 c ;' 

5**. Appliquons maintenant Top^ration C en retranchant a fois la 1**^ ligne 
de la seconde ; le tableau se simplifie encore et s'^crit : 

10 
ft c 

On est ainsi conduit au th6orfeme de M. Weierstrass que j'ai d^montre et 
g6n6ralis6 dans la note cit6e plus haut. 

Mais la simplification pent etre encore poussee plus loin ainsi que M. Picard 
I'a montr6 dans le cas de p = 2 . 

Le nombre b (que je puis toujours regarder comme premier avec c) est uue 
constante absolue k laquelle je ne puis toucher, car ce n'est autre chose que 
Pinvariant (2), Mais je vais montrer que je puis en dirigeant convenablement 
les operations rendre c egal k tel nombre entier (premier avec b) que je voudrai 
et en particulier k 1 . 
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Je puis en combinant les operations Aet B, aj outer a fois la 2*™® colonne h 
la troisifeme en ajoutant a fois la 4**"® colonne k la premiere. Le tableau devient : 

10 

b c + ab O' 

Je puis de meme ajouter (3 fois la 2*"* colonne k la quatrifeine en retranchant 
P fois la 3*™® colonne de la premi&re ; il vient alors : 

1 

— ^c — a^b b c + ab /?6 

Je puis toujours choisir les nombrefi entiers a et j3 de telle sorte que le 
plus grand commun diviseur de : 

c + ab et del (3b 
soit tel nombre d (premier avec b) que je voudrai. 

Appliquons ensuite Toperation A sans toucher k la premifere paire de 
colonnes, mais de fapon k annuler le 4*"® terme de la 2*® ligne ; il vient : 

1 0- 
^e — a^b b d 

on en ajoutant fic + a^b fois la 1*" ligne k la 2*"*: 

10 
6 d 

d'oii il suit que la forme la plus simple du tableau (1) est la suivante : 

10 
6 1 * 

Nous allons maintenant passer au cas g6n6ral. 

Voyons d'abord quels sont les invariants que les operations A, B et G 
laisseront inalter6s. 

II y a en premier lieu le plus grand commun diviseur des determinants 
obtenus en prenant 2fi colonnes dans le tableau (1). Je pourrai toujours sup- 
poser que ce commun diviseur est ^gal k 1 . 

En effet Top^ration G permet de remplacer le systfeme des p6riodes £ par 
un systfeme equivalent. Mais il pent arriver dans certains cas qu'on puisse 
remplacer ce syst^me par un autre, non pas Equivalent mais plus simple. 

Si par exemple on avait (en faisant pour plus de simplicity p = 2, ^=1): 
ai=2^i, xi=b^^, x^=^%j ^8=0, 
il serait plus simple de poser 2f i = ^i et de considErer le systfeme des pSriodes |i 
et ^2 ; c'est d'ailleurs ce que nous avons d6j^ fait une fois. 
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Si done les determinants dSfinis plus haut n'^taient pas premiers entre eux, il 
serait possible de remplacer les p6riodes ^ par un autre syst^me plus simple et on 
r6duirait ainsi ^ I'unitg le plus grand commun diviseur en question. 

Cela pose, les /ci (2jtr — 1) quantit6s : 

^kq = 2i {anfiiiq — a<X») 
ne sont pas alt^r^es par les operations ^ et ^. 

La forme bilin6aire 

(oii Ton donne 1^ A; et & ^2" ^^^ valeurs 1 , 2, . . . . , 2jtr en observant que 

**« = —*«*, *« = o) 
ne sera done pas alt6ree par les operations A et B. 

On voit sans peine que Toperation G change cette forme en une autre 
6quivalente, au sens arithm^tique du mot. 

Soit A* le determinant des nombres ^^g (qui est 6videmment un carr6 
parfait) ; ce sera un premier invariant de la forme F. 

Nous allons chercher k r6duire cette forme bilin6aire F h ae^ plus simple 
expression par une transformation lineaire convenablement choisie. 

Si A n'est pas nul, la forme F pourra etre rMuite ainsi qu'il suit : 

^ = XtA^ {^u - 1) >72» (i?8A*7»* - 1) 

oh Ai, A^, . . . . , A^ sont fi nombres entiers tel que : 

II suffit pour s'en assurer de repSter presque sans y rien changer le raison- 
nement de M. M.Clebsch et Jordan (Theorie der Abelschen Functionen, p. 103). 

II en sera encore de meme si A est nul; seulement un ou plusieurs des 
nombres A^ seraient nuls. 

Mais on pent pousser plus loin encore la reduction. Supposons pour fixer 
les idees f£= 3, et imaginons (en supposant A different de 0) que la forme F 
soit reduite ainsi qu'il suit : 

A (£i>7» — ^tVl) + A ($3>74 — ^iVs) + ^3 (^5^6 — £6>75) • 

Spit A le plus grand commun diviseur des trois nombres Ai, A^, A^'^ soit 
A^B celui des trois produits AiA^^ AiA^, A^A^] soit enfin : 

A^A^A^=A^&G = A 
la forme jFpeut etre reduite encore ainsi qu'il suit : 

Ceci nous fait voir quels sont, outre A les invariants de la forme Fj 
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Soit Ai le plus grand commun diviseur des mineurs d'ordre i du determinant 
A'; ce sera un invariant, et la forme JP^n'en aura pas d'autres ; il suffira d'ailleurs 
d'envisager les mineurs d'ordre impair. 

Observons maintenant que les 2^' quantit^s ^, >7, . . . . , r ne peuvent etre 
choisies arbitrairement. Envisageons en effet la forme bilin^aire : 

^ii^iyl—^iyi)' 

Si on y substitae de la place de Xi ou de xi : 

«i»i + <^i + Ogg, + . . . . + aji, 

oi^i + aa/i+a^i +•••• + <^Ji 
et en meme temps a la place de y^ ou de yi: 

biXt + b^yi + bfii+ + Vo 

bixi+b^i+ bfii+.... + bX 
les a et les b 6tant 2(i nombres tout k fait quelconques, le r^ultat de la substitu- 
.tion devra etre nul. 

Si on substitue h, la place de Xi ou de xi les parties r^elles de 

(hXi+(h!/i + ^^i+ + Mi» 

aixi+a^i+afii+ + M* 

et k la place de y^ ou de yi les parties imaginaires des memes quantity, le resultat 
de la substitution devra etre positif. 
Reprenons done la forme 

Nous devrons avoir : 

^{ai^k+(hy!k+ + (^iJ^k, bi^t+b^yjjt + + b^r^) — 0, 

J^[^(«i^ik+ «!>?»+ + «^'^*)» -^K^*+«i'7fc+ + a^r*)] >0 

quelles que soient les quantites a et & . 

Nous d6signons pour abr^ger R {u) et I{u) les parties reelle et imaginaire 
de u. 

Nous pouvons toujours supposer que la forme F est r6duite. Nous I'^crirons 
done en supposant (i=: S pour fixer les id6es : 

Je dis que les trois nombres -ij, ^,, A^ sont diflferents de 0. Supposons en 
effet que A^ par exemple soit nul. On pourrait choisir alors les nombres a^ a, 
et aj de telle sorte que : 

arg (ai^i + (hm + asTi) = arg (a^^^ + a^ri^ + a^r^) 
arg (ai^3 + a^yis + a^r^) =± arg (ajf 4 + o^yi^ + 0^^) . 
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Ces deux conditions jointes ^ il, = entraineraient 

ce qui serait contraire & I'in6galit6 d6montr6e plus haut. Done A nepevt jamais 
etrenul. 

Cela pose, on voit sans peine que I'on a entre les ^, les >7 et les r la relation : 

et les deux relations analogues. 

Cette demonstration se trouve dans une note que nous avons publi^e, M. 
Picard et moi, dans le tome 97 des Comptes Rend us. Dans cette note nous 
avons 6tabli que toute fonction analytique de n variables et il 2n p6riodes pent 
s'exprimer & I'aide des fonctions 0. Mais je ne reproduis ici que la portion de 
la demonstration qui est utile pour mon objet actuel. 

Revenons maintenant au probl^e de la reduction du tableau (1) et suppo- 
sons pour fixer les idees, ^ = 2, p = 4, 

Nous commencerons au moyen de rop6ration G par r6duire la forme jF ^ sa 
plus simple expression. Nous ecrirons done : 

F=a (^i>74 — kiVi) + oh {Ji^Yi^ — ^^Yi^) 

a et 6 etant deux entiers diff^rents de ; cela est toujours possible d'apr^ ce 
qui pr6c^de. 

Nous avons vu en traitant le cas particulier de /£ = 1 , qu'on pent par les 
operations A et B. faire disparaitre tons les termes de la 1^*^ ligne du tableau 
(1), sauf le premier ; qu'on pent ensuite par les operations ^ et 5, et en ayant 
soin de ne pas toucher & la premiere paire, faire disparaitre tons les termes de 
la 2** ligne sauf les trois premiers. Nous op^rerons de meme ici et nous ferons 
disparaitre tons termes, sauf le 1*' de la I*'? ligne, les trois premiers de la 2**, 
les cinq premiers de la 3*"® et les sept premiers de la 4*"®. ' 

Le tableau (1) s'^crira alors : 



1 























«!.» 


<z 


«».» 

















ais 


oiiz 


a».8 


ai.s 


as.s 











ai.4 


ai.4 


a».4 


ai.4 


O-t.i 


<, 


o-i.i 






Nous n'avons employe que les operations J. et JB; la forme F n'a done pa,s 
change et Ton a encore : 

F=a (^i>74 — ^4>7i) + ah {^^ri^ — ^8>7») • 
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On a done : 

4>i.» = «!.» — 0, <I>i.s = ai.3 =0, 

4>i.4;= ai.:4 = a» 4>».8 = a«.,ai.s = a6. 

De plus Os.s doit etre 6gal k 1 sans quoi le plus grand commun diviseur des 
determinants formes avec 4 colonnes du tableau (1) ne serait pas 6gal k 1. 
Le tableau (1) pent done s'6erire : 





1 









«!.» 


10 






oi.t 


tt}., ab Og.g 






ai.4 a 


«».« a«.4 «».« ait at.i 




RetranchoDB maintenant la 1*" ligne, ai., fois de la 2*«, oj., fois de la 


ai.4 fois de la 4*"'»; puis la 2* 


* ligne oj.s fois de la 3*°" et a,. 4 fois de la 4' 


tableau (1) deviendra : 






1 







1"- 





10 









ab a,.g 






a 


a».4 a«.4 as .4 cti.t 





r>^me 



le 



1. 



lei deux eas sont k distinguer suivant que a est 6gal & 1 ou n'est pas 6gal k 

Supposons d'abord a = 1 . 

Retranehons la deuxi^me colonne 0^.4 fois de la 4^"^^ et ajoutons en meme 
temps la troisifeme eolonne ai.4 fois k la I*'* (operation B). 

Retranehons a,. 4 fois la 2^* eolonne de la S*""' et la 6*"** de la 1*" (operations 
AetB). 

Retranehons enfin a4.4 fois la 2*® eolonne de la 7*°"* et la S*""* de la 1*". 

Le tableau 1 devient alors : 



1 























ai.4 





1 











• 














b 


Os.S 











— 03.408.4 


1 





















On pent ensuite en retranchant la l*** ligne un nombre convenable de fois de la 
2^' et de la 4*'"», amener le tableau (1) il la forme : 

10 

10 

6 ttg.s 

10 
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Enfin une demi^re simplification est encore possible. Les nombres 5 et a,.3 
sont premiers entre eux, et on pent en operant comme nous Tavons fait dans le 
cas particulier de f£ = 1, r6duire a^,^k Punit^. 

Le tableau (1) est alors amen6 h sa forme definitive : 



1 





























1 


























b 


1 














1 





















Supposons maintenant que a ne soit pas 6gal a 1 et reprenons le tableau (1) 
sous sa forme (1^*"). 

II est clair que ab et a^.^ sont premiers entre eux; on pourra done, en 
operant comme nous I'avons fait dans le cas particulier de f£ = 1 , rMuire Os.s & 
l'unit6. 

Comme nous avons appliqu6 plusieurs fois l'op6ration C, la forme jPa 6t6 
chang6e en une autre forme ^quivalente, mais die a du rester divisible par a . 
Done 4>g.4 = ai.4 et 4>8.4 = 03.4 (puisque as.s = 1) 

doivent etre divisibles par a. Soit done: 

Nous retrancherons ensuite la 3*™^ ligne 03.4 fois de la 4*™® et le tableau 
(1^**) deviendra: 



1 





























1 


























ab 


1 














a 





cbd 





ad 


<»4.4 






oii c'=c — ia3.4. 

Betranchons maintenant d fois la 2** colonne de la 4*™* en ajoutant d fois la 
3*""* k la 1*". 

Retranchons d fois la 2*^ de la 6*"^* en ajoutant d fois la 5*°^* ^ la 1*". 

Nous avons introduit ainsi dans la 1*"* colonne le terme c/ ^ la seconde ligne 
et le terme d S, la 3*™'; nous les ferons disparaitre en retranchant d fois la 1*'* 
ligne de la 2^® et d fois de la 3*"*. Le tableau (1) deviendra alors: 





a6 1 

a4.4 



1 














1 














a . 






"*'*!^ 
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Enfin une derni^re simplification est encore possible ; il est clair que a et 
a4.4 sont premiers entre eux; nous pouvons done op6rer comme nous Tavons 
fait dans le cas de /i = 1 et comme nous I'avons fait deux fois dans le cas actuel 
et r6duire a^^^k runit6. Le tableau (1) prendra alors sa forme definitive : 


1 
a6 1 
a 1 

On peut g6n6raliser; j'6crirai le tableau (1) r6duit k sa plus simple expres- 
sion en supposant p = 6 , /i^ = 3 : 

0000000000 
1000000000 
0010000000 
OOOaftclOOOOO 
Oai 000010 
0000000010 

II reste maintenant k 6crire le tableau des periodes sous la forme habituelle ; 
nous le ferons dans les quatre cas que nous avons choisis plus haut pour exemples, 
c'est k dire quand : /i* = 1 , p = 3 , 

(1= 2, p = 4, a=l, 

(1=2, p=4, a>l, 

^ = 3, p = 6, a^l. 

Nous supposerons que le tableau (1) a 6te r6duit k sa plus simple expression 
comme il a 6t6 dit plus haut, et nous ferons : 
Dans le premier cas : y ^ 

Dans le second cas : 



1 











a 



l4=l. ^8=0; >74 = 0, >7s=-^ 



Dans le troisi^me cas : 
Enfin dans le quatri^me : 



i?8=0;»74 = 0. *7s=-^ 



^•= — ' ^6=0 , ^4=0. 



»7« = 

T, = 



>76 = 
^5=0 



1^ 

ab 



>74==.0, 
abe 



T4 = 
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Cela est toujours possible en choisissant convenablement les int^grales Ji, 

II resulte de Ik et de la forme du tableau (1) que les p^riodes xi, xl, . . . , ^ 
ajp de Ji sont toutes 6gale8 k , except^ une qui est 6gale k 1. De meme des 
p6riode8 correspondantes de Ji, . . . . , tT'^. En d'autres termes, eTi, J,, . . . . , tT"^ 
sont des inUgraJea normales. On y adjoindra p — (i autres integrates normales ct 
on 6crira le tableau des p^riodes sous la forme habituelle, c'est k dire dans I'ordre 
suivant : 



xi, xi, . . . . , Xp, Xi, Xt, . . . 


• > aJp 


yif yi yp. yu y», • • • 


"y. 


«!."», r W^, Ml, M», . . . 


.,% 


On obtiendra ainsi les tableaux Buivants : 




l"Cafl. ^=l,p=3, 




.10 ^1 -|- 





Q \ Q ~ G H 
1 EG'. 



2»'»«Ca8. 


^ = 2,p = 4,a= 1, 














1 








^1 


^, 







1 








»7i 


T* 


-:-» 







1 








1 
6 


G H 



00010 ORG'. 



S^^^Cas. /« = 2, p=4,a>l, 



1 Ix I, ^ 



a 

1 »r, »7, ^ 

OOIQQ—. GH 

0001— OH G'. 
a 



1 
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4*™*^Ca8. /i=:3,p = 6,a>l, 

1 ?i ^, ^3 -^ 

010000 >7i>7, >78 -^0 

1 Ti r, Ts --r- 

0001000 -4- G H" H' 

0000100-\ Q W O' H 

ab 

000001—0 E' H &', 

a 

a, bj et c sont des entiers; il est clair d'ailleurs qu'on doit avoir : 

L'inspection de ces tableaux montre que s'il y a /£ int6grales r^ductibles au 
rang /x, il y en aura p — fi r6ductibles au rang p — f£. 

§ 2. Olcw einguliere de reduction. 

Nous allons d^ormais nous restreindre au cas oii une ou plusieurs des int6- 
grales ab61iennes consid^r^es sont r^ductibles aux int6grales elliptiques. 

Soient Ji et tTi deux int6grales ab61iennes r6ductibles aux int^grales ellip- 
tiques. Soient: 

les p6riodes normales de «7i et 

yi = nvi + ^%yi%i , yp = yp>7i+ K^u 

yi = yi>7i+ ^i>7ii , yl = rlm + K'^»i 

les p6riodes normales de Jj|. Les a, /3, ^ et j seront des entiers. 
On devra avoir 

2(x<y< — y<a;0 = O (i=l, 2, , p) 

et par consequent 

(1) Mim + 5^1%+ C^,m + D^,n, = o, 

oii ^ = 2(a,yi — a,VO> 

A, B, C et D soDt des entiers. 
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Oela po86 de deux choses I'une : 

Ou bien l'egalit6 (1) n'est pas une identite, ou bien elle est line identity, de 
sorte que A = B= (7 = 2? = 0. 

l^ Supposons d'abord qu'elle ne soit pas une identity. 

Je dis alors qu'il y aura une infinit6 d'int^grales de la forme 

qui seront r6ductibles aux integrales elliptiques. En effet pour que «7i + X/, 
soit r6ductible, il suffit qu'il y ait entre les quatre quantites : 

deux relations lin^aires et homog^nes k coefficients commensurables que je 
pourrai 6crire : ^i = '^ (i>7i + c>7») > 

bj c, b', cf 6tant commensurables. 

L'elimination de X entre ces deux Equations donnera la condition : 

Cette condition sera satisfaite si I'on pose : 

V^=z(iA, cf:=(iB, 5= — (iGy c = — (iD, 
ft 6tant un nombre commensurable quelconque. 
On aura alors : _ ^i 

At — 



f^(^>7i+/>>72) 



Si done nous posons ^i _ ^ 

rint6grale : JTj + ^jJiJ^ 

sera r6ductible toutes les fois que fi sera commensurable. 

On pent toujours supposer que A = 1 ; cas si cela n'6tait pas, on remplacerait 
l'int6grale J^ par I'int^grale hJ^ qui n'en diff^re que par le facteur constant h. 
On a alors ; ^i = Gyii + D>7j, 

^,= -(-4>7i+5>7»). 
2°. Supposons main tenant que la relation (1) soit une identite. Imaginons 
que le tableau des periodes ait ete r^duit comme il a 6t6 dit au paragraphe prece- 
dent et qu'il s'ecrire (en supposant p = 3 pour fixer les id6es). 

periodes de Pintegrale «/i, 

H periodes d'une int^grale que j'appelle /j* 
& periodes d'une integrale que j'appelle .Tg, 



1 








^, 


1 
a 


(2) 


1 





1 

a 


G 








1 





H 


a 6tant un 


entier. 
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Si done on pose : f i = — 

on aura : 

ai=0, a,= l, a8 = 0; a/ = a, aj( = 0, al=Q, 

^ ^ /?i=l, /»2=0, i33=0; i3I=0, ^i=0, ^^=0. 

II viendra alors : 

Pour que la relation (1) soit une identite, on doit done avoir : 

yi = 5i = 0, y^ = ayi, h^=^a^ 

ce qui entrame evidemment 

yi = 0, yi — ay^. 

Or si I'integrale /, qui doit etre une convbinaison lin6aire de J^^ Jl et Ji 
s'6crit par exemple : 

on aura: yi = h, yi = A|s+ — ; yi = k. 

Les conditions prec6dente8 equivalent done d. la suivante 

^ = 0. 
On a done J^z=kJl+ IJ^. 

Revenons maintenant au cas oii la relation (l) n'est pas une identite, mais 
en supposant que le tableau des periodes ait 6t6 ramen6 k la forme (2) de fapon 
que les a et les ^ prennent les valeurs (3), 

On aura alors une infinite d'integrales r^ductibles 

oii fi est un nombre eommensurable quelconque. 
On aura d'ailleurs : 

^1 = — = (7>7i + Dm = yiyii+ Sirj^ = y[. 

(Jb 

La premiere p6riode de Tintegrale /i + /u/s (dans Pordre du tableau (2)) est alors: 

Nous pouvons doneehoisir le nombre commensurable fi, de telle sorte que 
cette premiere periode soit nuUe ; il suffit pour cela de poser : 

/i = — a. 
On a alors : Ji — oJ, = AvTJ + IJ^ 

k etl 6tant des coefficients numeriques convenablement choisis. 



r^- 
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Si done parmi les int^grales abeliennes : 

hJ^+JcJi+Ul 
il y en a une (autre que Jj) qui soit r6ductible aux int6graleB elliptiques, ou bien 
h sera nul, ou bien il y en aura une infinite d'autres comprises dans la formule 
g£n6rale suivante : 

(oft fL est un nombre commensurable quelconque) qui seront 6galement r6duc- 
tibles. En particulier : 

est une int^grale r^ductible. 
Si done on d^igne par 

les p6riodes de eette int^grale 

fc/i + i/il 
on de vra avoir yi = , yi = ayi 

ce qui prouve que pour eette int^grale la relation (1) est une identity 

D'oii la consequence suivante : 

S'il existe deux int^grales r^ductibles J^ et Ji pour lesquelles la relation (1) 
ne soit pas une identity, il y en aura une infinite d'autres et parmi celles-l&, il y 
en aura encore une pour laquelle la relation (l) sera une identit6. 

Je vais maintenant d6montrer le th^or^me suivant : 

Si dans un syst&me d'integrales ab61iennes de rang p, il y en a p — 1 
lin^airement ind6pendantes qui sont reductibles aux int6grales elliptiques, il y en 
aura une p*"® qui sera 6galement reductible. 

En effet ces p — 1 int6grales abeliennes lin6airement ind6pendantes et reduc- 
tibles aux integrales elliptiques, peuvent etre regard6es comine formant un 
syst^me de p — 1 integrales reductibles au genre p — 1 . Done d'aprfes le the- 
or^me enonce a la fin du paragraphe precedent, il devra y avoir une p*"' integrale, 
lineairement independante des p — 1 premieres, et qui sera reductible au genre 1 . 

C. Q. F. D. 

Je dis maintenant que si Ton a // + 1 integrales reductibles aux integrales 
elliptiques (et que ces /t^ + 1 integrales ne soient pas lineairement indepen- 
dantes) il y en a une infinite. 

Soient en effet : 

yu y^i • • • • » y^ 

fi integrales reductibles lineairement independantes et : 

Vol. VIH. 



S06 PoiNCAB^: Sur les Fonctions Ab&Uertnes. 

une [JL + 1*"® integrale qui est une combinaison lin6aire des (i premieres et que je 
suppose 6galement r^ductible. 

Les p^riodes de I'une quelconque des (i integrales yi, y>, • . . . , y^, celles de 
j/i par exemple, devront etre des combinaisons lin^aires k coefficients entiers de 
deux quantites que j'appelle ^< et >7< et qui sont les p6riodes de Tint^grale elliptique 
k laquelle peut se reduire y^. 

II r^sulte de \k que les p6riodes de 

seront des combinaisons lin^aires k coefficients entiers des 2^ quantites 

Pour que cette integrale J soit r^ductible aux int6grales elliptiques, il faut et il 
suffit qu'il y ait entre ces 2(i quantites, 2(i — 2 relations lineaires homogfenes k 
coefficients entiers. 

Supposons qu'il en soit ainsi, et soient : 

Pii Pii • • • • > Pm 
IL nombres commensurables quelamques diff6rents de 0; il y aura alors aussi 
2fi — 2 relations lineaires k coefficients entiers entre les 2f£ quantites : 

ai/i^i>7ii a«/?»>7»» . • . . , a^^^ri^ 
et par consequent Uint^grale : 

aii3i2/i + a2/?»ys + + a^i^fi^ 

sera r^ductible quels que soient les nombres commensurables /8i, i3|, . . . . , ^^^ 

C. Q. F. D. 

Si en particulier il y a plus de p integrales r6ductibles, il y en aura une 
infinite. 

Et en eflTet, entre p + 1 integrales il y a toujours une relation lin^aire, 
puisqu'un syst^me d'int^grales ab61iennes de rang p ne contient que p integrales 
lin6airement ind6pendantes. 

Dans un m^moire insere aux Acta Mathematica, M™®* Kowalevski etudie le 
cas de reduction des integrales de rang 3 au rang 1 , en supposant que le nombre 
caracteristique de la reduction que nous avons ici appele 6 soit ^gal k 2. 

Dans un cas remarquable, elle trouve 4 integrales r6ductibles et n'en trouve 
que 4; il n'y en a que 4 en effet oii h soit egal k % mais il y en a une infinite 
pour lesquelles 6 est superieur k 2. 
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Je vais enfin pour terminer ce paragraphe d6moiitrer que tout syst^me 
d'int^grales ab^liennes diflffere infiniment peu d'un syst^me r6ductible. 
Voici ce que j'entends par IS, : 
Soit (en supposant p = 4 pour fixer les idees), 

10 Ti.i Tg.i Tg.i r^.i 

10 Ti., T,., Tg., T4.3 (r^ = T*0 

10 T1.8 Tji.8 ^3.8 ^4.8 

1 T1.4 T8.4 T8.4 '^4.4 

le tableau des p6riodeB normales d'un syst^me d'integrales abeliennes. On 
n'obtiendra un syst^me d'int6grales abeliennes proprement dites, c'est ^ dire un 
systfeme engendr6 par une courbe alg^brique, que s'il y a une certaine relation 
entre les p ; car le nombre des modules d'une courbe de rang (4) etant 9 , est 
inf6rieur & 10, nombre des r. 

II convient toutefois de s'affranchir de cette difficult^, et pour cela il suflSt 
d'^tendre un peu le sens du mot intigrales abiliennes. 

Soient Xi, x^, x^, x^ x^^ cinq fonctions ab61iennes (8 fois p6riodiques) de 
quatre variables t^, ti^, u, et U4. 

II y aura entre ces cinq fonctions une relation alg^brique : 

<^(«i, a-8, Xj, x^, Xi) = 0, 
et il est ais^ de voir que v^, ti^, ti^ et u^ sont des int6grales de diffi§rentielles 
totales dependant de xi^ x^, x^^ Xi et x^. On aura : 

oii i^it ^'sy '4^8 ^^ 4^4 sont des fonctions rationnelles de ocu x^, x^, x^ et x^. 

Nous conviendrons d'appeler encore int6grales ab61iennes les integrales de 
diff6rentielles totales ainsi engendr^es. 

Alors quels que soient les r (pourvu qu'ils satisfassent k certaines in6galit6s 
et sans qu'ils soient assujettis k aucune 6galit6) ils pourront etre regard& 
comme les p^riodes d'un syst^me d'int^ales ab61iennes et la difiScult6 signalee 
plus haut disparaitra. 

Consid^rons done le syst^me suivant de p6riodes : 

10 0, Ti.i + rei.i, T,.i + r€2.i, Tj.i + ^ej.i, '^^4.1+^^4.1 

10 0, ri.8 + r€i.8, Tj.i+rej.j, Tj.a + rea.,, r^.^ + re^,i 

10, Ti.3 + r€i.8, 'Tj.g + reg.a, Tj.a + rfj.s, T4.8 + ^f4.8 

1, *ri.4 + ?-ei.4, T8.4 + re2.4, T3.4 + rf3.4, T4.4 + re4.4 
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Ici r est une quantity positive donnce. Quant aux e ce sont des quantit6s 
satisfaisant bien entendu k la condition : 

^ik ^^ c»i 

et que j'assujettis de plus aux inegalit&i 

ui<i. 

Laissons r constant et faisons varier les e en leur donnant toutes les valeurs 
compatibles avec les in6galit^ pr6c6dentes. Nous obtiendrons ainsi une infinite 
de syst^es d'int^grales abeliennes. 

Parmi ces syst^mes, il y en aura, quelque petit que soit r, une infinite qui 
contiendront quatre int^grales reductibles au rang 1. 

C'est ce que j'entendais en disant que tout syst^me d'int6grales abeliennes 
est infiniment voisin d'une infinite de syst^mes r6ductibles. 

Le r6sultat que je viens d'6noncer est presque 6vident En effet une 
integrale sera ^videmment r6ductible au genre 1 si toutes ses p6riodes sont de 
la forme d + ^V — 1 , 

a et /? 6tant commensurables ; si en d'autres termes, toutes les p^riodes sont des 
nombres complexes commensurables. 
Mais parmi les nombres 

qui satisfont k la condition 1 6^ | < 1 

il y aura, quelque petit que soit r, une infinite de nombres complexes commen- 
surables. 

On pent done choisir les sa d'une infinite de mani^res et de telle fapon que 
les quatre integrales normales soient reductibles aux int^grales elliptiques. 

Je pourrais ajouter que Ton pent choisir les ea de telle sorte qu'il y ait une 
infinite d'integrales reductibles, mais je u'ai pas besoin pour mon objet de cette 
extension du resultat precedent. 

§ 3. Qenkrcdiaation du ThSorhfne (VAbel. 

Je suis oblige ici de faire une digression et de donner avant d'aller plus 
loin, une generalisation du theor^me d'Abel qui me sera utile dans la suite. 
Soit: 

(1) /i^,y) = o 



PoiNCARfi: Sur l€8 Fonctions AUliennes, 309 

une courbe plane quelconque. Soit u{x, y) une int^grale abelienne de 1*~ esp^e 
attach^e h cette courbe. Soit c une courbe variable de degre donn6 m qui coupe 
la courbe (1) en g points variables : 

a^i» yi'j ^»> ys; • • • • ; ^qy yq- 

La somme 

^*(a:i, Vi) + u{x^, y^) + + u{xg, y^) 

sera une constante (quelle que soit la courbe c, pourvu toutefois que son degre 
m ne change pas). 

Tel est le th^rfeme d'Abel que je me propose d'6tendre aux surfaces. 

Je vais d'abord r6tendre aux courbes gauches. 

Soit c une courbe gauche quelconque et x, y, z un point mobile sur cette 
courbe. Nous pourrons mettre I'^quation de cette courbe c sous la forme 

-'-t»: /(x,y)=0, -11^. 

/, ^ et '4' 6tant des polynomes entiers enxeteny. L'intersection complete des 
deux surfaces : /=0, t^ — ^=0, 

se compose alors de la courbe c et d'un certain nombre de droites parallMes k 
I'axe des z et qui sont les droites communes aux trois cylindres : 
/(x, y) = 0, '^/(aj, y)=0, ^{x,y) = 0. 

D'ailleurs toutes les droites communes aux deux premiers de ces cylindres, 
doivent 6galement appartenir au troisifeme. Je renverrai pour plus de details 
au M6moire de M. Halphen sur les Courbes gauches alg6briques, couronne par 
PAcad^mie de Berlin. 

II existera un certain nombre d'int^grales : 

m(x, y, z) =JB{x, y, z)dx 

(oii B est une fonction rationnelle de x, de y et de z; y et « 6tant definis en 
fonctions de x par les 6quations de la courbe c) qui resteront finies en tons les 
points de c . 

Ce seront les int6grales de l*"* esp&ce attach6es k la courbe c. 

Le th6orfeme d'Abel s'applique k ces int6grales. Consid6rons une surface 
alg6brique d'ordre m qui coupe c en g points : 

(a^i, yi, 2i), (jr», yj, z,), , {xg, yg, Zg) 

la somme u(xi, yi, Zi) + u{x^, y^, z^) + + u{xg, yg, Zg) 

restera constante quand on fera varier cette surface, pourvu que m reste 
constant. 
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Oela est presque evident et pourrait se dSmontrer directement par le meme 
procedS que le th^or^me d'Abel relatif aux courbes planes. On pent aussi le 
d6duire ais^ment de ce theor^me : 

L'int^grale u pent se mettre sous la forme : 

^1 6tant rationnel en a et en y. C'est alors une int6gralo abelienne attach6e k 
la courbe plane /= . 
Soit maintenant 

I'equation d'une surface quelconque S d'ordre m . 
Si on y remplace z par sa valeur -^ , il vient : 

(2) <^« + ei44>~"' + ».4^<^~~*+ . . . . + e«'4'* = 0. 

Si Ton appelle n et n + 1 les degrfe des deux polynomes i^ et ^, I'equation 
(2) sera l'6quation d'une courbe plane de degre »i (n+ 1). Oette courbe plane 
coupera la courbe /:= en un certain nombre de points. Parmi les points 
d'intersection, il y en aura q 

(a^i,yi), (ic„yg), , {xg,y^ 

qui correspondront aux q points communs It la courbe C^ et ^ la surface S. Les 
autres correspondront aux droites communes aux trois cylindres : 

/=0, 4>=0, i// = 

la trace de chacune de ces droites sur le plan des xy comptant pour m points 
d'intersection. 

Les points d'intersection de la premiere sorte sont mobiles, les autres sont 
fixes. Mais dans Papplication du th6or^me d'Abel aux courbes planes les points 
d'intersection fixes ne doivent pas intervenir. Nous pouvons done 6crire : 

w(«ii yi) + w(a,, y,) + + ^K, y^) = const. 

0. Q. F. D. 

Supposons en particulier que la courbe C soit intersection complete de 
deux surfaces alg6briques : 

/(«, y, 2) = 0, <p{x, y,z)=0 
de degres m etn. II est ais6 de former alors les intfegrales de 1*"^ esp^. 
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Supposons que la courbe C n'ait pas de point singulier, ce qui veut dire que 
les trois detemunants fonctionnels : 

^^_^^-^^ M. ^ rf/ d^ _df dq> 
dy dz dz dy dz dx dx dz dx dy dy dx 

ue peuvent pas s'annuler d. la fois en un point de la courbe. 
Je dis que Pintegrale : 

^_ r P(x,y,z)da^ ^ 
J df d^ df d^ 
dy dz dz dy 

ou P est un polynome quelconque de degre m + n — 4, sera de premifere espfece. 

En eflFet elle reste finie quand x, y etz deviennent infinis ; elle ne pourrait 

done devenir infinie que si le d^nominateur 

df d^_dl^ dp 
dy dz dz dy 
s'annulait. Mais on a : 

J df dp df dp J dfd^_dfdp^ J df dp df dp ' 
dy dz dz dy dz dx dx dz dx dy dy dx 

L'int^grale u ne pourrait done devenir infinie que si les trois determinants 

fonctionnels s'annulaient i la fois, ce qui n'a pas lieu, par hypoth^se. 

Done elle restera toujours finie. ^ 

a Q. F. D. 
Passons maintenant aux surfaces. Soit : 

une surface alg^brique S. 

M. Picard a d6montr6 qu'il n'existe pas pour toutes les surfaces d'integrales 
de diflferentielle exacte de l**"® espfece, c'est ^ dire d'integrale de la forme : 

u=z I {Rdx + Ridy) 

qui reste toujours finie, ou la quantite sous le signe / est une diflferentielle 

exacte, oil enfin R et B^ sent rationnels en x, ^ et s. 

Je dis que dans ce cas le th6or6me d'Abel est encore applicable. 

Voici ce que j'entends par Isb. 

On sait que pour definir une famille de courbes gauches, il ne suflfit pas de 
s'en donner le degre, mais qu'il faut connaitre egalement plusieurs autres nombres 
caracteristiques. Je renverrai d'^Ueurs pour plus de details au Memoire cite de 
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M. Halphen. Quo! qu'il en soit, nous dirons que deux courbes gauches, sans 
point singulier, appartiennent ^ la meme famille quand tous les nombres d^finis 
par M. Halphen seront les memes pour les deux courbes. On pent alors passer 
de I'une h, I'autre par variation continue. 

Soit alors une courbe gauche G qui varie, mais de fapon h, appartenir 
toujoUrs ^ la meme famille. Soient : 

ses q points d'intersection avec la surface S. Soit t^, t^,, . . . . , t^^ les valours 
de Pint^grale u en ces q points. La somme 

t^ + w« + + u^ 

sera une constante. 

Commenpons par envisager le cas particulier oii la courbe G est I'intersection 

complete de deux surfaces alg6briques d'ordre m et n,'et que j'appellerai Si 

et 8z. Alors les q points d'intersection de C? et de /S' seront les q points com- 

muns aux trois surfaces : 

8^ /Si, 8^. 

L'intersection de 8 et de 8i est une courbe gauche et Tintegrale u d^apr^ 
sa definition meme, sera une int^grale de 1^^ esp^ce attach6e ^ cette courbe 
gauche. Nous pouvons done faire varior la surface 8% sans que la somme : 

varie. Pour la meme raison, cette meme somme ne variera pas quand on fera 
varier 8i. Done quelles que soient les surfaces 8i et 8^ on aura : 

k etant une constante. 

a Q. F. D. 

En particulier, si m = n = 1 , la courbe G se reduit &> une droite, et on a 

pour toutes les droites de Pespace 

t^+ ^+ . . . . + Ug==k] 
k etant une constante. 

Je dis maintenant que Aj= mnk. 

En effet faisons d6g6n6rer la surface 8i en m plans et la surface 8^ en n 
plans ; la courbe G degenerera en mn droites. La somme Xu 6tant 6gale a k 
lorsqu'on envisage une droite isol6e, devra etre egale a mnk quand on envisagera 
tm systeme de mn droites. 
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Envisageons maintenant une courbe gauche de degr6 d qui ne soit pas une 
intersection complete. Son Equation pourra toujours s'6crire : 

F, '4^ et^ 6tant des polyn6nies dont le degr6 est respectivement d , n etn+ 1. 
Les deux surfaces alg6briques 

F=0, 'J/z — <^ = 

sent de degr6 d etn+ 1. Leur intersection complete se compose de la courbe 
C et de nd droites parall^les a I'axe des z . Soient : 

(a^i» yi» «!)»-•.• I {xg, y^, Zg) 
les q points d'intersection de G et de S et 

(^«+i» y« + i» 2g + i)» • • • • » (aSp, Vp, 2p) 

les jp — q points d'intersection des nd droites dont je viens de parler et de S . 
On aura alors d'apr^ ce que nous venous de voir : 

w(ai, yi, «i) + t*(«iiy2, h) + +t*(«p,yp, Zp) = {n+ l)dk. 

D 'autre part on aura pour les nd droites 

^(»g+i»y«+i»2«+i) + ^(»«+»>y5+». 2^«+i) + +^(»p,yp, z^) = ndk. 

On a done : 

w(ari, yi, Zi) + w(a:i, y,, «,) + + w(»g, y,, 2j) = d&. 

0. Q. F. D. 

Cela montre en meme temps que la somme Xu est la meme pour deux 
courbes de meme degr6, quand meme ces deux courbes n'appartiennent pas k la 
meme famille. 

On comprendra, sans que j'insiste d'avantage, que le th^or^me d'Abel 
s'applique encore aux int6grales de l**"® espfece de diflR§rentielles totales de la 
forme : 

/ Bidxi + R^dx^ + ••.- + Rn/dXu » 

oii les R sont des fonctions rationnelles de a:i, aci, . . . . , »n ®t 2, et oii « est d6fini 
par une Equation algebrique : 

F{x^, a^, , x^, z) = 0. 

Je vais maintenant, quoique cela ne soit pas n6cessaire pour mon objet 
principal, montrer comment et dans quelle mesure le theorfeme d'Abel pent 
s'6tendre aux surfaces qui n'admettent pas d'int6grale de l**"® esp^ce. 

Vol. vrii. 
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En ce qui conceme les courbes planes, sans point singulier, oe th^or^me 
pent s'^noncer de la fapon suivante : 

Soit /= une courbe alg6brique de degr6 m ; soient ^ = 0, ^ + €^ = 
deux autres courbes algfebriques de meme degr6 et infiniment pen diflfi^rentes 
Tune de Tautre. 

Soient {x^ yi), («•«, ys )•••-. , {xq, y^ les q points d'intersection de /= 0, 
^ = ; soient (a^i + cfo^ , yi + dy^ ,...., (x, + (kc^ , y,+ dy^ les q points d'inter- 
section de /= 0, ^ = r^' = 0. On aura : 

^P{x^.y:)d^.^ 

dy, 

P est un polynoine quelconque d'ordre m — 3 . 

De meme, en ce qui conceme les courbes gauches, sans point singulier, le 
th^or^me d'Abel pent s'6noncer comme il suit : 

Nous ne consid6rerons qu'une courbe gauche, intersection complete de deux 
surfaces alg6briques : 

/=0, /i = 0, 
de degres m et n. 

Soient encore 4> = 0, ^ + 6^=0, deux surfaces alg6briques infiniment 
voisines Tune de Tautre. La courbe gauche coupe la surface ^ = en jf points 
(«F, yn Zy) et la surface ^ + e^—0 en q points {x,+ dx^, y^+ dy^, z,+ dz^) 
et Ton a : ^ PK,y.,Orfa;. _ ^ 

dy, dz, dy, dz, 

P 6tant un polynome quelconque de degi'6 m + n — 4. 

Passons maintenant aux surfaces; soit/= une surface algebrique d'ordre 
m. Consid6rons son intersection avec une courbe gauche variable, intersection 
compile de deux surfaces ^ = 0, <^ = d'ordres n et ^. La surface /= 
coupera une de ces courbes gauches G en q points (a^, y^, z^) et une courbe 
gauche (7, infiniment voisine de C enq points {x, + dx^, y^ + dy^, z^+ dz,). 

Soient^= 0,4)1=0 les Equations de la courbe G et^ + 6^= 0, ^1+6^1= 
les Equations de (7', e 6tant infiniment petit. 

Nous envisagerons la courbe (7" qui a pour Equations 

♦ + e^ = 0, 4>i=0 
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et nous appellerons 

ses ^ points d'intersection avec la surface /= 0. Nous poserons ensuite : 
Les deux courbes C et G" 6tant sur la meme surface ^ = , on aura : 

De meme les deux courbes C et O ^tant sur la meme surface ^ + W' = 0, 
on pent, en n^gligeant e, ^rire : 

Appliquons le th6orfeme d'Abel h I'intersection de la courbe gauche /= 0, 
^1=0, avec les deux surfaces infiniment voisines ^ = , ^ + ei// = . II viendra : 



E 






=0. 



Dans cette Equation P^ d6signe un polynome de degr6 m+p — 4, oft a, y, 2 

ont 6t6 remplaces par x^, y^, z^ et A'^'^l repr6sente suivant I'usage le d6ter- 

d[y^,z^) 

minant fonctionnel de/et de ^ par rapport i^y^etkz,. 

Mais on a identiquement : 

d^ i 1^1 1^1 

9 (y^ , «r) 9 K , X,) d {x, , y,) S(jCm y., 2.) 

Je d^signerai pour abr6ger par A^ le d^nominateur de la demifere de ces 
fractions. 

On aura alors : 



r = l 



Mais on a de meme, a cause de (2) : 
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II vient done : 



c'est la generalisation du th^or^me d'Abel. 
On trouve de meme : 

Q, 6tant un polynome de degr6 m+^n — 4. 

Un cas particulier int^ressant est celui oil la surface /= se r^duit k un 
plan ; si 4> = 0, 4>i = sont deux courbes planes de degr^ m^ se coupant en m* 
points {Xy, y^ et si deux courbes de degr^ m infiniment voii^ines se coupent en 
«i* points (a;^ + cte^, y^ + ^V^ j on aura : 



E 






W,dy,~dacldyl 

P etant un polynome quelconque de degr6 m — 3 et X ^tant une constante 
quelconque. ^ 

§ 4. Fonctiona intermSdiaires. 

Envisageons un syst^me de fonctions ab^liennes a n variables Xi^ x%f , . . . , x^ 
et k 2n periodes. A Fexemple de MM. Briot et Bouquet, j'appellerai fonction 
intermediaire toute fonction entifere des n variables qui se reproduit multipli6e 
par une exponentielle quand les n variables augmentent d'une p^riode. 

Soit par exemple : au* «»ik> • • • • » ««* ^^^ p6riode. Une fonction enti^re <l> 
sera une fonction intermediaire si Ton a : 
*(xi+au, a:8+a,», , x^ + a„j,) = <]?{xi, x^, , ajj6-»*'» + -«*«+- ••+•-*»-+>* 

(les a et les y etant des constantes) et cela pour toutes les p6riodes. 

Je vais supposer pour fixer les id^es qu'il n'y a que deux variables a; et y ; 
j'appellerai les periodes fondamentales 

(hi «2» ^81 «4 

6ij 6|i hf h 
et les multiplicateurs correspondants seront : 
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Si I'on augmente x et y d'abord de la p6riode (a^, 5,) puis de la p6riode 
(o), &|), les deux multiplicateurs successifs ont pour exposants d'abord 
(a,a; +/3,y + y,) puis {a^pc+^iy + yi+aias + A&,). 
Le rSsultat devant etre le meme dans les deux cas, le nombre : 
a««i + /?A — «!«« — P^f>% = -^1. s 
devra etre 6gal k un entier multipli6 par 2in. II en sera de meme des expres- 
sions analogues M^ oii les indices i et k ou des valeurs quelconques. 
ConsidSrons en particulier une exponentielle de la forme suivante : 
^ o^P=A;^+ 2Bxy + (Ty* + 22>a; + 2% + F. 
Si I'on augmente x et y de a et de 6, I'exponentielle se trouvera multipli6e par : 

^a* + Py + Y 

oii a=2ila+2£6, 

/?= 2Ba+2Ch, 

Y = Aa^+ 2Bab +Gb^+ 22>a + 2^. 
U vient done : 

^Ma^{Aa,+ Bb,)a,+ {Ba,+ Gb,)h-{Aa, + Bh)a,-{Baj,+ Gb,) b, = 0. 

Ainsi pour une exponentielle e^, tons les M^^ sont nuls. II est ais6 de voir 
que ces exponentielles sont les seules fonctions interm^diaires qui jouissent de 
cette propri6t6. Car si une autre fonction interm6diaire ^ en jouissait, on 
pourrait trouver une exponentielle e"^ telle que la fonction 4>e'"^, qui est 6gale- 
ment interm6diaire, eut tons ses multiplicateurs 6gaux k 1. II en r^sulterait 
que cette fonction ^er^ qui est entire serait quadruplement p6riodique ; elle se 
r6duirait done h une constante, de sorte qu'on devrait avoir : 

* = Ge''. 

C. Q. F. D. 
Supposons maintenant que les periodes : 

«1, «2, «Si «4 

6i, i,, ftsi *4 

que nous consid6rons soient des periodes normales, de sorte que I'on ait : 

(1) ai&8 — a^bi + 0,64 — aj>^ = . 

Posons : 





o{ = a8 


Oj = — Oi ai = 04 04 = — a. 




bi=:hs 


bi= 61 biz=bi b'i= 6,. 


On aura alore : 




2a,a; = 2o,6t=0. 
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Je dis maintenant qu'on a : 

(2) SaM^{aiH-a!,bi) = 0, 

la somme 6tant ^tendue aux 6 combinaisonB possibles des nombres ietk. 
En efiet cela peut s'ecrire : 

oh cette fois on donnera Q,i ethk, independamment Pun de I'autre les valeurs 
1, 2,3, 4; cela fera done en tout 16 termes dont 4 seront nuls parce que 

La relation pr6c6dente devient alors : 

2a {a^a^ + /? A — a^a^ — /?*&,) a^fti = 
ou bien 

2, (a,a;2»a,50 + 2, (^3^2 A^i) - 2, (a*6i2ia^0 — 2* {^^'tSMO = . 
La relation est done v6rifi6e, puisqu'on a : 

^nfli^k = 2 Aft* = Sif^i^i = ^Aai = . 

Cela po86, de deux choses Tune, ou bien les relations (l) et (2) sont 
distinctes, oil elles ne le sont pas. 

Je ne veux pas d^montrer ici que ces relations ne seront jamais distinctes a 
moins que les int6grales ab^liennes consid6r6es ne soient r^ductibles aux inte- 
grates elliptiques. La demonstration serait sans doute fort longue. 

Laissons de cote ce cas exceptionnel et supposons que les deux relations ne 
sont pas distinctes, et par consequent que les M^ sont nuls, h, Texception de ifi.s 
et de if|.4 qui sont Sgaux entre eux. 

Le nombre m devra toujours etre de meme signe ; il sera positif si comme on le 

suppose d'ordinaire, on a : 

ajaj — alal + ojaj — a\al > 

en designant par aj et a\ les parties r6elle et imaginaire de a< . 

Nous dirons alors que la fonction interm6diaire envisag6e est d'ordre m. 

La fonction interm6diaire sera une fonction @ d'ordre m si les quatre 
multiplicateurs sont : 

1, 1," 6*"^+^ (5'"«' + ^ 

les huit periodes etant : 

pouric: 2i7i G H, 

poury: 2m H G\ 
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II est ais^ de voir : 

l^ Que toute fonction iQterm6diaire peut etre regard^e comme le produit 
d'une fonction et d'une exponentielle de la forme e^. 

V. Que toutes les fonctions © d'ordre m qui ont memes multiplicateurs sont 
des fonctions linSaires de rr? d'entre elles. 

II en r^sulte que toutes les fonctions lineaires qui ont memes multiplicateurs 
sont des fonctions lineaires de m* d'entre elles. 

Cela pos6, on peut d6finir le multiplicateur correspondant S. une p6riode 
quelconque {ayh) en se donnant les trois nombres (a, /3, j^). 

Si par exemple on a : 

*(a; + a,y + *)=*(a:, y)e-* + ^«'+^ 
^le multiplicateur serait d^fini par les trois nombres (a, j3, y). Mais il est 
pr6fi5rable d'envisager trois autres nombres (a, /9, h) dont le dernier h est dSfini 
comme il8uit: 3 = y_i_(^ + j^) 

ouplutot 3 = y_i_(^ + j^) (xnod.2m). 

Car on peut 6videmment augmenter 5 d'un multiple de 2in sans changer le 
multiplicateur. 

Soient done (a, 6), (a', 6') deux p6riodes quelconques. Les multiplicateurs 
seront d6finis par les deux systfemes de nombres (a , /? , y) , (a'> i^', /) ou bien 
encore par les deux syst^mes de nombres (a, /3, 5), (a', ^', h') en posant : 

5 = y_i-(aa + 6^), h' = '/-\{a!a! + VP'). 

Consid^rons maintenant la p6riode (a + a', 6 + V)] le multiplicateur corre- 
spondant sera defini par les trois nombres (a", ^", y") ou bien encore par les 
nombres (a", /3", h"), on trouve ais6ment: 

f=r + / + a'a + V^ = Y + y + aa!+h^' (mod. 2i7i), 

Or d'apr^ ce que nous avons vu : 

a'a + 6'/? — aa! — b^' = 2kin, 
k 6tant un entier. On aura done, selon que rentier k sera pair ou impair : 

ou 6"' = 5 + 5' + m (mod. 2i7t) . 

Cherchons done It determiner le nombre k. 
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Supposons que Ton ait : 

« = ^lOi + ^«a. + ^/h + ^ia, ^j^g ^ ^^ j^g ^ ^^^^ entiers), 
a' = >7iai + ri^ + rj^^ + ri^a^ 

et de meme pour b et ft'. II viendra : 

k = m {^ivz— ^sVi + ^%Vi— ^iV%)' 

Si done m est pair, on aura toujours : 

Si au contraire, m est impair, tout depend de la parity de la parenth^e. 
Considerons done une p6riode queleonque 

et proposons nous de trouver le multiplieateur correspondant (a, ^, 5). On 
trouvera ais^ment : 

i3 = ^ii3i+^^,+ s^ai33+^4i^4. 
On aura de plus : 

5 = ^A + ^A + ^A + ^4^4 (mod. 2i7«) , 

si m est pair ou si ^1^3 + ^,^4 

est pair. 

On aura au eontraire : 

si m et f 1^8 + C»l4 soJ^t impairs. 

Nous allons maintenant introduire six nombres (3) : 

(a, a), (a,/3), (a, 5), (6, a), (&,;»), (6,5) 

definis eomme il suit ; eonsid^rons la forme bilin6aire 

et substituons ai, o^, as, a^ ii la place de Xi, x^, X3, x^ et Oi, o^, as, a^ k la place 
de yi, y%j ysi yi] nous aurons (a, a) ; de meme pour les autres. 
Nous poserons de plus 

(a, 5) = 2i2i7t, 

(6, i)=2/St7t. 
Nous conviendrons d'6erire : 

(a/, y') = (x, y), 

lorsque la difference a/ — x, y' — y sera une p6riode. 
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Si done on augmente chacun des 6 d'on multiple de 2in, ce qui ne change 
pas les multiplicateurs, les nombres R et 8 deviendront R et S'] mais on aura : 

Voyons maintenant ce que deviennent nos 6 nombres (3). 
1^ Quand on change de variables. 
V. Quand on change de p^riodes. 

3^ Quand on multiplie la fonction interm^diaire par une exponentielle de 
la forme e'*. 

V. Ghangemeni cPoriffine. 
Imaginons qu'on pose : 

quels seront les 6 nombres relatifs aux nouvelles variables a/, ^ ? 
II est Evident que les 4 nombres 

(a, a)', (a,/?), (6, a), (6,/?) 

ne changeront pas. Quant h R etk S, ila augmenteront respectivement par 

^ih{a, a) + k{a, ^)]et^[h{b, a) + k{b, ^)] . 

V. Ghangemeni Uneaire. 
Fosons: a/=Xx + /i£y, Ax = iiiaf— fit/, 

On aura alors, en appelant a\ h\ a\ ^ les nouvelles valeurs de a, ft, ot, /?: 

V = Xia + iiJ}, A/y = — f«x + ;i/?. 
Si nous formons alors les nouveaux nombres : 

(a',a0,(a',i80»etc., 

il viendra : (a', a') = ^ (a, a) + ^ (*, a) - ^ - '^ (6, /?) 

et de mraie pour les trois autres. 

Les quatre nouveaux nombres tels que (a', d) s'exprimeront done lin^aire- 
ment en fonctions des anciens; 
voL.vin. 
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Yoici le tableau des coefiScients : 










(a, a) 


(6, a) 


(a.^) 


(6./?) 




A 


A 


A 


A 


(a', a') 


Vi 


f^l^i 


— X^i 


-Ml 


iV, a') 


Xi^i 


l^l 


-JlJ 


— Vi 


(«'. /?') 


-V 


-/*• 


+ X» 


^/* 


(i'. ^0 


— ^i/i 


— (^^ 


X^i 


Vi. 



Ce tableau montre imm^diatement que : 

(a,a) + (6,i3) 
est un invariant et il est ais6 de voir en eflFet que cette expression est 6gale ^ : 

Mais il y a plus. Supposons que I'on ait 

(a, a) = (i, ^) = 2min 
et (a, /3)=:(6, a) =0, 

le tableau pr6c6dent montre qu'on aura encore : * 

et (a', /30 = (6', aO = 0. 

Nous allons voir maintenant que les quatre nombres (a, a), etc., ont effec- 
tivement les valeurs que j'indique plus haut. 

Pour une exponentielle de la forme e^, on voit ais6ment que ces quatre 
nombres sont nuls. 

. Pour une fonction les quatre p6riodes ont pour valeurs respectivement : 



2m 


Q 


H 


2in 


H 


G> 


et les nombres a et j3 ont pour valeurs : 









m 











m 



II en r^sulte que Ton a 

(a, a) = (6, j^ = 2ini7t, 
(a, i3) = (i,a)=0. 

Ces valeurs resteront encore les memes quand on multipliera une fonction 
par une exponentielle ^ ; elles ne changeront pas non plus (ainsi que nous 
venous de le voir) quand on changera de variables. Elles sont done les memes 
pour une fonction interm6diaire quelconque. 

Qu'arrive-t-il maintenant des nombres B et S'i 
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II est ais6 de voir que par suite du changement lin6aire que nous envisa- 
geons, les y et les h ne changent pas. On aura done, en appelant R et S les 
nouvelles valeurs de jB et de iS : 

R=XR + fiS, 
JSr=kiR + (i^S. 
Revenons au changement de variables que nous avions envisage d'abord, 
c'est h dire au changement d'origine. Nous avons vu que B et S augmentaient 
respectivement de 

Ces deux quantites, en tenant compte des valeurs des nombres (a, a), etc., se 
r6duisent k : mh et mk . 

Si done on change de variables en posant : 



il viendra: 






ce qui pent s'^noncer ainsi : 

U S 
Les nombres et — subissent le meme changement que les variables elles- 

memes. 

3°. Changement de periodes. Supposons que Ton remplace le systfeme des 
p6riodes ai, a,, 03, a^, 

hu ^» *8» *4» 

que nous supposons etre un syst^me de p6riodes normales, par un autre syst^me 
Equivalent et 6galement forme de p6riodes normales. 

Les nouvelles valeurs des nombres a et j3 seront form^es avec les anciennes, 
comme les nouvelles p6riodes avec les anciennes et il en sera encore de meme 
des nouvelles valeurs des nombres d & un multiple pr^s de in. 

II en resulte que les nouvelles valeurs des quatre nombres (a, a), (a, /3), 
(6, a), (6, /3) sont les memes que les anciennes ; et que les nouvelles valeurs de 
iZ et de /S sont aussi les memes que les anciennes & une demi-p6riode pr^. 

C'est cette demi-p6riode qu'il faut maintenant chercher ^ determiner. 
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Pour cela il fiEiut envisager les changemente sunples de p6riode8 qui sont 
leb suivants : 

1^ Permutation de ai et de ag en changeant le signe d'uae dea deux p6riode8. 

2^. Ghangement simultan^ des signes Oi et aj. 

3**. Permutation des deux paires de p6riodes (ai, ag), (a,, a^). 

4**. Ghangement de Oj en ai+ a^. 

5^ Ghangement de aj en ai + a, et de 04 en a^ — 03. 

Les trois premieres operations ne peuvent alt^rer les nombres R et S. II 
n'en est pas de meme des deux derni^res. 

Si Ton change Oi en Oi + aj, h^ va se changer en 5i+ i8+-7r^i.« ^^ ^^ 

^1 + ^8 + ifnin. De sorte que le nouveau hi sera congru i ii + Sj ou i 5| + S3 + in 
selon que m sera pair ou impair. Si on appelle R et J^ les nouvelles valours de 
R et de S, on aura: 

si 972 est pair, et 

(iE', ^) = (^+-|-,^+-|-)' 
si m est impair. 

Dans la 5*"® operation, le nouveau 5i sera 5i + S4 + -^ Jfi.4 et le nouveau ^4 

sera54— ^8— -2-if4.a• 
Mais comme on a ^^.4= Jf4.8 = 0, on voit que cette cinqui^me operation 
n'alt^re pas R et S. 

Ainsi done dans le cas oil m est pair, on a toujours 

{R,S') = iR,S) 
et I'on a dans tous les cas possibles : 

{2R.2S') = (2R,2S). 
4°. Multiplication par une ezponentielle. 

Supposons que I'on multiplie la fonction interm^diaire enyisag6e par 
I'exponentielle ^, oii 

P = ^»» + 2Bxi/ + Oy + 2Dx + 2Ey + F. 
Nous avons trouv^ pour I'exponentielle : 
a= 2Aa-^ 2Bb, 
/3=2J5a+ 2Cb, 
y = Aa*+ 2Bab + C6» + 2Da + 2Eb, 
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et par consequent h = 2Da + 2Eh, 

ce qui montre que les 6 nombres (a, a), (a, /?), (a, i), etc., sont tous nuls. 

On ne change done pas ces six nombres en multipliant une fonction inter- 
mMiaire par une exponentielle. 

On voit done dans quelle mesure nos six nombres peuvent gtre regardSs 
comme des invariants. 

Ces r^sultats se g^n^ralisent imm6diatement et s'^tendent au cas des fonc- 
tions ab61iennes de plus de deux variables, mais il est tout ik fait inutile que 
j'insiste sur ce point. 

§ 6. Transformation. 
Soit : 

fti) 6g, 5,, 64, 
un syst^me de p6riodes normales, tel que : 

aj, 63 — a«, 6| + a», 64 — «4> ^=0. 
Envisageons maintenant un second syst^me de p^riodes : 



^1. ^1 ^8, C4 

qu'on obtiendra en posant : 



^n d^i dzi d^j 



les Xa 6tant des nombres entiers. 

Nous supposerons que ces nombres entiers X aient 6t6 dioisis de telle sorte 
que Ton ait identiquement : 

Ci^s — c^ + c^4^ — c^d^ = ft {aibs — a^i + aj)^ — ajb^ . 

Le determinant des % sera alors 6gal & fc' et rop6ration par laquelle on passe 
du syst^me des periodes (1) au syst^me (2) s'appellera une transformation 
d'ordre fc. 

II est Evident que toute fonction qui admettra le syst^me de p6riodes (1), 
admettra %alement le syst^me (2), d'oill il suit que les fonctions ab^liennes 
engendr^es par le syst^me (1) ne sont que des caa particuliers de celles qui sont 
engendr^es par le systfeme (2). 

Si I'on consid^re une fonction iiiterm^diaire relative au syst^me (1), ce sera 
aussi une fonction interm^diaire par rapport au syst&nie (2), mais la r6ciproque 
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n'est pas vraie. Une fonction interm6diaire relative au systfeme (2) n'est pas 
toujours une fonction interm^diaire par rapport au systfeme (l). 

Soit ^+/»<v-l-yi 

le multiplicateur d'une fonction intermediaire relative ausyst^me (1) par rapport 
a la p6riode (a<, 6<) et e^+p;y+yi 

son multiplicateur par rapport ^ la p6riode (c,, d^ . 

Nous poserons comme dans le paragraphe pr6c6dent : 

et il viendra 

(3) a; = 2;iaxxt, ^[=- 2;icA, 

(4) h = ^%uch (mod. i7t). 
II en r6sulte que si Ton forme les six nombres : 

(c, a'), (c, /?'), (c, 5'), {d, a'), etc.; 
on aura : (c, a') = fi (a, a), (c, j3') = f£ (a, j3) , etc. 

On en conclut que si une fonction intermediaire est d'ordre m par rapport 
au systfeme (1), elle sera d'ordre mii par rapport au syst^me (2). 
Posons raaintenant : 

A=^(o,*),«=4(d,J'), 

on trouvera : (2i2i, Z^Si) = (2f£fi, 2il8) ; 

c'est & dire que les nombres Bi, /Si ne differeront des nombres (iR^ fiS que d'une 

demi-p6riode du systfeme (2) . 

Cela pos6, imaginons qu'on se donne les a', les ^' et les 5' et qu'on se pro- 
pose de determiner les a, les /? et les 8. Les a et les ^ se calculeront sans 
ambiguity par le moyen des Equations (3). Pour determiner les i, il faut mettre 
les congruences (4) sous une forme plus precise. 

Nous les 6crirons : 
(4) 81 = 2;icA + f i (mod. 2i7t) 

Si ne d6pendra que des Xa et sera 6gal tantot k 0, tantot k in (cf. §§ pr6c6dent). 

Nous n'avons besoin de connaitre les 8 qu'i un multiple prfes de 2t7t. II est 
ais6 de conclure que les congruences (4) comportent un nombre de solutions 6gal 
au determinant des A, c'est h dire a [i^. 

Je vais maintenant r6soudre deux problfemes inverses. 

1**. Former les fonctions intermediaires du systfeme (2) ^ I'aide de celles du 
syst^me (1). 
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Nous nous donnons les nombres a\ /?' et h' correspondant & un syst^me de 
fonctions intermSdiaires d'ordre /[£, relatives au syst^me (2). 

Des 6galit6s et congruences (3) et (4) nous d^duirons (/? syst^mes de valeurs 
des nombres a , /9 et 5. 

A chacun de ces systfemes de valeurs, correspondront w? fonctions interm6- 
diaires d'ordre tn relatives au systfeme (l). 

Par rapport au systfeme (2), ces fonctions intermediaires seront d'ordre mii 
et correspondront aux nombres donnas a', /3', h'. 

On aura done en tout m^i/^ pareilles fonctions d'ordre mii qui seront lin6aire- 
ment ind^pendantes et & Taide desquelles toutes les autres pourront par conse- 
quent s'exprimer lin6airement. 

V. Former les fonctions intermediaires du syst^me (1) S. I'aide de celles du 
syst^me (2). 

Nous nous proposons de trouver une fonction d'ordre m admettant pour 
chacune des p^riodes du syst^me (1) un multiplicateur d6fini par trois nombres 
donnas (a, /3, j). 

Pour les p^riodes du systfeme (2), le multiplicateur sera d^fini par les trois 
nombres (a', ^', i/) que Ton pent d^duire des relations (3) et (4) . 

Toute combinaison des p^riodes (2) est aussi une combinaison des p6riodes 
(l); mais la r^ciproque n'est pas vraie. Parmi les combinaisons des periodes 
(1), on pent en choisir y^ que j'appellerai p6riodes principales et qui jouiront de 
la propriety suivante : 

Une p6riode quelconque, je veux dire une combinaison quelconque des 
periodes (1), est toujours 6gale & une p6riode principale, augment6e d'une com- 
binaison des p6riodes (2). 

Soient alors : 

(o,o),«,ftO,K, 2'r).....,K,6:0. 

les f£* p6riodes principales (i' =V — 1) et 

(0,0,0), (a,'^ ^r, «r)> W^ ^i!^ «."), . • • • . {olI\ ^l\ K'), 

les nombres qui d^finissent les multiplicateurs correspondants. 

Quant aux multiplicateurs eux-memes, nous les appellerons pour abr^ger : 

Cela pose, soit 4> (x, ^) une fonction interm^diaire d'ordre m^i par rapport 
au syst^me (2) et admettant pour les periodes de ce syst^me les memes multipli- 
cateurs (a', /3', 5') que la fonction qu'il s'agit de construire. 
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Les fonictions raiyantes : 

admettront les memes multiplicateurs que la fonction 4> elle-meme. II est ais6 
de voir alors que la fonction : 

est une fonction interm6diaire d'ordre m par rapport ausjst^me (l)et admettant 
les multiplicateurs (a, ^, h). 

Le problfeme propose est done r&olu. 

Nous allons maintenant 6tudier plus particuli^rement le cas oii les int^grales 
ab61iennes qui ont doBn6 nais^ance au syst^me de fonctions ab61iennes envisagees, 
sont susceptibles d'etre ramen6es aux int^grales elliptiques. 

Supposons pour fixer les id6es qu'il n'y ait que trois variables x, 3^ et 2; et 
6crivons le tableau des p6riodes sous la forme suivante : 
pour a;: 1 (? H" H\ 

pour y: I Q H" CP H, 

pour 2: 1 JT' H (?". 

La variable oa; + ;3y + ya aura alors pour p^riodes : 

Si ces six p^riodes se rMuisent h deux, nous dirons que la variable 
aa; + (iy + yz est r^ductible. Les variables r6ductibles correspondent ainsi aux 
int6grales ab^liennes rSductibles aux intSgrales elliptiques que nous avons 
envisagees dans les §§1 et 2. 

Supposons qu'il y ait une variable r^ductible ; je puis toujours par les 

proc6d6s du §1 ramener le tableau des p^riodes h la forme : 

^ 1 
pour x: 1 & — , 

^ ^ pour y: 10 — G H {a 6tant un entier) , 

pour 2: 1 fi' 6?^', 

de telle sorte que la variable r^ductible sbit pr^cisement x. 

Supposons maintenant qu'il y ait une autre variable r6ductible ; il y aura 
certainement une 3^^ variable rSductibte, d'aprte les conclusions du paragi^phe 
2 , et de plus, ou bien ces variables seront de la forme : 

^y+yz, ^y + yz, 
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ou bien elle sera de la forme g6n6rale 

mais il 7 aura une iiifinit6 d'autres variables r6ductibles parmi lesquelles les 
deux suivantes : /^^ + y^, ^ ^'y + /«, 

ne dSpendront que d'y et de z. 

Dans tous les cas, s'il y a trois variables r6ductibles, ou s'il y en a une 
infinite, I'une de ces variables sera x, et deux autres seront des combinaisons d'y 
et de z seulement. 

Cela pos6, reprenons le tableau des p6riodes (5) et multiplions les 4*""®, 5*"® 
et 6*"* p6riodes par a. Cette op6ration sera une transformation d'ordre a. Le 
tableau des p6riodes deviendra ainsi : 

1 aO 1 0, 
10 1 aGT aH, 
1 aH aG". 

Retranchons maintenant la 1*"* p6riode de la S*""* et la 2*"* de la 4*'^^ le 
tableau des p6riodes se simplifiera et deviendra : 
poura:: 1 a6r 0, 

poury- 10 aff aH, 

pourz: 10 aH aG^\ 

Les p6riodes de x sont ainsi rendues ind6pendantes de celles d'y et de z. 
La 1*'* et la 4*"* p6riodes appartiennent & x seulement, les quatre autres periodes 
^ y et ^ 2 iseulement. 

Les deux variables : i^y + y^i i^'y + /«, 

resteront d'ailleurs r6ductibles. II en r6sulte que si nous envisageons le syst^me 
de p6riodes suivant : 

poury: 1 a(? aH, 

pourz: 1 aH a&\ 

qui n'est plus que de genre (2), le systfeme d'int6grales ab61iennes correspondant 
admettra encore deux int^grales r6ductibles aux integrales elliptiques. 

On pourra done d'aprfes les principes du §1 reduire le tableau des p6riodes, 
en prenant pour nouvelles variables : 

Vi = ^y + yz, % = /3'y + yz. 



(6 etant un entier) . 



On trouvera ainsi : 






pour yi : J. 


(^i 


1 

h ' 


pour Zi : 1 


1 
b 


Oi' 



Vol. VIII. 
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Le tableau complet des p6riodes sera alors : 

pour a: : I aO 0, 

^/ 1 
pouryii 10 ^i "T"' 

pour 2Ji : 10-^ G'l. 

Faisons ensuite I'op^ration suivante qui est une transformation d'ordre h : 
Multiplier les trois derniferes p^riodes par h ; puis retrancher la 2*"* de la 

6*"** et la S^'"^ de la 5*°»^ 

Le tableau des p6riodes devient ainsi : 

pour a: 10 ahG 0, 

pouryr. 10 hO[ 0, 

pour2fi: 10 hG'i'. 

On voit que les p6riodes des trois variables x, yi et % sont ainsi rendues 
independantes. 

On reconnait sans peine comment le raisonnement precedent s'6tend au cas 
general et on pent 6noncer le r6sultat suivant : 

Si dans un systfeme de variables abeliennes de genre p , il y a p variables 
r6ductibles, on peut par une transformation d'ordre convenable, simplifier le 
tableau des p6riodes de manifere & rendre ind6pendantes les p6riodes des variables 
definitives. 

Nous avons 6te obliges de faire dans le raisonnement pr6c6dent p = 3 et non 
p = 2, parce que la g6n6ralisation en partant du cas de p = 2 aurait pu presenter 
des difficult^s. 

Nous allons revenir & Phypothfese p = 2 et supposer de nouveau qu'il n'y a 
que deux variables a; et y. 

Considerons en particulier le cas oh les p6riodes de x et de y sont indepen- 
dantes et oii le tableau des p6riodes s'6crit : 

2in G 0, 
2in G\ 

Cherchons & former toutes les fonctions d'ordre m qui admettent pour 
multiplicateurs relativement h, nos quatre p^riodes : 

1, 1, e**+^ d^y-^^^ 
On pourra former m fonctions elliptiques, dependant de la variable x, admet- 
tant les deux periodes : 2m et G 

avec les multiplicateurs 1 et e^*+Y». 
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Soient: ©i(«)i Q%{^)i . . . . , ©m(a;), 

ces m fonctions. 

On pourra de meme former m fonctions elliptiques, dependant de la 
variable y^ admettant les deux pcriodes: 

2in et & 
avec les multiplicateurs 1 et e*y+y*. 

Soient: @[{y), ei{y), . . . . , S^iy): 

ces m fonctions. 

Les wi* produits : &i{x) Qk{y) (i, A: = 1 , 2, . . . . , tw) 

seront alors des fonctions © d'x et d'y, h I'aid^ desquelles toutes lesautres 
s'exprimeront lineairement. 

Une fonction quelconque d'ordre m est alors 6gale k : 

XAae,{x)eUy), 

oh les An sont des constantes num^riques. 

Une fonction interm6diaire quelconque sera de la forme : 

2^«e''0,(x)0i(y), 

oh P est un polynome entier du 2^* degr6 en a et en y. 

Supposons main tenant que les p6riodes de x et de y ne soient plus indepen- 

dantes, mais que les deux variables : 

ax + ^y, afx + fi'y, 
soient r6ductibles. 

On pourra alors en prenant pour variables nouvelles, 
a/ = cue + /?y , y = a'a; + /^V , 
et en operant sur les periodes une transformation d'ordre (i, rendre independantes 
les periodes de a/ et de j/. 

Les fonctions interm^diaires d'ordre m relatives au premier syst^me de 
periodes seront des fonctions interm6diaires d'ordre m[i par rapport au syst^me 
transforme. 

II en r^sulte que toute fonction interm^diaire d'ordre m par rapport au 
premier syst^me pourra se mettre sous la forme : 
(6) XA,^e,{ax + ^e'.ia'x + ^'y). 

Les An sont des constantes ; les indices i et k varient de 1 a mii ; les 0| et les 0^ 
sont des fonctions elliptiques d'ordre m(i] P est un polynome du second degr6 
enxety. 
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Una expression de la forme (6) n'est d'ailleurs pas toujours une fonction 
intermediaire relative au premier systfeme de periodes. 
II faut pour cela qu'il y ait entre les A^^ 

relations lin6aires qu'il est ais6 de former. 

Ces r^sultats s'etendent imm6diatement au cas de p variables. 

§6. Somme dea zSroa, 

Soient 4>i, 4>,, > *p» p fonctions intermediaires de p variables arj, a^ ,...., a-p 

admettant les memes p6riodes et etant respeetivement d'ordre tWj, m,, . . . . , tn^. 
Consid^rons les solutions communes aux p equations simultan^es 

(1) *i=*j=*3, ,*p=0. 

Soit : a^i = 2/1, ^% = y%, «p = y^, 

un syst^vie de solutions des Equations (1). Soit : 

^i» ^ , ^p, 

une des p6riodes. 

II est clair que 

a-i = yi + ai, as = y, + «», . . . . , x^ = j/^'+a^, 
sera un autre syst^me de solutions. Mais nous.ne regarderons pas ces deux 
solutions comme distinctes. 

Dans un travail insere au tome X du Bulletin de la Societe Math^matique 
de France, j'ai d6termin6 le nombre des solutions distinctes et demontre qu'il est 
6galk: JV=p!nii.7Wj wip. 

Soit maintenant : 

Xi = yik3 {i= 1,2, , p; Ar= 1,2, N), 

un quelconque de ces N systfemes de solutions. 

Je me propose de determiner la somme de 'ces solutions, c'est k dire de 
calculer les p quantites : 

Si =2^ yi*' -^» ~ ^^ 2/»*' > ^p = ^^ Vpk* 

k=l » = 1 k=l 

II est clair que ces quantity H ne pourront etre determinees qu'^ un multiple 
pr^s des periodes. En efiet nous ne regardons pas comme distinctes les deux 
solutions: yi*, y»*, , y^* 

et yu + «i, 2/u + ««, , 2/m + «>• 

Mais si op \e^ remplace Tune par I'autre : 

Hi, H^, . . . . , flj, 
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se changeront en : 

JTi + aj, JTj+Ot, , JSp + ttp. 

Les fi'nous seront done donn68 non par une egalite mais par une congruence. 

Je vais maintenant montrer que les H ne dependent que des p6riodes et 
des multiplicateurs. 

Pour cela nous allons, pour fixer les idees, supposer qu'il n'y a que deux 
variables a et y. 

Nous aurons alors deux fonctions interm6diaires <l>i et 4>2 d'ordre wii et m, 
et nous envisagerons les deux equations : 

*!=*«= 0, 

qui ont im^m^ solutions distinctes. 
Soient alors : 

«i) «g, a,, a^y 

(2) 6i, 6s» *3> *4> 
les p6riodes et 

(tti, /?i,5i), (a,, ^s» ^2)» (a3» ^3» ^s)) (a4»/?4»^4)» 
(ai', /?i', aO, W,/3^,50, (ai^ihS), (ai,^i,5i), 
les multiplicateurs de 4>i et de 4>g, en conservant aux lettres a, /? et 5 la meme 
signification que dans les deux paragraphes precedents. 

Je dis que J3i et iT, ne dependront que des a, des b, des a, des |3 et des S. 
Soient en efFet 4>i et 4>2 deux fonctions interm6diaires admettant respective- 
ment les memes multiplicateurs que 4>i et 4>,. Formons les Equations 

(3) <^,+ 7iM=^t + ^^i=0, 

qui auront 2mim^ solutions distinctes; faisons la somme (j&i, I{^) de ces 2mimi 
solutions. Je dis que J3i et ff^ ne dependent pas des X. 

Soient <I>i' une fonction intermediaire ayant memes multiplicateurs que 4>i 
et 4>(, et que 4>(' une fonction intermediaire ayant memes multiplicateurs que 
4>, et 4>2. Alors les quotients : 

seront des fonctions ab^liennes. 

Soient maintenant X, Y et Z trois fonctions ab61iennes quelconques admet- 
tant les p6riodes (2); il y aura entre ces trois fonctions une relation algebrique 
quej'ecris: 

(4) F{X, F, Z) = 0, 

et toute fonction ab^lienne sera une fonction rationnelle de X, Y et Z. 
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II en sera ainsi en particulier des six derivSes partielles : 
dX dY dZ^ dX^ dY dZ^ 
dx dx dx dy dy dy 
ce qui permet de poser: ^ =J'(AdX+ BdY), 

y=f{A,dX+B,dY). 

Ay B, Ai, Bi 6tant des fonctions rationnelles de X, Yet Z. 

En d'autres termes, si Ton regarde X, Yet Z corame les coordonnees d'un 
point dans iin plan, P^quation (4) repr68ente une surface algebrique et a; et ^ 
sont des int6grales de difT^rentielles totales de 1*'® esp^ce attachees k cette 
surface. 

De plus je.pourrai 6crire : 

P\j Pu Qu P»j P% Gt Q% 6tant des polynomes en tiers en X, Yet Z. 

II en r6sulte que les equations (3) 6quivalent aux suivantes : 
(3 bis) Pi + XPi= P, + X,Pi = 0. 

Ces derniferes representent une courbe gauche algebrique, variable avec les para- 
m^tres Xi et X,. 

Pour avoir J3i, il faut envisager les differents points d'intersection de cette 
courbe et de la surface (4), et faire la somme des differentes valeurs que prend 
rint6grale de 1*" esp^ce x en ces differents points : 

Le th6orfeme d'Abel g6n6ralis6, nous apprend que cette somme est une 

constante. Done ffi ne depend pas de Jli et de ^l, . 

0. Q. F. D. 

Oela pos6, proposons nous d'evaluer cette somme en fonction des a, des 6, 
des a, des /? et des 5. 

Commenpons par le cas des fonctions elliptiques et iniaginons que Ton ait 
deux p6riodes : aj et a, 

avec les multiplicateurs (ai, yi), (aj, y^), ou encore 

(«!» ^i)> (a2» ^i)i 
les nombres a, 7 et j ayant meme signification que plus haut. 

On trouve ais6ment que si m est le nombre des z6ros de la fonction interm^ 
diaire envisag^e et ff leur somme, on aura : 

2min = ct^di — ttiOg 
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ou en tenant compte des relations 

ou g=^(a,+ a,) + ^'%~^^"' . 

Si m est pair, on obtient ainsi : 

S^ ^-J""^ (mod.a„a,), 
et si m est impair : 

Revenons maintenant au cas de deux variables, mais en supposant que les 
periodes de x et de y soient ind6pendantes. Soient alors : 

pour a: Oi, 0, a,, 0, 

poury: 0, &„ 0, 64, 

les 4 periodes et 

(ox, /?!, Si), (a,, ^,, 5,), (ttj, /?8, ^a), (a4, /?4, ^4), 

les multiplicateurs correspondants. On aura : 

OjOi — ^ib^ = Mi,i = , OjOi — aia3= ifi.s = 2mi7t , 
a^ai — /?i64 = 0, Ojaj — 1^36, = 0, 

/846, — /?g&4 = 2min , /38&4 — a4a8 = , 

ce qui permet de poser, (i 6tant une constante convenablement choisie : 
a, = |uJ,, a4 = (ib^y /?! = (lUi, ^^ = (10^. 
Multiplions maintenant notre fonction interm6diaire par : 

<^t) <^4f Af ^z s'annuleront et les autres nombres a, /?, S ne changeront pas. 
Nous ne changerons pas d'ailleurs les z6ros de notre fonction intermediaire. 
Nous pouvons done toujours supposer que Ton a : 

a, = a4 = ^i=/?3=0. 

Soient maintenant <E> et <!>' deux fonctions interm^diaires d'ordres m et m' 
ayant respectivement pour multiplicateurs : 

(ai, 0,50i (0,i»„5,), (as, 0,53), (0,i54, «4), 
W, 0,50, (O,/3i,5,0i W, 0, 50, (O,/8{,540, 
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et envisageons les deux Equations : 

(5) <D = <D'=o, 

qui ont 2mm' solutions distinctes. 

II existe m* fonctions interm6diaires qui ont memes multiplicateurs que <E>, 
et m^ fonctions qui ont memes multiplicateurs que ^. Mais d'apr^ ce que 
nous venons de voir, Hi et ff^ ne dependent que des multiplicateurs et ne 
changeront pas si on remplace <I> et 4>' par d'autres fonctions interm^diaires ayant 
memes multiplicateurs. 

Parmi les fonctions qui ont memes multiplicateurs que *, il y en a qui sont 

de la forme : 4>i (x) 4>, (y) ; 

<I>i(x) est une fonction interra6diaire elliptique, admettant les p6riodes aj, a^ et 
les multiplicateurs (ai, 5i), (as, ^a). 

De meme 4>2(y) a pour periodes b^, b^ et pour multiplicateurs (/?g, 5,), 

Je pourrai de meme remplacer 4>' par le produit : 

^i{x) aura pour periodes Oi, a, et pour multiplicateurs (ai, Si), (oj, ^3) et *j((y) 
aura pour periodes 6,, b^ et pour multiplicateurs {^i, 5,), (/3i, ^i). 
Nous remplacerons done les Equations (5) par les suivantes : 

ou ce qui revient au meme par les suivantes : 

(6) <P,{x) = ^i{y) = et <l>{(a;) = *,'(y) = 0. 
Soit hij A,, hi, 7ii la somme des z6ros de <l>i, <I>2, 4>i, ^i. 
Je dis qu'on aura ffi = m% + mh[, 

JT, z=: m'A,+ ^^• 

En efitet enum6rons les 2mm' solutions des equations (6) . 
On les obtiendra : 

l^ En combinant les m z6ros de 4>i avec les m! z6ros de 4>^. 
2*. En combinant les m' z6ros de 4>i avec les m zeros de 4>g. 
Done chacun des z6ros de 4>i paraitra m' fois et chacun des z6ros de ^i 
parattra m fois. . C'est pourquoi Ton a : 

H^i = m'Ai + mh[ . 
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Nouis auroos d'autre part : 

le terme 2mm' y '\. ) disparait comme 6tant un multiple des p6riodes. 

PosoDs inaintenant, en rcpreaant les notations des paragrF|,phes precedents : 

(a , 5) = Oi^s — aj^i + a|5^ — a A = ai^j — aA (puisque o^ = a^ = 0) , 
(a, 5) = 2Rin, (6, 5) = 2Sin, 

(a, 5')= 2JS'i7t, (6, 5')= 25^^. 

II viendra j^i = m'R + mi?, 

et de meme : H^ — m'S + mS. 

Nous pouvons done ecrire plus succinctement et conformeme^t aux notations 
adoptees plus haut : 
(7) (5i , H^) = {rn!R + mR, m!S + mS') . 

Cette formule est demontr6e pour deux fonctions interm^diaires.quelconques, 
toutes les fois que les p6riodcs de a et de y sont independantes. 

Passons inaintenant k un cas plus general, et supposons que les periodes de 
a: et de y ne soient plus independantes, mais que parmi las variables de la forme 
CX + dy, il y en ait deux qui soient reductibles. 

Nous supposerons d'abord que ce soient a; et y qui soient reductibles et que 
les periodes s'6crivent : 

pourx: ai, a,, a^, a^, 

^ ^ poury: Jj, fe,, 63, &„ 

de telle fapon qu'il y ait deux relations lin6aires a coefficients entiers entre 
«i» «i» cfj et a^ et de meme deux autres relations semblables entre 61, 6^, 63 et 6|. 

On pourra alors, par une transformation d'ordre fi amener les periodes de 
a; et de y ^ etre independantes et remplacer le systeme des periodes (8) par un 
nouveau systfeme (9) de periodes independantes, 

Soient alors 4> et 4>' deux fonctions intermediaires d'ordres m et m'. 

Envisageons encore les Equations : 

4> = *' = 0. 

V0L.V111. 
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Soient R, S etRf, S' lea nombres Met S relatifs aux deux fonctions 4> et <!>'. 

Par rapport au nouveau systtme de pdriodes (9), <E> et <!>' seront des 
fonctions intermediaires d'ordres mfji et m'fi et par rapport k ce nouveau systfeme, 
leurs nombres caract6ristiques seront devenus respectivement Ri, Si et jBi, Si. 

On aura d'ailleurs (cf. § precedent) : 

{2R,, 2S,) = {2iiR, 2(iS), 
{2Ri, 2Si) = {2iiR!, 2iiS), 

par rapport aux periodes (9) et a fortiori par rapport aux p^riodes (8). 
Les Equations 4> = O' = 

auront 2mm' solutions distinctes par rapport aux periodes (8) ; la somme des 
2mm' valeurs de x sera 5i, celle des 2mm' valeurs de y sera J7,. 

Oes memes Equations auront 2fjL^mm' solutions distinctes par rapport aux 
periodes (9) ; la somme des 2(i^mm' valeurs de x sera k^ celle des 2ii^mm' valeurs 
de 1/ sera k^. 

On aura d'ailleurs 6videmment : 

la congruence 6tant prise par rapport aux periodes (8). 

Nous pourrons appliquer au calcul de ki et de k^ la formule d^montr^e 
pr6c6demment pour le cas oil les p6riodes a; et y sont ind6pendantes, ce qui donne : 

{ki, k^) = {[irn'Ri + (imRi , (im'Si + (imSi) , 
ou (2A?i, 2A,) = (2^* [m'R + mR;\ , 2^* lm'S+ mS^), 

ou enfin 
(10) {2ii*Hi, 2(i^H,) = (2^* [m'R + mR] , 2^« [m'S+mS']). 

Envisageons done le sjst^me des deux quantites : 

Hi—m'R — mR, H^—m'S—mS'. 

D'apr^ la congruence (10), ces deux quantites devront toujours etre egales k 
une p^riode divis^e par 2|u'. Or ces deux quantit6s sont 6videmment des 
fonctions continues des S et des 5'. Ce ne peuvent done etre que des constantes, 
ce qui nous permet d'6crire : 

{Hi, Ht) = {m'R + mR+ Ai, m'S+mS' + A^), 

Ai et Ai sont des constantes ne dependant que des p6riodes a et 6, des a et des /?, 
mais ind^pendantes des 6 et des h'. 
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II reste a determiner ces constantes. Pour cela, j'envisagerai un cas partic- 
ulier, celui oi!l les S et les if sout tous nuls. Dans ce cas on a : 

De plus lafonction 4>(a;, y) aura memes multiplicateurs que 4>( — ac, — y) et par 
consequent que : 

*(»,y) + *(—«, — y), 

qui est une fonction paire. 

Cela nous permet de supposer que dans les equations 

ip = ^ = 0, 
<t> et 4>' sont des fonctions paires. 

Sialors: x=x^, y = y^, 

est une solution de ces Equations, il en sera de meme de 

« = — ajo, y = —yQ^ 

Si ces deux solutions sont distinctes^ leur somme est nulle ; elles entrent 
toutes deux dans I'expression de fli et de H^ et elles s'y detruisent. 

Si elles ne sont pas distinctes, une seule d'entre elles devra entrer dans 
I'expression de Hi et de H^ et ce sera evidemment une demi-p6riode. 

Ainsi dans le cas qui nous occupe {H^^ H^) est toujours une demi-p6riode et 

comme on a dans ce cas : 

(J3i,fl,) = (A„A3), 

on voit que (Ai, Ag) est aussi une demi-periode ; on a done dans le cas g^n^ral 
(25i, 2J3i) = (2m'i2+ 2mR, 2m! S+ 2mS'). 

Cette formule subsiste encore quand on fait un changement lin^aire de variables, 
ou un changement de periodes (cf. §4). 

Cette formule est ainsi 6tablie pour tous les cas oii il y a deux variables 
r^ductibles ; mais il est ais6 de F^tendre au cas le plus g6n6ral. 

En effet, d'apr^ un th^or^me d^montr^ au §2, tout sjst^me de p6riodes 
difffere infiniment peu d'un syst^me correspondant ^ un cas de reductibility. De 
plus il est clair que Hy et H^ sont des fonctions continues des periodes. 

La formule pr^cedente doit done s'appliquer quelles que soient les periodes. 

C'est ainsi que si f{x) et 4> {x) sont deux fonctions continues de x qui sont 
egales pour toutes les valeurs commensurables de x, elles seront encore ^gales 
pour toutes les valeurs incommensurables. La fapon de raisonner est toute 
pareille dans les deux cas. 
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Ainsi duns touA les cas la difference 

{H^—rn'R — mR, ff^—m'S—mS'), 
est toujours une demi-p6riode. 
Geci permet d'6crire : 

(JTi , J9i) = (m'E + mR+ — (vjai +v^ + tyi, + ^'4^4) » 

les r etant des entiers. 

Par raison de continuity, les entiers v devront avoir toiyours la meme 
valeur, ou plutot puisqu'il s'agit, non d'une 6galit6, mais d'une congruence, Vi 
devra toujours etre de meme parit6 ; de meme pour I'g, r^ et v^. 

Pour determiner la parite des nombres r, il suffit done d'envisager un cas 
particulier. Or quand les p6riodes de a; et de y sont ind6pendantes, nous avons 

trouv6 : (B^ , fli) = {ffi'Ii + mii\ m'S +mS'). 

Cette formule subsiste done dans le cas gSn^ral. 
Ainsi, si Ton envisage les deux Equations : 

oil 4> et <!>' sont deux fonctions interm6diaires d'ordres m et m\ elles auront 2mm' 
solution^ distinctes. La somme des 2mm' valeurs de x sera 6gale k m'B + mR, 
et celliB des 2mm' valours de y sera egale k m'S+ mS^ k un multiple prfes des 
p6riodes. 

Envisagcons en particulier la fonction @ de Riemann^ c'est k dire la fonction 
6 du !•' ordre. 

Soft donfe: 0(a;, y) — y^c^+'v -^t^' -»■»'*«» +'^»), 

ce qui nous donne pour les quantitSs a, b, a^ ^, y^ S les valeurs suivantes: 



Valeurs de 


a 


h 


a 


^ y «, 




2m 








000, 







2t7( 





000, 




X 


^ 


1 


\^ 0, 




t* 


V 





I \v 0. 


On a done aussi : 




R 


•"— 


S=0. 
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ConsideroDs maintenant la fonctiou : 

Q{x — A, y — k). 

Nous avons vu au §4 que si Ton faisait subir aux variables a et y un certain 

changement lin6aire, les nombres , subiraient pr6cis6ment le merae 

changement, d'oii il suit que R et S qui avaient pour valeurs pour la fonction : 

auront pour valeurs heik pour la fonction : 

0(« — A, y — h). 

Consid^rons alors deux equations simultanees : 

B(x — h, y — k) = e{x — h', y — *') = 0. 

Ces Equations auront deux solutions distinctes. La somme des deux valeurs de 
X sera h + A', celle des deux valeurs de y sera A; + Aj' a un multiple prfes des 
p6riodes. 

II serait ais6 de voir comment ces r6sultats peuvent s'6tendr6 au 6as oil il y 
a plus de deux variables. 

Supposons d'abord qu'il y ait trois variables x, ^ et 2 et ttois fonctions 
intermediaires 4>, O' et O'' d'ordres m, m' et m". 

On formera pour chacune d'elles trois nombres analogues a jR et aS^ que 
j^appellerai B, S^ T pour la premiere, R, S\ T pour la seconde et R\ /S", T"' 
pour la troisifeme. 

Si Ton appelle Hi la somme des 6mwi W valeurs de a; , J3i celles des Qmm'm" 
valeurs de y et H^ celle des 6mm'm!' valeurs de z qui satisfont aux trois 6quations : 

on aura : 

(fli, fii, fii) = (2mWi2 + 2mm''R +'2mm'i2", 2m'm"S+ 2mm"S'+ 2mm! S'\ 
2w W r + 2mm" r + 2mm' T') . 

Soient en particulier trois fonctions © du 1*' ordre. Supposons que Ton ait 
les trois Equations : 

e{x—h, y—k, z—l) = Q{x—1J,y—Td, z—J) = Q{x—'h!\y—¥,z — r)=0. 
Elles auront 6 solutions distinctes. La somme des 6 valeurs de x sera 
2(A + A'+A"), celle des 6 valeurs de y sera 2(fc+^ + F) et celle des 6 
valeurs de z sera 2 (Z + ? + T) 5, un multiple prfes des p6riodes. 
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Plus generalement. Soit : 

une/oncfion Qh p variahles. Formona ha p iquatiom : 

(11) ©(a^i— *i.*, a^s— A,.», , iCp — Ap.fc) = 0, 

(fc=;l, 2, , p). 

Files auroni p! adlutums dktinctee. 

Si on nSglige lea muUiplea dea p^riadea, la aomme dea p ! vaJeura de os^ aera : 
(p-1)! (A,.i + A,., + ....+A,.,). 
Si les p fonctions qui entrent dans les Equations (11) sont toutes paires ou 
impaires, tous les h sont des demi-p6riodes. La somme des valeurs de a, sera 
done une demi-p6riode si p = 2 et si par consequent (p — 1) ! est impair. Si au 
contraire p ]> 2 et si par consequent (p — 1) ! est pair, la somme des valeurs de 
Xi sera une p6riode entifere. Or nous n'avons determine cette somme qu*&, un 
multiple pr^ des periodes ; on pent done la regarder comme nulle. 

Si done p >> 2 et si I'on forme p Equations en annulant p des ^^ fonctions O 
paires ou impaires, la somme des p ! solutions distinctes de ces p Equations sera 
nulle. 

Pabis, le 18 Jain, 1886. 



A Generalized Theory of the Cfonibination of Observations 
so as to Obtain the Best Result. 

By Simon Nbwcomb. 



§1. Introductory Remarks. 

The accepted practice of combining observations rests upon the hypothesis 
that the frequency of errors follows a certain well-known law which may be 
expressed as follows : Let A be the amount by which the result of an observa- 
tion may differ from the value obtained by taking the mean result of an 
infinity of similar observations. A will then be the error of the observation. 
The infinitesimal probability that an error will be contained between the limits A 
and A+^A is supposed to be given by the equation 

dp=-^er*'^yA, 

in which h is the "modulus of precision" depending upon the accuracy of the 

observations, and e is the Naperian base. 

The modulus h is commonly replaced by a probable error r, which term 

signifies such a magnitude that the number of errors less than r in absolute 

value is equal to the number which exceed r. The value of r is given in terms 

of the modulus h by the equation 

0.4769 

When the errors really follow the law in question, they diminish with 
extreme rapidity as A increases* For example, only one per cent, of the errors 
should fall without the limits zk 4/-. 

As a matter of fact, however, the cases are quite exceptional in which the 
errors are found to really follow the law. The general rule is that much more 
thtin one per cent, of the errors exceed four times the probable error. In other 
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words, it is nearly always found that some of the outstanding errors seem 
abnormally large. The method of dealing with these abnormal errors has always 
been one of the most difficult questions in the treatment of observations. The 
common practice has been to consider the observations affected by them as 
abnormal, and to reject them in obtaining the final result. But we here meet 
with the difficulty that no positive criterion for determining whether an observa- 
tion should or should not be treated as abnormal is possible. Several attempts 
have indeed been made to formulate such a criterion, the best known of which is 
that of Peirce.* 

Peirce's criterion has always seemed to me subject to two serious objec- 
tions. One is that it takes no account of any probable error of the observations 
under consideration which may be known beforehand, but proceeds as if the 
value of the probable error could be deduced from the comparison of the 
observations inter se. An immediate general consequence of this is that if all 
the errors of a system are multiplied by the same factor, the same observations 
are rejected as before, how small or great soever the factor may be.f 

The second objection is that it takes no account of the fact that the a priori 
probability that an observer should make an abnormal observation varies with 
the observer, and places all observers on a level by regai'ding that probability as 
determined by a general mathematical principle applicable to all cases. 

It is, however, well known that some observers make very few abnormal 
observations, while others are extremely liable to them. It is evident that if we 
are dealing with an observation whose error is so large that we doubt whether . 
it should or should not be considered abnormal, our judgment must depend very 
largely upon any knowledge we may have of the careftilness of the observer. 

The fact is, however, that any system of rejecting supposed abnormal 
observations is subject to the objection of leading to a result which is a discon- 
tinuous function of the separate errors of observation, and hence to results 



* Gk>uld'8 AstroDomicai Journal, Vol. II, p. 161. 

t Certain results of Peirce 's qriterion in special oases, when applied to sets of three or four observa- 
tions, do not seem to have been hitherto noticed. The following are cases in point : 

Of a siet of three observations none ^re ever rejected by it, no Qiattier Ij^Qw much oi^e ^[n«y deyiiUfe 
from the mean of the other two. 

In a set of four observations, if three agree exactly, the fourth will always be rejected if it differs 
ever sp little from the othei^s. More generally, if no one of the three results which a^ee beat among 
themselves differs from the mean of the three by more than ^ , then a fourth, which differs from that 
mean by more than 4e , will be rejected. For example, if the results of four observations with a meridian 
circle were 0". 3 ; 0". 4 ; 0". 5 ; 0". 8 , the last would be rejected. 
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which are sometimes indeterminate. Suppose, for example, that we are dealing 

with the mean of three observations, two of which are closely accordant, while 

the third differs from the mean of the other two by the quantity x. Let us 

represept the mean of the two accordant ones by the symbol m' ; then, if we 

include the discordant observation, the general expression for the mean result 

in terms of x will be 

?w= m'4- ia. 

In ordinary astrqnomical practice we retain this value of m so long as x 
does not exceed the limit which we consider that of a normal error. But, as soon 
as this limit is reached, we drop x entirely and take m' for the value of m . In other 
words, if we consider x to increase from zero, the adopted value of m will increase 
one-third as fast until the assigned limit is reached, and will then suddenly spring 
back from m' + i x to m'. If the critical point at which x is to be rejected 
could be satisfactorily defined, this course would be less objectionable. But, as 
a matter of fact, it is to be determined by the judgment of the investigator, with 
the result that between certain wide limits the investigator must himself be 
doubtful whether he should take fw' or ?n' + i x as his result. Of course different 
investigators would reach different conclusions in special cases, and thus the most 
probable result is fi-equently indeterminate. 

There are classes of important observations in which the proportion of 
large errors is so great that no separation into normal and abnormal observa- 
tions is possible. This is the case in observations of transits of Venus and 
Mercury over the sun. A noteworthy instance has been given by the writer in his 
discussion of transits of Mercury.* By a comparison of 684 observations it was 
found that the errors of one-half of them were contained between the limits ± 6".8 . 
If the errors followed the commonly assumed law, then only 5 of them should 
have exceeded ± 27 seconds. As a matter of fact, however, it was found that 49 
exceeded these limits. Yet these 49 observations cannot be considered as wholly 
worthless, because their results are not scattered entirely at random, and are mostly 
included between comparatively narrow limits. They differ from the other 
observations only in having a larger probable error. 

The case may be made clearer by reflecting that the law in question pre- 
supposes that the observations under consideration are all of the same general 
quality as regards liability to error ; in other words, that they are all liable to 

* Astronomical Papers of the American Ephemeris, Vol. I, pp. 879-388. 
Vol. viii. 
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the same errors, and diflFer only in the accidental circumstances which give rise 
to the errors. If, however, this is not true ; if, for example, we are furnished 
with a system of observations of which one portion have a small probable error, 
another a larger probable error, a third a yet larger one, and so on, then the 
errors of the whole system will not follow the law in question, but we shall find 
that large errors are disproportionately frequent. Now, tliis must be the case in 
nearly all astronomical and physical work. 

From this another conclusion follows. In such a raixpd system of observa- 
tions the most probable result will be, not the arithmetical mean, but a mean 
obtained by giving less weight to the more discordatit observations. This will 
be evident on reflecting that in such a case the more discordant results will 
probably belong to the observations having a larger probable error and therefore 
the less weight. 

§ 2. Modified Curves of Probability. 

The preceding considerations lead us to the further conclusion that the 
commonly received theory which presupposes that there must always be some 
one **most probable value" of a quantity determined by observations, lacks 
generality. The fact is that, in special cases, owing to a possibility of abnormal 
observations, the curve of probability may have a great variety of forms. As 
one example, let it be supposed that two mean declinations of a star, determined 
with a good meridian circle the micrometer-head of which is numbered at 
intervals of 5", diflfer from each other by a quantity approximating to 5". We 
then may make three hypotheses : that the observations are both normal, or that 
one or the other of them is in error by 5" through a mistake in recording. 

According to the probability of the first hypothesis, and of either of the 
other two, we may have different curves. Assuming the instrument and 
observer to be so accurate that a difference of 5" between two normal obser- 
vations is nearly out of the question, we shall have a curve of the form A. As 
the probability of the first hypothesis increases, the curve may assume the 
form B, If the observer is one never known to make mistakes in reading, the 
curve will approximate to its usual form. 




Fig. a. Fig. B. 
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Now, it is evident that in such a case as that indicated by curve A, we can 
assign no one most probable value of the observed quantity. The only complete 
statement we could make would be embodied in a table showing for each 
separate possible value of the required quantity the probability that the quantity 
had a value not differing from it by more than a small arbitrary amount. 
Assuming the intervals of the table to be taken to equal double this amount, the 
sum of all these probabilities would be unity. 

Looking further into the matter, we see that this is a general method of 
expressing the conclusion to be derived in all cases from an observation or a series 
of observations. No matter how definite the primary value given by an observa- 
tion may be, the actual conclusion to be drawn is always a series of separate 
probabilities that the quantity observed has some one of an infinite series of 
values. If the law of probability is that commonly assumed, then the probability 
of each assignable value is completely determined when the most probable value 
and the probable error are given. But such is not the case when the law of 
probability deviates from this form. 

§ 3. Evil and Worth of Erroneous Results. 

The question now arises whether, when we consider the most general case, 
in which there may be several maxima of probability, and when, therefore, no 
one most probable value can be assigned, it is possible to formulate any general 
principle by which a single value shall be preferred for acceptance above all others. 
Taking as an example such a case as A just given, it is clear that no such 
principle is possible without some antecedent hypothesis determining a law of 
choice between errors of different magnitudes. If, to fix the ideas, we suppose 
that in case A the results of the two separate observations were 0". and 5". , then 
the three hypotheses will give us 0". ; 2". 5 ; 5". 0, as three values between which 
we are to choose. If we choose either the first or third, we shall have a proba- 
bility of slightly less than one-half of being very near the truth, and an equal 
probability of being 5" in error, together with a very small probability of being 
about 2". 5 in error. If, on the other hand, we take 2". 5 as our result, we shall 
be almost sure of being between 2" and 3" in error, and no more. Our choice, 
then, must depend on whether a certainty of being 2". 5 in error, or an even 
chance of each of the errors 0" and 5", is preferable. This again turns upon the 
question whether an error of 5" involves more or less than tw:ice the evil of an 
error of 2". 5 . 
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The ordinary requirements of practical life are in favor of the view that 
the evil increases in a higher ratio than the simple magnitude of the error. As 
examples, if it is a case of an error in the position of a ship arising from an 
error of the Nautical Almanac, we readily see that the probability of the error 
leading to a shipwreck increases in a higher ratio than that of the simple 
error itself. Again, in the case in which, by the labor of continually increasing 
observations of a single quantity, we lessen the probable error, we know that it 
requires fourfold labor to reduce the probable error to one-half. It would seem, 
therefore, that the best hypothesis that we can adopt is that the evil of an error 
is proportional to the square of its magnitude. 

A determination has more or less value according as it is less or more liable 
to errors. The simplest definition of the value of an observation that we can 
adopt is that it is inversely as the sum total of the evils to which it is subjected, 
each evil being multiplied by its probability. This also is in strict accord with 
the ordinary law of probability of a number of observations, sincie it involves the 
hypothesis that the value of a result is proportional to the number of observa- 
tions on which it depends. As, however, the word " value," if used to express 
this conception, would be ambiguous in consequence of being applied to the 
simple amount of a quantity, we shall use the term vx)rth to express the economic 
value of an assigned value as just described. We therefore have the definitions : 

The evil of any value assigned to a quantity is equal to the sum of all the 
products obtained by multiplying the square of each possible error of that 
assigned value by the probability of its occurrence.* 

The worth of any such value is inversely proportioned to its eviL 

The value to which we are to give the preference is that whose worth is a 
maximum, or, which amounts to the same thing, whose evil is a minimum. This 
value, and the magnitude of the evil with which it is afiFected, will be two 
elements corresponding to *'most probable value" and ** probable error" in the 
usual theory. 

§ 4. Algebraic Expressions for the EvU. 

The general expression for these elements is readily obtained. Let us 
represent all possible values which the required quantity can have by the series 

^l> ^» ^3) • • • • ^nJ 
^^^ ^et Pl,P%,Pz, Pn 

* This idea of an evil attached to each error, and proportional to the square of its magnitade, is due 
to Gauss (Theoria Ck>mbinationis Observationum, etc., Pars prior, 26), who applies the term/ochira to the 
conception here called eyil. 
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be the several probabilities of these values ; we necessarily have in this case 

n 

1 

Putting X for any value of the quantity in question, the evil of this value 
will be, by definition, 

e=Pi{x — Xi)^-\-p^{x — x^Y+ -^Pni^ — ^Y 

n 

where A = / piXi , 

1 

1 

This quantity is a minimum when 

JC= J., 

which is, therefore, the value we are to prefer. The evil of this value is 

e, = B-A\ 



The respective values of A? and B may be written, since 2jp< = 1 , 



PiPi^i^j^ 



ft 



1 

The value of the minimum evil then becomes 



^0 = -g- 53 ij^'P^ ^^' ~ ^^^^' 



1 

It therefore appears that the inverse of this expression is the worth of the best 
value of the required quantity, which best value is given by the equation 



^=^^PiXi' (1) 



a©- 

1 

In what precedes, the form of our equations is based upon the supposition 
that Xi, a^ . . . . a,j are a finite number of discrete values which x may have. In 
the usual case, however, the unknown quantity may have all values between 
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certain wide limits, and the probability that it is contained between the limits 
X and a; + ci!x is given by an equation of the form 

dp being an infinitesimal probability. Since this is a pure number, it follows 
from this equation that, whatever physical quantity may be represented by x, 
4> (x) must be of the dimension — 1 in this quantity. 

Reducing the formula (1) to the present case, we find that the preferable 
value of X is given by the equation 

x^{x)dx. (2) 

The evil of this value is 

e,=:\f^Jf%{y)M^){y — zfdydz (3) 



=J y'^ydy—J J yz^{y)^{z)dijdz. 

" — 00 ^ — go ^ — Qo 



From the definition of evil, it is a quantity of the dimensions + 2 in those 
of the physical quantity in question. Its square root is therefore a definite 
quantity of the magnitude to be determined, which we may regard as an error. 

An example of the results of the present theory will be found by applying 
it to the case of the usually assumed law of error, namely : 

We then have aro= as the preferable value of a:, in accordance with the usual 
theory. In the expression for the evil of this value we have 

^=a:o=0, 

This value of B is identical with the square of what is commonly called the 
mean envr, which again is equal to 1 . 6 X probable error nearly. Hence, in this 
special case, the evil is identical with the square of the mean error. 

If, instead of taking zero as the value of a;, we wish to express the evil of 
any other assumed value, we have the expression 

£ being the mean error. If, instead of e, we use r, the probable error, the 
expression will be 

e = a?+ 2.198r*. 
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We readily find that if, instead of using the most probable value of a quantity, we 
adopt a value differing from it by its probable error, the evil will be increased 
by a little less than half its whole amount. 

It appears, therefore, that, whatever the law of error, we may always find 
two quantities corresponding to ** most probable value," and ** probable error" 
of that value in the usual theory. One of these quantities will naturally be 
the best value of the required magnitude, or A itself. The other may be either 
the evil of the value A, or the change in the value of the magnitude required 
to increase its evil in a definite ratio, these last quantities being functions of the 
same quantity, and therefore of each other. If we present the result in the 
form x=A±: VB—A\ 

the last term will be the **mean error" in the usual theory, and the change in 
X which would double its evil in the generalized theory. If we wish to express 
the quantity corresponding to the " probable error," we write 

a: = ^ zb . 6745 V jB^^^I 

§ 5. Modified Law of Probability. 

The whole problem now before us is reduced to finding a curve of proba- 
bility in the case of a number of observations of the same quantity. This 
problem naturally involves that of the law of error of the separate observations, 
and leads us to inquire what modification should be made in the usually assumed 
law in order that it may be applicable to all cases whatever. 

The defect of the commonly assumed law, as represented by the equation 

*W = ^,'-*-' 

is that, in practice, largo errors are more frequent than this equation would 
indicate them to be. This defect might be remedied by substituting some other 
function of x than /tV as the exponent of e. The requirements of this function 
would be : 

1. That it should be an even function of x, or of the form/(x*). 

2. That it should become infinite when x did. 

3. That it should increase less rapidly than AV, or, more exactly, that the 

second derivative -^ , instead of being a constant, should diminish with an increase 
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of X. Such a function can be formed by writing, instead of A^ an expression 
of the form /i»(l+ftV) 

1 + AV ' 

so that we should have, for the exponent /(x*) , an expression of the form 

_ ^(^±^) 

The management of such an exponent might, however, prove inconvenient, and 
I shall adopt a law of error founded on the very probable hypothesis that we 
are dealing with a mixture of observations having various measures of precision. 
Let us put Aj, 7*2 ... . A,,, 

the possible separate values of the different measures of precision ; 

2^1, jpa . . . .^n» 

the corresponding probabilities that an observation selected at random has any 
one of these several measures of precision. 

Then, for an observation selected at random, the law of error will be 

4»(x) = ;^ {M«-*^'+Mi^-*^*-i- . • • • +i>A«-*-"}. (6) 

§6. Deduction of Best Result 

If we have m observations of the same quantity giving Xi, x^ . . . . x^ as 
the observed values, then, assuming the law of error expressed in (5), the proba- 
bility that the quantity is contained between the limits ri and >; + d>7 is given by 
the equation dp = ai^ (>?) dri , 

in which ^ (>?) = 4> (xi — >?) 4) (a:, — >?) <^(a:n, — >?), ' (6) 

while a is a constant so chosen as to make 

^J_ 4'{yi)dyi=l.' 

The formula (2) then gives for the best value of x the expression 

//H- J >7^(>7)ei>7 
r,dp = a J >j4 (>?) dyj = j^^ (7) 

If ^^{ri) be multiplied by any constant factor, it will disappear from this.expres- 
sion; we may therefore disregard all such factors in forming '4'(>7). We may 
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therefore take for ij/ (vi) the product of the m quantities 

X 



(8) 



X Aie-»?<--— '• + Aie-»5"-—>' +....+ A;6-»i(«--"*, 

in which we have written, for brevity, 

h' = hp. 
This product will be formed of n" terms, each of the form 

where 

P = hih^hi K, 

Jf=h*,-{-h^ + h>, + ....+hl 

c = AJa^+A;»a^+AJa5-f + AWL, 

i,y, Z . . . • r being any m of the n indices 1, 2, 3 .... n, with repetition. We 

therefore write 

iK>7) = 2P6"-*"''+^*^-^ (9) 

We then have, by integration, 

/*•"+(,)<(, = ^?^eS-, (10) 

If we distinguish the n"" values of each of the quantities P^kyh and c by the 
suffixes 1, 2, 3 • ... Z, so that Z = n**, and if we put, for perspicuity, 

_ bi 

tr,= :i^6^ • (<= 1, 2, 3 Z), 

the equation (7) will give 

This result admits of a statement which will make the principles of the method 
quite clear, independently of the analytic processes. The n"* quantities >7i, >;,, 
etc., are so many means by weights of the observed <]^uantities Xi, Qc^, x^ . . . . x^^ 
yoii. vm. 
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each mean being obtained by making an hypothesis respecting the distribution 
of the measures of precision hi^ h% . . . . h^ among the m separate observations. 
Since each observation may, independently of all the others, have any one of the 
n measures of precision, there will be n^ such hypotheses, each leading to a different 
mean, y^. The final value of x is again a mean by weights of the results of the 
different hypotheses, the weight of each result being proportional to the proba- 
bility of the hypothesis on which it depends, which is represented by w. This 

p 
probability is a product of two factors, of which one, -r- , is proportional to the 

probability of the combination, while the other, e^ *, is the probability of the 
combination of outstanding errors to which the hypothesis leads. 

§ 7. Application to an Example. 

Before showing how the preceding method may be simplified in practice, it 
may be of interest to give a simple numerical example of its rigorous applica- 
tion. Let it be granted that we have three observations of a class for which there 
is a probability of | that an observation is good, and of i that it is poor. Let the 
measure of precision of a good observation be 4, and of a poor one 1 . Let the 
results of the three observations be 

I, 0; II, 0; III, 1. 

Since we have, a priori^ no reason to distinguish between these results, the usual 
method of treatment would lead either to i as the best result, or to the rejection 
of the third observation, and hence to the result . 

From the point of view of the present paper, the agreement of the first 
two observations and the discordance of the third give color to the hypothesis 
that the first two observations are good and the third poor. On this hypothesis 
the best result would be nV, the weights of the results being 16, 16 and 1 . But, 
since every other hypothesis we can make would lead to a larger result, the best 
result must be greater than this. 

The rigorous treatment of the problem gives 

Hence, when »i = a^ = O and scs = 1 , 

■^{ri) = 612e-«'''+»''-» + 64e-"'''+»''-^ 
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These six terms correspond respectively to the six essentially different hypotheses 
which can be made respecting the distribution of the measures of precision among 
the different observations, it being observed that among the eight hypotheses 
there are two pairs such that the members of each pair lead to identical results. 
The results are tabulated as follows : 

Hypothesis. 



I, II and III all good, 

I and II bad ; III good, 
I and II good ; III bad, 

I, II and III all bad, 

Hence, for the value of maximum worth, we have 

a; =0.0944. 

§ 8. Modification of the Method when the Observations are Numerous. 

In order to apply the preceding method, it is necessary to know the respect- 
ive probabilities that the measure of precision of any one observation has the 
several values Aj, A, . . . . A^. These probabilities are determined from the actual 
distribution of the residuals with respect to magnitude as found by the study of 
large masses of observations. If it were found that in any class of observations 
the magnitudes of the residuals followed the commonly assumed law, we should 
have but one value of h. If, as will commonly be the case, we find a larger 
number of large residuals than would be ^iven by the common theory, we assume 
one, two, three or more additional values of h, and determine how many obser- 
vations we must assign to each class in order that the distribution may be 
represented by an equation of the form (5) . 

To carry out the rigorous process of finding the best mean value of a, we 
should form, by the equations (8) and (11), n'* diflerent values of Py k, b, c, yj 
and w, and thence, from (12), the required value of x. 





Besalts. 


ProbablUty- 


Product. 


b 




p M 

k 




1 

3 


= 0,3333 


0.003 


0.001 


16 
33 


= 0.4848 


0.006 


0.003 


8 
9 


= 0.8889 


0.318 


0.283 


1 
33 


= 0.0303 


4.224 


0.128 


1 
18 


= 0.0655 


1.467 


0.082 


1 
3 


= 0.3333 


0.296 


0.099 




2 = 6.314 


0.596 
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To eflFect this, let us attach, or suppose to be attached, to each of the quan- 
tities P, k, etc, a system of m indices, i,j, k, etc., each index taking the values 
1, 2 .... n. The system of indices 

attached to a quantity will then indicate the special value of that quantity which 

resulte from assigning 

to Xi the precision A|, 

toar, " ** hj, 



toa,^" " h,. 

Moreover, we shall, for brevity, represent the combination of indices 

{i,j\ h q) 

by the single symbol t. 

Any one value of «? in (11) may then be written in the form 

p ^ 

Wt = -T— ^ * ' 
"J* 

where we put, for brevity. 

If we here substitute for P, 6 and c their values from (8), we find that this 
expression reduces to 

(i = 1 , 2, 3 . . . . w — 1 ; y = i + 1 , i + 2 . . . . m) , 

where Ji^ for the moment indicates the special value of h which, in any combina- 
tion, is assigned to jc<. We may equally represent A in the form 

The first form will consist of ^ — - terms ; the second of tn* terms, if we 

count those which vanish through i=y. 

Since A depends only on the differences between the x% it will remain 
unchanged when we subtract any constant from all of them. Let us then 
subtract y; from all of them, putting 

^i = a?i — >?; 



JKr¥-i 
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we shall then have, for each combination of indices, 

In strictness, each of the values of f , should be affected by the m indices 
i,j\Jc....r, because the values of >? are so affected. But, when m is large, the 
different values of ri arising from different combinations of indices will differ 
but slightly in the large majority of combinations. We may therefore, to form 
the m ^% take one general mean value of ri for all the combinations of the 
indices. 

We have now to substitute the above value of A iu the exponential expres- 
sion for w. The result may be expressed in the following form. If we put 

w?> =^;c-*J^» (*= 1, 2, 3 n), 

wr^ = A^'e-^J*- (13) 

(in which, it will be noted, the suffix i has its original signification), we shall 
have ^(ij.*....r)= w?^w}*>wf . '. . . w^^-^At,,^,*....^), 

We have now to introduce another approximate hypothesis, namely, that 
the various values of Jc are so nearly equal that they may be regarded as having 
a common value. We note that A? is the sum of the squares of the m A's, and 
that, in the large majority of cases, the sum will approximate to a certain mean 
value, found by distributing the m values among the n classes proportionally to 
their several probabilities. 

If we now substitute the preceding values of w and rj in (12) we find, on 
the above hypothesis, that the value of x may be reduced to the form 

where W^ = hM^ + A|wi^> + h^i^ +....+ AM^ ^ 2w?\ .^^. 

W, = Mw?^ + A|wf + AlT^f + + hWi' -^ 2w?\ 



w^ = Ajwi~^+ ^wr + A|wi-^+ -f Kwr^-^ 2wr> . 

These values of W are the modified weights of the several results ari, x, x^ 

arising from the probable variability of h from one observation to another. Were 
there no such variability; were there but one value of h, then these weights 
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would all be equal. But, in the case for which the preceding theory is con- 
structed, each result x^ may have any one of the weights AJ, A|, etc. ; and the 
equation (14) determines a certain mean among these weights which we are to 
assign to ar|. The coeflScients W are functions of ^, and admit of being tabu- 
lated as such in any special case. 

In what precedes we have presupposed no difference of weighta among the 
results jci . . . . a^ to be known a priori. But, since each observation may have 
any one of the weights hx . . . . h^, a certain mean weight w of each is deter- 
mined a posteriori^ as a function of its deviation from the general mean, by the 
equations (14). This mean weight can be tabulated as a function of ^, and thus 
taken out from a table with a single argument. 

If, however, we have some knowledge of an observation which leads us to 
assign it one precision rather than another, we may utilize this knowledge so 
as to modify the values of wj*^ If Ai, A,, etc., are taken in the descending order 
of magnitude, then AJ will be the weight of each observation of the best class. 
The theoretically best mode of dealing with such cases will, however, depend upon 
the circumstances of that case. Simplicity is so important an advantage that it 
will probably be found well to adopt the rule of replacing W by its product by 
the weight fixed from a priori considerations. 

§ 9, Application to Transits of Mercury over the Sun^s Disc. 

I now propose to apply the preceding theory to the case of observed con- 
tacts of the inferior planets, Mercury and Venus, with the limb of the Sun. A 
peculiarity of the observations of these phenomena is the great number of them 
which investigators have had to reject on account of discordance of individual 
observations from the general mean. By suitable rejection very different final 
results may be obtained, and it is impossible to draw any line between those 
observations which should be rejected and those which should be retained. 

In my discussion of observations of transits of Mercury,* I have shown 
that the residuals of 684 observations of the interior contact of the limbs of the 
Sun and Mercury are distributed as follows, the value of each residual being 
considered only to the nearest round 5 seconds : 

* Astronomical Papers of the American Ephemeris, Vol. I. 
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Below — 27 seconds were 20 residuals. 

of —27, —26, —26, —24, —23 were 11 

— 22, —21, —20, —19, —18 " 15 

— 17, —16, —15, —14, —13 " 44 

— 12, —11, —10, — 9, — 8 " 77 

— 7, — 6, — 6, — 4, — 3 " 132 

— 2, — 1, — 0, + 1, + 2 " 147 
+ 3, + 4, + 6, + 6, + 7 " 89 
+ 8, + 9, +10, +11, +12 " 52 
+ 13, +14, +15, +16, +17 " 33 
+ 18, +19, +20, +21, +22 " 23 
+ 23, +24, +25, +26, +27 " 12 

Exceeding + 27 " 29 

Collecting those of equal absolute value and classifying them according to 
the middle value of each group, we have the following comparison of actual and 
probable numbers, the latter being obtained on the usual theory, assuming a 



Mean Values 
of Residual 


Actual 
Number. 


n 

Probable 
Number. 


A— P. 


s. 



147 


137 


+ 10 


5 


221 


240 


— 19 


10 


129 


166 


— 37 


15 


77 


88 


— 11 


20 


38 


36 


+ 2 


25 


23 


12 


+ 11 


>27 


49 


5 


+ 44. 



There is, therefore, a large excess of both small and large residuals, which would 
have been yet more pronounced had the mean error been determined from the 
sum of the squares of all the residuals. 

I find, by several trials, that the residuals which do not exceed 27 can be 
well represented by the following distribution of precisions and probable errors : 

B. 8. 

1 10 observations of 1 :A = 6 or probable error =2.9, 

100 ** '* " 10 '' " '' 4.8, 

400 " ** " 18 " ** '' 8.6, 

50 ** " " 36 " " " 17.2. 
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The comparison of actual and probable numbers of residuals will then be aa follows 



8. 


Actual. 


Probable. 


A — P. 





147 


143 


+ 4 


6 


221 


220 


+ 1 


10 


129 


128 


+ 1 


15 


77 


76 


+ 1 


20 


38 


44 


— 6 


26 


23 


23 





>27 


49 


26 


+ 23 



It must be understood that these four values of 1 :A and of the consequent 
probable errors are not four entirely determinate quantities. Really we should 
consider that the precision has all values between the extreme limits; but it is not 
at all necessary to consider it as what it really is, a continuously varying quantity. 
All we have to do is to form an expression which shall represent the relation 
between the number and magnitude of the residuals; and this we do most 
conveniently by assuming three, four or more separate values of A, and then 
finding how many observations we have to assign to each class in order to 
represent the observed relation. From the above table we may infer that about 
one-third the observations of transits of Ifercury belong to classes which might 

8. 0. 

be called good or very good, the probable error ranging from 2 J to 6 ; that more 
than half belong to an average class, of which the probable error may range 
from 6 to 1 2 seconds, and that about one-twelfth are made under such unfavor- 

8. 

able circumstances that their probable error averages 17. Even with this large 
probable error, we see that there is an excess of 23 residuals exceeding 27 
seconds, so that we should have increased the number of this imperfect class. 
But I suspect that many of these arose from errors of a minute in the record, 
or from other pure blunders. 

I am also inclined to think that the comparative excess of very small 
residuals, indicating that one-fifth of all the observations had a probable error as 

8. 

small as 3, may be partly due to the fact that many of the residuals are devia- 
tions from the mean of a small number of observations, and that no comparison 
of the separate observations with the final theory founded on the whole mass of 
observations was made. On the whole, we may suppose that of the actual 
observations, ^ g^ ^^^^ ^ precision h,= l:10, 

0.60 *' ** " A,= l:18, . 

0.10 " <* ♦* Ag=l:36, 
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This will give for the law of probability {Eq. 6) : 

s. 

^(x)= -^|.030e~(^^*+ .0333 e"^^"^'+ .00277 e"(^H. 

We have, for the values of Wi, w, and w,, as given by (13), 

Wi= .030006 ^''' ; A|= 1: 100, 

W, = .03333e~("^; A|= 1: 324, 

Ws = .00277e ^"^ ; ^= 1:1296. 

In the following table the quantities required are tabulated as a function of 
the residual | of an observation. The w's are multiplied by 1,000, and the IT's 
by 10,000, so as to express them in convenient units : 

w, 
33.3 
32.9 
31.7 
29.8 
27.4 
24.5 
21.4 
18.2 
15.1 
12.3 

9.70 

7.49 

5.63 

4.14 

2.96 

2.07 

If we could be sure that any one observation belonged to the best class, 
its weight on the above scale would be 10 ; were we sure it belonged to the 
intermediate class, its weight would be 3 , and if it belonged to the worst class, 
it would be 0.77. The value of TT for ^ = 0, namely, 6.1, falls below 10 in 
consequence of the probability that an observation of residual zero may belong 
to one of the poorer classes, and the value of W for an observation of residual 
VoIm viii. 



f 




^1 
30.0 


2 


28.8 


4 


26.6 


6 


20.9 


8 


15.8 


10 


11.0 


12 


7.1 


14 


4.2 


16 • 


2.3 


18 


1.2 


20 


0.55 


22 


0.23 


24 


0.09 


26 


0.03 


28 


0.01 


30 


0.00 



w. 


W 


2.8 


6.1 


2.8 


6.1 


2.7 


6.9 


2.7 


5.7 


2.6 


5.3 


2.6 


4.9 


2.5 


4.5 


2.4 


4.0 


2.3 


3.6 


2.2 


3,3 


2.04 


3.0 


1.91 


2.8 


1.78 


2.6 


1.65 


2.5 


1.52 


2.3 


1.39 


2.2 
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30 is above 0.77 on account of the possibility that such an observation may 
belong to the intermediate class. 

§ 10. Approximation Eaypression for the EvU. 

It remains to find an expression for the evil of the best result, as obtained 
by the preceding method. As already defined and shown, if the probability 
that the value of the observed quantity is contained between the limits x and 
a5 + efo;be Qxdxj 

then the evil of any assumed value x^ of the required quantity is given by the 

equation ^= r"(«;-x.)»ft«fo. 

In the case of m observed values of sc, asi, a^, . . . • a;„^, following the general 
law of error, we have 

Qx'=-a^\xY — x)^{qc^ — x) • • . . 4> (cc^ — a), 
the coefiScient a being a constant, determined by the condition 

J Qxdx=\. 

If we take for x^ the best value of x, namely, the value which satisfies the 

condition /*■*■* /i j 

Xq=: I xdxdx, 

•^ — e» 

we have for its evil ^ ^f'^Bxct^ _ 4. 

It will be noticed that the function ftc diflFers from '^{x) in (6) only in containing 
the factor a; that is, we have 

In consequence of a we may omit from i|/a; any constant factor, as s/n. Then 
from 

(9) '4.()7) = 2Pe-*v+w,-c 

we have T'^^^i/x^ vD*' + 262ft!^, 

a is determined by the condition 
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Comparing with the equations (9) and (11), we find 



/:: 



^ 2^. 






the sign 2 extending to the n"* distributions of the measures of precision. We 
thus have, for the minimum evil, 

1 ^ t£^ ^ w 



2J(? 



(f= 1, 2 w**— l;y=i + l, nr) (15) 

The second term of the right-hand member of this equation is a certain mean 

among the various values of ^, and coincides with the square of the *'mean 

error " of the usual theory, which, as already shown, coincides with the **evil/" 
as that term is here defined. If there is but one distribution of the A's among the 
cc's, then there will be but one value of >?, and the first term of the evil will vanish, 
so that we shall have no evil left except the ** mean error." But when, as here 
supposed, the weights of the observations are themselves uncertain, then the hist 
equation expresses the logical conclusion that, in order to obtain the total evil, 
we must add to the result of the mean uncertainty of the observations a quantity 
depending upon the uncertainty in the weights we should individually or collec- 
tively assign to them. 

The first term of (15) comprises ^^^~ ^ terms (jizzzn^)'^ its actual compu- 

tation is therefore out of the question. We may, however, remark that it admits 
of being expressed in the form 

Xaij{xi—xj)\ 

aij being numerical coefficients. This form contains only — ^^ — - terms. 

To show this, we remark that each value of yj may be written in the form 

where Pi+p% + P9+ +i>m = 1 • 

The diflFerence of any two values of rj multiplied by any factor, such as ^^^^{f • 
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will therefore be of the form 

f^i«i+ fi«ic» + . . . . + /x«aM» 

where 1^1 + /^ + 1^8+ +f^ = 0, (16) 

n^(n^ 1) 

and where each of the coeflScients /t^l, f£«, etc., takes — ^ • values, correspond- 

ing to the number of differences of the >7's. The sum of the squares of these 
differences will be 

+ 2xiX^(iim + 2xiX^Xfiifiz + 2x^x^(mi^ + , etc. 
On account of the condition (16) this expression may be transformed into 

VAt^ix^ — Xjf, 
where -^i ,/ = — ^l^iHj • 

Here the sign 2 of summation extends to all the — ^ - products of /u having 

the same constant suffixes i and j\ 

Although the value of this expression admits of rigorous algebraic deter- 
mination, it is doubtful whether there would be any advantage in computing it 
in any special case. I shall therefore seek only for a rough approximation to 
its probable value. Returning to the equation (16), we first note that the 
expression 

is one-half a weighted mean value of (>7| — >7j)*, the weight of each being the 
jproduct WiWj, and the zero terms (>;< — »/<)* being allowed to enter with half 
weight in taking the mean. Instead of this weighted mean we may take the 
general mean formed by giving all the differences equal weight 

Now, when the number of observations treated is large, we may consider 
the amount by which any one value of rj differs from the mean of all the values, 
or X, to be the result of an accumulation of accidental errors; namely, if we put 

^ = 9i (17) 

(where ht means the precision assigned to Xi), we shall have 

while we have for x an expression of the form 

x = qixi+qixt+ + g>„„ 
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q[ being the weighted mean of all the n"* values of }<. If we now put, as before, 
^1 for the deviation of x^ from the general mean sc, we have, on account of 

Now, since 1^ is, in all cases, the sum of some m values of A*, the mean 

value of q given by (17) is — . The actual special values can never reach zero 

2 
as their lower limit, and will seldom exceed — as their upper limit. The range 

of value will, however, depend upon the range of values taken by the pre- 
cisions h. Unless in extreme cases, the mean deviation of q from — cannot 

m 

exceed — ; that is, the mean value of g — ^ will, in general, be less than — • 

Assigning this mean value, we may regard ri — x as made up of the probable 
accumulation of terms 

If we put A* for the mean value of ^, then, by the theory of errors, we shall 
have, for the mean value of (>? — xf, 

mean(>7 — a:)*=|^- 

Hence ^^^^ (*?' " *7i)* = aS = 2^« ' 

To compare this with the last term of (15), let us suppose the most probable 
distribution of precisions with respect to their magnitude to be 

mi precisions of value \] 
m, " '* A,; 



We shall then have as a close approximation to the mean value of fe*, 

A* = mih\ + m^AJ + . . . . mjil, , 
one-half the reciprocal of which may be taken for the last term of (15), Thus 
we may take for the amount of the evil, in all ordinary cases 

£=1 1 + A'. 

2 mjil + + mjil ^ 2m 
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As already shown, this evil will be the square of the "mean error" to be 
expected of the usual theory ; so that we may take 

as the mean error to be expected. 

I remark, in conclusion, that this theory and method may be extended to 
the case of several unknown quantities without any other diflSculty than that of 
a resolution of the equations of condition with the a posteriori weights. We 
should first solve the equations if necessary, using equal weights for all, or such 
system of weights as might be deemed most probable. From the residuals thus 
obtained we should deduce the law of error, and in practice we should, in order 
to determine such law, combine with the residuals in question all others that 
astronomy could furnish pertaining to the same class of observations. Then 
we should re-solve the equations using the modified weights, which re-solution 
would give us the definitive result. 



Symbolic Finite Solutions and Solutions by Definite 
Integrals of the Equation -j^~r = ^y' 



By J- 0. PiBLDS. 



The finite solutions obtained in this paper are analogous to the symbolic 

solutions of Riccati's equation, and hold in all cases for which m = — - v^ t ~ , 

where k is any integer less than and prime to n, always including unity, and i is 
any integer positive or negative; for n= 2, A;= 1, we have the well-known 
cases for which Riccati's equation is finitely soluble. 

The solution by definite integrals of the above equation was first proposed 
by Lobatto.* Kummer and Spitzer, to whose papers I will refer further on, 
find the general solution for m any positive integer, and for m a negative integer 
greater than 2n, respectively. M. De Tilly treats this equation by a very inter- 
esting method.f 

Finite Sclutimis. 
I will first find solutions analogous to Riccati's of equations of the third 
order of the form 

and afterwards discuss equations of the vl^ order having this form. 

I here premise that I will throughout consider -j^ and \~^j (where A 

is any quantity or symbol treated as a quantity) as commutative, which of course 
amounts to putting the additive constant introduced by an integration always 
equal to zero. 

Suppose (1) satisfied by the series 

y = Xa^^^i where a = m + 3. 

♦ GreUe, Vol. XVII. t Mathesia, Vol. V, supplement. 
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Substituting this series in (1) and equating coefficients of the same power of x 
on opposite sides of the equation, we get 

(2) na(na— l)(wa— 2)a^ = a^_i; 

•'• ^'*~ na(na— l)(na— 2) 

_ <^ 



na{na — l){na — 2)n — la(n—l a — l)(n— 1 a — 2) o(a— l)(a— 2) 

~ [n(l + vi) (n+ h)(l + V,) (n + Pi) ; 

putting 



1 2 

ao = 1 , = n , = ^» ; 

a a ' ' 



op 



o-'*a5"* 



' — 

(it is evident from (2) that a_i, «_,, etc., are all zero). Thus 

<') ■ *=^^' 

where 

z = a-V, i2„ = (1+ vi) . . . . (n + vi), i2..= (1 + v,) . . . . (n + v,). 

Now, -|- = .-'. (^)- V. = e-AV. where (-^)- = A . 

Substituting in (3) therefore 

_ -> 2-''AV , - A* ,. 



. — » 



and X-=^-Gl)"^'- 






KdA/ 



(4) .-. y = z— '»A— '»2 -j^ . A''« . z"' = a-^'A— ''c^**^^ A"' . 2^ 

where the entire functional symbol A^'e^^^^ A"* is supposed to operate upon g"' . 

We will now show that if the value of the right-hand side of equation (4) is 

known and finite for any given values of Vi, y,, it is also known and finite for all 

values of vi, y, differing by integers from these given values. Write for brevity 

(5) J4>(A) = A-''e(^)-Ws 

( ^, (A) = A-"' + «e^^^)~ A"* "S 
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where i is any integer positive or negative. From the formula 

where Z) = -^ , we have, putting t? = z, 

(Mi 

If i/.(Z)) = 4)(A), we have ^'(D) = — Ay (A), since A = Z>-^ 

(6) .-. 4)(A).2ii=2<^(A)w — Ay(A)w. 

Since -=-r- and c^^-^' are commutative, we have from (5), 
a A ^ ^ 

4)' (A) = — vi£r "^ ~ ^e ^^^^ A"* + vi A" •'"e ^^^^ A''»~ ^ 

= — i;iA-^(a-''>6^^'" A"'— A-^' + ^e^^) W'-O =— nA-X4>(^) — 4>i(^))- 
Substituting this value of ^' (A) in (6), we get 

4)(A).zti = 2^(A).w+riA(4)(A) — ^(A)).t^. 

Operating on this equation with — A~^ and solving for ^A/^u, we get 
4>i(A)w= — A-^{a4>(A)u — 4)(A).2tAf + 4)(A).t^ 

= — \ eA- V (A) w — r,4> ( A) ti I + 4> (A) u 
on putting w = g"*; thus, 

(7) ^(A)ti=— (zA-^4)(A)w + (i'i — v,)4)(A))i£= — (zA-i + ri — j;,)4)(A)tA. 
Substituting r^ — i + 1 for Vi in (7), it becomes 

and, by successive substitutions of this kind for ^i_i(A)w, etc., we get 
Using the theorem 

(-&-+')Gl+'-0---Gi+p''+0"=^-'G'?''' 

(8 ) becomes ^, (A) « = (7z— '' + "(-4^) 2'' ~ "^ (A) « , 
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where C is the constant 1 "^ vi (vi — 1) . . . . (yj — t + 1) and i a positive integer. 
If in this we replace Vi by {vi + i) and operate on both sides with g-* -•'» + •'« 

f -=-J 2j''»"*'«, we get the same formula with — i instead of i, and another constant 

in place of C. 

We have in general, then, where i is any integer, positive or negative, 

(9) M^)u= CV--+''(-^)V'-'^(A)«, 

where (7' is a constant. 

Changing r, into r, — » in (9), 

therefore, 2-'«+''i^,(A) «'•-'' = ^«*"''"(^) «"'""""*"'( ^)V (^) «"'• 
We have, then, putting o^i, 0^2 for 1^1 , r, respectively, 

Knowing, therefore, the function 2;-"''«A""'^e^^^^ A^^g"* for rizr^^n, rg = o»^g, we 
obtain its value for vi = o^i — », v, = 0^2 — ^> by operating on the known func- 
tion with the operator (7z*-••'/-^V•''-•■'«+''^-^Y2•^ 

By (4)y = z""''»A~''»cvdA; A^'z'* is a solution of equation (1), where j;i= — — , 

OL 

v^ = — — ,a = m + 3; now, for wi = 0, equation (1) becomes -^ = y, and its 

solution is Cic~^»*+ C^e^^^+ C^"^^, where Xi, X,, JI3 are the three cube roots of 
unity ; but its symbolic solution (4) is, in this case, 



/ 



f Z^ 2"" •**■ A~ ®*'*c ^^^^ 



'd\—l 
yz^Z" •*'■ A~ •*'*C ^**'^'' A'^'g^"", 



u o 1 2 2 1 

where ao = 3, o^i = — — , qV^ = — — , or o^i = — — , 0^= — — 

(since, from the mode of forming the symbolic function in (4), it evidently 
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makes no change in its value to interchange the values of v^ , v,) ; therefore, for 
properlj chosen values of (7j, C,, (7j, we have 

here z— <ij-V*=r-^J ; /. a:=32*; thus, 

(11) g-c.^-.r.gC^r ^..,^., _ Q^e- 8A,,i ^ c;c-»^* + (7ge-»**'* . 

Taking, now, 



2 . _ 1 

1 



^» = o^» — » = — —> n = o'^i — ^ = ^ 



we have x = ov»— 2oi/i+ 2i,m + 3 = a = 

Ist* Assuming 

_ 1 _ 1 _ 2^_ 2 

1 3 

we get »=2»,a=: r = arXT = "* + 35 

therefore, m = ; 

and solution of (1) is by (4), (10) and (11): 

y z=zz~ ''A" ''e ^^"^ ' A"'^* = z~ •'• "^ "A" •"' ■*■ 'e ^""^^ A*"' ~ V"' ~ ' 
urg'-.'.^^yg.-.-.'.+'^^Yy. ^ai^».»*+ C,e-3Mi+ (7,e-3*..*^ 

(12) ='^'^*(iy'^'^**(^y^*(^»*"'*"*+ C^-«**'*+Cge-»*''*). 

2d. Assuming 

_ 2 _ 2 _ 1 _ 1 

weget *=2t+l, a = -^ 2'=3f^ = *" + ^' 

therefore, »n = ~ - > .^ T • 

3t + 2 

And solution of (1) is by (4), (10) and (11) : 

(12') =**'''(|-)'''*''"(^)"^''"*(^^^''"*"^ C^-*^*+ C7^-»^*). 
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These solutions are evidently of the form 

where the 4>'s are pol}aiomials in zi, and plainly, on substitution in equation (1), 
the terms containing each of the three exponentials vanish identically ; there- 
fore, the three quantities Gu G^ , Cg in the above solutions may be considered as arbi- 
trary constants. We conclude, therefore, from (12) and (12'), that the equation 

-£ = x'^y is solvable finitely if m be of either of the forms ~, ^^ or ^: ,^"t" ' , 
da? ^ ^ 3i+13i+2' 

where i is any integer positive or negative, the general solutions in the two cases 

being given by (12) and (12^) respectively. 

These solutions become, on substituting for z in terms of x from the formula 

z = a"" V (a = m + 3) , 

T - 9i 

^- ^=-3i+l' 

II. m g-jrg— ' 

1 1 \ 

the (7's being arbitrary constants and the X's the cube roots of unity. 

The Eguation of the nth Order. 
Suppose the equation 

(13) " -S=^"y 

satisfied by the series y = 2a,c«**> where a= tn + n ; on substituting this series in 

(13) we get for the determination of the coefficients, 

(14) 'xa{xa — 1) . . . . {na — w + l)a« = a^„i; 
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therefore, 



a. = 



xa(xa — 1) . . . . (xa — n + 1) 



xa (xa — 1) . . ..(xa — n + l).x — la{x — la — 1) . . . . (x — la — »+ 1) 

«5 

~ xa . i^ ox^ a ... a . (xa— l)(i^ a— 1) . . . (a— 1) . . . (xa — n+l)(i^^=i a— n+1) . . . (a— »-|-l ) 

ata""** 

— [x^(l+,.)(2+0....('^ + «'.) (1 +«'i) • . . . ('c + «^i) . . . . (l + i'.-O ....(« + I..-0 ' 

where 

,^ . 1 _ 2 r n— 1 

and therefore, 

Vo-^i-- • • • :^r-i« . . • • :v«~» ::l:2:.,..:r:....:n — 1, 

a. = - p p^ — p— ; o» putting 00= 1 , R, = (1 + Vr) (2 + i/^) . . . . (ac + v,), 

therefore, y = 2aX« = ][^ pTiB, £_ . ."l . jj^ ; 

(It is evident from (14) that the series contains only positive powers of af .) Thus 
(la) y = 2 ^^^^^J^._R^^^ . where . = a-x«. 

Now, if we put 

we have 

JL — ^ = a—. (A-Y'^' = z--Afa", 

/2,. ~(H-»',)....(* + »'o) ^dzJ "^ ^^''' 

4*- = Ax—AJAI' ^ = At" A^+iA:- . . . . ; 

therefore, 

« = 2 ^ =z-'«2 ^» 



j»B,,JB,, .... ^,,_s I x^K, ■^••.-i 

1^-. ^'.-. 

= = «-• ''Ar-'Ar'* .... A7lv'2 ^^^ A;;-z| A^'Aj^'z"'. 

Thus 

(17) y = z-'-Af-AT"' A;r-«-'«^"'A;"^» • • • • Aj'Ai'z''. 
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From the mode of formation of this symbolic expression, its meaning is that 
we operate with e^"-' on A;*z|, multiply the result by A~^v% a»nd with the com- 
plete operator A^lv'^'^*"'^;;"^:! in A,,_g thus obtained operate on Ai*::|, and so 
on, finally operating on a;"* with the complete operator in Aj and multiplying 

For brevity I will adopt the following notation : 

^{vovi.... r^^a) =z-'*Ar''' .... A:l\*e^-^A::zi .... AI«3^ 
4>r Ki^r+i • . . . I'.-g) = AT"' .... A-lr^e^-^Al-l . . . . a;-- , 

p(?) — 9i^ — 1) • • • • (? — 2^ + 1)» where j? is an integer and q any 
quantity or symbol. 

Where there is no fear of ambiguity, I will simply denote the first three of 
these expressions by ^, 4>r(Ar), <,4)^(A,.), respectively. 

We notice that 4>r(Ar), being a function of A^, is commutative with A,.. 

I will now proceed to show how from the value of ^ for certain values of 
the r's we can deduce its value for values of the r's differing from the given ones 
by integers. 

By the formula i^ (^ J -"^ = ^'^V/T") ^ ^ ^'^^ KfT }'^ "^^ ^^'^ ^^ have, 
putting 4), (A,) = ^ (dKZi) ' 

(18) i^,(A,).A;'-i+^ = 4),(A,).A,,i.A-_-i= A,^,<?),(A,)A;^^^ 

»-"» . ^=(3£rJ'""'*'(H£,)=-'^*'(^>- 

Now, differentiating^, (A,) ssAr^^r+iCA'+OA^' ^i^ respect to A-. we find 

(19) ^;(A,) = -r,Ar—»^r+a(A, + OAr + v,Ar''^r+i{^+i)^'~' 

Substituting this value of ^^(A-) in (18), we get 

J 

Operating on this with ^* = ^^-r — , and taking i^rCA-) -A!;^^^! to one side of 
the equation, we get 

(20) lM^)^-i = i; (A,_x ^^ + Vr- Vr-l) M^)^-i' 
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In this equation, substituting v^ — V+1 for v^, i4>r(^) becomes <^4)^(A,) and 
^r{^) becomes <^_i^^(A^); .'. the equation becomes 

(21) ,^^,(a,)a;'_-1 = ^_|^i(a,_i^^+,.,-v-^,_,+ i),,_,^,(A,):a;'::}. 
Similarly, 

,._.4>,(A,) A;-i = ,.^ _ ]^ + 2 (^-^ dEZ, "*" "•—*'-''-'+ 2),,_,^,(A,)A;'_-{ 

Substituting successively in (21) from these formulas, for ^_i^,(A,)A;:'^i, 
,,_,^,(A,)A;'_-i, etc., ,^,(A,)A;:'z1, we get 

(22) ,,<^,(A,) A^'_-{ = ^y^^ (a,-x ^^- + r. - v,_,) . <^, ( A,) A^'ri . 
By the formula 

we have 

therefore, from (22), 

whence 

(23) Ar-lr\MAr)^-i = j^^ AJ'_T' (^JV--i"->r(A,) Aj^i 

ir 

= >7)2S-';^lfc7!--'('''-'''-^>--'('''-^>--'*'-»(^'-») 



(where x,._i, X^-i are integers such that Xr-i+ ^r-i = ^'r), on performing the 
operation indicated by ( -tit — j ; thus, 

= Z(^)E-' x._,!'l,,! --^"--"-->-^'^-^)-^"'-^^^' • • • • 
A;:!',-* v-,^r-i(A,_,) A-_-/ .... Al'z- 

= ,-i)E-';dfc! --•<^''- '''--^'■-)\z;(br)E-'dTt!''-'^'''-^ 

— 'i',_,)A,_.(i'r-,).2"'*Ar-- . .. Ar-:s-'x,-.4»r-,(A._g)Ar_-|. . . . ai-z- 



376 Fields: Symbolic Finite Solvtions and Solutions by 

(where Xr-s+K-t = K-i), on Bubstituting for A;-Z',-\,.,^r-i{'^-i)K-i, its 
equivalent expression similar to that obtained for A7l'i-'t^^r{\) ^-i in (23). 
By making such substitutions successively for 

Ar"A.^(A,)Al', 2--,,4.i(Ai)z", 
we ultimately obtain 
(24) z-"At" .... Ar_T' iM^)^-i "■■ Al'z" 

= -T^z±r' ri — i-c.-iK— ^r-i)A.-,K-.i), 





Ar-l 



Ar-A^r-i;^— ^ ^r-8- Ar-2' Ar-«V^r-»; Ai— «^ 





= -7;^'^''^ ri f«r-i(^r— Vr-l), 



Ar-l ^*--« 

^ 



Now, \^_^ Jr,_^,)Jro)2-^o+Xo^^(A0;^-^^ 




= 2-'+*'(^)V-''^i(A02!"; 

' 


= 2—'+*/^ )%'•-''■ . z"'--^! (Ai)z- ; 
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and proceeding in this manner, we find that (24) becomes 

(25) z-"A7'« .... Ar_1- ,,4>r(A,) X-{ Aj'z" 

~r(»v)''"""^*'(^y''''"~'"~'''^"' '• • • • ^'""•^iC^i)'^* 

Operating on both sides of equation (25) with ,,(»>,) z~" {-^-) z""'', and 
substituting (v, + iV) for v,, we obtain 

(26) z-'^Ar-. . . A7_V_i,«?>r (A,)A-j:i . . . Ar2"=,,(»'r+ i)2-"-*' (^)~V-'«^i(Ai)2". 
Thus, from (25) and (26), we get 

(27) Z-'^Af- .... ^l\-\^r{.\)AVZ{ .... Ar2''«= GrZ-" + *' (l)'V' . Z-"'^! (Ai)2" 

where i, is any integer positive or negative and Or is a constant. 

Now, since (27) holds for all values of r^, r^ . . . . v^ . . . . , we have 

(28) 4^(^0—^*01 n— ^*l . • • • 1^r-l— V-l, Vr—ir .... V^^^— 4_g) 
=r«r.(n— io» ^1— h> • • • .^r-l— *r-li n, • • • -, ^n-»— ^n-a)) 

where (j^ denotes the operator ^r2""''"*'*'( ;t-) s;*"" and the t's are any integers 

positive or negative. By successive applications of the formula (28) for all 
values of r from up to (n — 2) we obtain 

(29) 4>(l'0— *0, 1^1—^*1, i^r—ir , Vn-%—in-%) 

= n(G)^).4)(Vo.Vi, ,Vr ^n-j), 

where 11 (o^) designates the symbolic operator giq. qi. . . .oi^-j. 

Substituting now for r©, ri .... v,. .... in (29) qv^^ o^i> • • • • o^r • • • • respect- 
ively, and putting qI'o — ^o = '^'oi o^i — ^= "^i • • • • o^r — ir= ^'r • • • • (29) becomes 

(30) 4)(7'o, n, . . • • Vr, ^'n-2) = n(oa),)4) (oZ'o, 0^1, o^r . . . -o^'n-a), 

(d \*' 
^J z^"' and i'r=o^r — V- 

If therefore we are given the solution^ (0^0 > 0^1 j •••• o^r»..-. o^u-s) of an equa- 
tion of the form (13), we can, by (30), find the solutions ^ {y^, v^ Vr ^«-s) 

of other equations of this form such that m is changed subject to the conditions 



Vol. VIII. 
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that ro, ^1 . . . .r^»2 diflfer by integers from the given quantities o^'o, o*^'!* o^n-2> 

and also to the condition (15) , viz., v^wi. . . .-. r„_j ::l:2:....:n — 1, the 

value of m being determined from the equation r© = = \ — . While 

the order of the v's in the proportion just mentioned is perfectly arbitrary, I will 
m general consider them in this order except in the case of the initial values 
o'^'oi 0^1- • • • > o'»'n-2j whose arrangement I will not limit, viz., 

(31) on • 0^1 : : o^»-» : : ?Ci : PCj : : Xn-i» 

where the x^s are all different from each other and each equal to one of the 
integers 1, 2, .... w— 1. 

While these different ways of distributing their values to ^v^, o^i • • • • -o^n-^ 
does not affect the value of <^ {^Vq, o^i- • • •o^n-2)> it will be seen that it does 
affect the derived quantities i'o» '^'i* • • • • > Vn-2> giving rise to different sets of 
values for these, and consequently also giving different values of m for which 
equation (13) is soluble. 

Now, when wi = we know the general solution of (13) to be 

(32) (7ie-''»*+ (7s6-''»^+ + C^e"^', 

where the ^'s are the nth roots of unity and the C's are arbitrary constants. 
Taking this as our initial case, we have 



ao= m + w = n; o^i o^i» • • • • o^n-s equal 



, } • • • • 

u n 71 



respectively, by (15) and (31); and by (16) 2 = n~"x'*; therefore x = nz*. 
Substituting now for x in terms of 2, (32) becomes 

(33) G^e-^^'"'^ + C^-^-'''^ + + (7,6-'^-'»'", 

which is the general solution of (1 3) , and therefore includes ^ (o^o , o^'i » • • • • o^n -2) > 
which is a particular solution ; we have then 

(34) ^ (oi'o, ovi .... oi'n-2) = G,e-^'^'^ + Cie-'^^-^ +....+ (7„e-'-•-^ 
the constants G being properly chosen ; and therefore from (30) 

(35) 4) (ro, V,.... v„«,) = n (oo.) (Cie-'^'-^ + G,e-^-^^ +....+ a^-'*-*'^). 
Now, as stated before, the conditions to which the r's are subject are 

r,._i = ?To for all integer values of r from 1 up to w — 1 , 



and Vr_i = o'^'i-i — V~i fov all integer values of r from 1 up to n — 1 , 
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where iV_i is any integer positive or negative ; thus, 

(36) 0^-1 — V-i = r {qVo — io) ] 

and since o^r~i = ^ » o^o = ^ • tbis becomes 

n n 

(37) 'J^=i^_^-ri,. 

Now, the 3c's must all be positive integers dilBferent from each other and less 
than n. Choosing then any one of these integers as the value of xi , it is evident 
that we can for any chosen value of r find an integer value oF Xr less than n 

such that— ^^ =.^r> where /^ is zero or an integer positive or negative, and 

there is plainly only one such value of Xr, and the value of iV-i obtained from 
the equation ir^i — rio = i^. is of course an integer. 

We know then that for each value of xi there is one, and only one, value of 
Xr satisfying equation (37) for each value of r, and it only remains to find in 
what cases the values of ;c,. are all different for the different values of r. 

Suppose Xr = Xr,; then — ^ ** — = integer; therefore ^ ~ ^^^ 

= integer, and since r — /^Win and xi must have a factor in common; and con- 



versely, if «, ;^ have a common factor, we can choose r — ?'', so as to contain n's 

remaining factor, and therefore ^^ — = integer; consequently Xr = Xr,, and 

the x^8 are not all different. 

Thus, in order that the x's should be all distinct, it is necessary and sufficient 
that xi be prime to n . 

Taking, then, oVp= ^ , we have Vq = o^o — *o ^ ~" ("^+0 » where xi 

is less than n and prime to it and i^ is any integer; and for this value of i^^ with 
the values of r^-i derived from the formula Vr-i = rvQ^ for all integer values of r 
from 2 up to n — 1, we have <^ {vq, vi. . . .v„-2) expressible finitely and given 
by (35). Now, from /'*lI•^_ _ 1— 1 

we obtain m = ■ . "]|^ > ^ ^ ^ — ^ , for all which values of m equation (13) is 

finitely integrable; or, putting i, x for io, «i respectively, equation (13) ia finitely 
integrable for all values of m given by the equation 
(38) ' ^^ -nini + .-l{ 
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where x is any integer less than and prime to n, and i is any integer whatever, 
positive or negative, the integral being given by equation (35), its value being 
found by substituting in the operator 11 ((Pr) the values of the a/'s derived from 

the equations Vo= > i'r-i = n'o> and the values of the fs derived from the 

equations to= i, = tV-i — ri. It is easily seen that all the (7's in (36) are 

different from zero, and therefore that on the substitution of the right-hand 
member of (36) for y in (13) the resulting identity contains n terms of the form 

^'r.c" **'*'* (>^r being a polynomial in z"), due respectively to each of the n expo- 
nentials occurring in (36); and since, evidently, each of these n terms must identi- 
cally vanish, equation (13) is satisfied by 

(39) n MiOie''^^^'^ + (7,e-'^«*^'" + + C^e-''*^'^), 

where the C's are all arbitrary constants. 
We may write (39) in the form 

(40) ii„-.2a„_a. . . .iio.r^((7i6"'*>-^ + 0,6-'^^-'^ + .... + a^-'-'*), 

where flr =»'*"*■ ^ * [tj ^ the integers i,. being determined from the equa- 
tion (37) ir = {r+ l)^+ ^^"'" ^)^~^r + i ^ ^^^^ i^ging ^^^^^ ^^ ^ero or any 

integer less than n, no two of x's being equal, and r taking the. values 
0, 1, 2, . . . ., (n— 1). 

Substituting in (40) by the formulae, z = a"'*^*, a = . , we have for the 

general solution of equation (13), for values of m given by (38), 
(41) y=ii„_^,_3. . . .fl«.a;-S7T-'(C7,a-'".'-'+"*'^ 

1 1 

where the (7's are arbitrary constants and 

For w=2, x=l,(38) gives the cases m = . , for which Riccati's equation is 

finitely integrable. We might consider m = — w as the limiting case of (38) for 
which 1 = 00 , 
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For in = — 2n (38) gives x = n — 1, i= — l;we find tV = — 1, 

—1-4-—/ d \~^ 
flr = 2 ( J- J for all values of r^ and we may write (40) in the form 

(42) 2-^+^il"-^((7i6-'*»"'"^ + + G^e-^''^), 

where D..u=(-^^ z''^-^-.u = nC-^^ .u. 

\(h/ \dz^y 



<dz^ 
V * :th( 



Evidently Il'^-^e-'***'' = (— — j ' ; therefore, (42) becomes 

and this, on substituting z = ( — nx)"'', takes the form 

which is the well-known solution of -~ = »"**?/. 

RiccatVs Equation. 

The preceding method, applied to the equation of the second order, suggests 
also the following mode of solving Riccati's equation : 

(43) S = *"*2'- 

-- 1 

Putting z = a^x *, a = — — -j--^ , (43) becomes 

(44) .g! + (,+ .)-|-^=0. 
Differentiate (44) with respect to. 2, and put -p = w, when we get 

which is the same in form as (44), a being increased by unity. Evidently, then, 
the solution of (44) being given for any value a^ of a , that for a = ao + i 
(where i is any integer) is the i^^ differential of the given solution. 

Now, for 7W = 0, a = ^, the solution of (43) is Ae^'^-^B^, and, therefore. 

Note.— I might here say that formula (25) can be more briefly obtained by a consideration of dje 
general term of the series in (16); but as I first obtained it from (17), and the treatment of the symbolic 
form there given seems to me somewhat interesting as an application of symbolic methods, I have let 
it stand. 



r 
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that of (44) is A^^'+JBe'*^' (since «= — 2s/ z); therefore, for a = t — 4" , the 
solution of (44) is 

(45) y^-^{A^>''+Be-*^'), 

where z=^a^x * = f — ^ — )^ *^"^- 

It may easily be verified that (45) is identical with 

(46) y = 2-'+* ^ 2-* {A^^' + 56-**^'); 

consequently, whether i be positive or negative, the solution need only involve 
the direct operation of diflferentiation by using (46) when i is positive and (46) 
when i is negative. 

We might notice that if in (44) we put y=:z'''v and operate on the 

resultant equation in v with c^Ca— (^j }> this equation at once reduces 

ioz^(e-^~^ + {l—a)e'^ ^ = 0, an equation of the first order ine-^-|^, 

from which t? = e^z*, and, therefore, y = z^'t? = 25""V«*, the form (17) thus 
obtained directly from the equation, without first considering the solution in the 
form of an infinite series. 

From the solutions of Riccati's equation we may also derive those of the 

equation x -, au + hu^ = ex*; for, in this equation, putting 

a — 1 X dv 

it becomes 

(47) ^ = (cix'^'^'H- C85c'"*)t?, where Ci= 6c, Cg = ~ . 

Substituting z = Cyir^x*^ v = z^'y , (47) becomes 

and this reduces to equation (44) when we choose r, so that 

therefore, for (47) finitely integrable 2r - = a = i-^»-, eliminating r 
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between this equation and the quadratic in r just given, and putting c^=. — - , 
we obtain, as condition for finite integrability, — ^ — = i, and when this condi- 
tion holds, the solution oix-^ ati + hu^ = cx^ is easily seen to be 

(49) ^^^ „ = J-J + ^^-,^...„ 

where r = — — and y is given by equations (45) and (46). 

SoItUions by Definite Integrals. 

Kummer has shown* that if 4^{x) be the general solution of equation 
, ^^1 =:a;"*~^«, the general solution of --y-^ =a;"'y may be expressed by the 

u^-^e «^^«"4'(a^) du, there being a certain relation among the 



(n + 1) constants involved in ^^{x)', and by successive applications of this 
formula has obtained the solution in definite integral form of the equation 

-TV = x^y for all positive integral values of m ; Spitzer, by a modification of 
Kummer's method, has shown f that if ^^{x) be the general solution of 
^"^^ - ^ n-n =^2, the general solution of ic*" -7-^— — ^i/ ^^7 ^® expressed by 
n"*"^e «-n ^ f — w^^ ^ certain relation holding among the (n+ 1) con- 
stants of 4^{x)j and has thus found in definite integral form the general solution 
of -TV = ^'"y for all negative integer values of m numerically greater than 2n. 
We might express both Kummer's and Spitzer's definite integrals under one 
form ; thus, if 4^{x) be the general solution of ^^^ = hx^^'h, the general so- 

CLX 

lution of -T-f- = ax'^y may be expressed by 

^^m~lg am + n ^/(xw)^!^, 



• Crelle, Vol. 19. t CreUe, Vol. 57. 
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a certain relation holding among the (n + 1) arbitrary constants of a// (a), the 

conditions being involved that m + n and m are of the same sign, and — positive 

or negative according as this sign is plus or minus. This may be easily verified 

by differentiating -r-^ — ctx^y = and substituting for -f-^i , ^ and y from (50). 

Kummer's case is that of m and m + n positive, Spitzer's m and m + n negative. 
Both Kummer and Spitzer always suppose n positive. There is nothing, how- 
ever, in the verification of (50) to require this, and (50) holds equally well 
whether n be positive or negative, providing that m and m + n fulfil the requisite 

conditions; thus, from the solution of _^^i = ^"h we may derive that of 
—-^zzzx^y. In the former of these equations, putting a;'^~*25 = », it becomes 
^-m+iy _ ^^^ ^YiQ latter similarly becomes a;-""'t^ = -— ; thus, from the 

solution of T^^— r = x^'^'^^'O we derive a solution of ^-- = x~~^u ; in - — ^ we will 
suppose the additive constants due to the integrations always equal to zero, 
so that the solutions of y = — (x^y) are also solutions of -r^ = af^y . 

Now, we know the solution of -^ = x~'^''y to be y^zx'^'^XCre * , where 
the fis are the nth roots of unity and the (Ts arbitrary constants, and the solution 
of ^l- = ^-z is z = x-^^y = a-~-^2 C^~ ^ . 



Starting out now from the equation 

d-' 
dx~ 



(51) S- = «^"«. 



by (50) we have, as the solution of equation ~r:zw^ = ar^'^+^y, 

(XX 

i^~~^e '""'XCre '^.du, 
and by successive applications of formula (50) we obtain as the solution of 
equation ^^^^f^ = ar«" + 'y , 



y = x""'*""^ 



J^ J^ J^ ^'c^i:+*-^e""^ ^C',^-'*^^*"*---'*'^ .dui,du^....dui. 
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Substituting n.for (n + i), we have, as solution of equation -7— = ^""'^if, 

i 

(5 2) y = x~*-^'-^f ff ri^ <-'+''-», e'^-' ^ '*' 2 G.e''^'^'^^ ■ • • • "" V^?Xi . , . . du, » 

i 
where by n^i^J "'*"'■ *~^ I mean the product Ml'"'~^^^J"* .... li?""'; evidently i is 

1 

always a positive integer less than n; the /t^'s are here the (n — t)th roots of unity. 

In the equation -7-^ =a;""*'*"'"*tA we have u=.7?^'~^y] therefore, the solution 
of the equation 

(53) -5-=^"''"^'yi« 

i 

By (54) we have then a definite integral solution of the equation , f = af // 

for all negative integer values of m between n and 2/i; this solution is not, indeed, 
the most general one, but contains —{m-\'n)^=-n — i arbitrary constants. 

We can further find a particular solution of this equation for any value 
of m. 

dr^z dr^~'\ dr^~'*z 

If we write - — - = x'^z, ^ — -—r =x'"'*"%, .... - — ■—^zzzx'^'^%, sohitiong 

of these equations being respectively '^{x), i^i(a;) . . . . '^i{x), and m a positive 
quantity greater than n, m and m — n are both positive, and we have, by (50), 

therefore, the solution of v-r^r^, = x'^'^\ is 

4'(aJWit^ .... t^,)cit^dtij , . - . d«t . 
Vol. VIII. 



/ 
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Now, putting 7? = 1 , m is any quantity greater than unity, and a//(x) is the solu- 

tion of equation -=— ^ = ^•"zl; therefore, 4^(x) = x^^e^^^^ . 
dx 

Now, substituting for 4' (a^ . . . . t*i) in t//< {x), and putting w, n for m + 1, 

dr^z 
n + i (= 1 + i) respectively, we have the solution of _^ = x'^Zi, 

■ /7:.../"«.,4....»:=i«— (-"■■'■■ ••^"•-"'•■^'~ •-'•"■>*.....d»...; 

replacing Zi by sc^'^y, we find the equation 

(55) J? =x-^, 
to have a solution : 

(56) y = x^-^ 

.•00^00 ^00 -i-(ur-+....+~:rr+(*~,....u„_,)— ) - _ 

J J J ^v4----«^S-i^""'"^ . ^dn^....du^^:^', 

where m is any positive quantity greater than n. We can find a similar solution 

for any other value of m by starting out from equation -7-3^ =a*y, where 

ax 

m — 1 is any negative quantity, by successive use of formula (50) with — = — 1 . 

Now, referring back to formula (30); if in this we substitute y^ for 
4^ (0^0 • • • •o^n-O) where y^ is the general solution of the equation of which 
♦ (0^0 • • • • o^i»-s) is a particular solution, the equation 

(57) y = n(o6).).yo 

gives y the general solution of the equation of which ^{vq. . . .^'n-2) is a par- 
ticular splution, as is easily verified. 

We can now with the help of (57) derive from (56) a solution of 

—^ = x'^'y for any real value of mj . 
ax 

We know that (57) holds for 

(58) Vo = oVQ — i, 

where i is any integer, the values of the other j/'s being derived from equations 

Vr=oVr—ir=ir+ 1)^0- 

Now, being given any value of ro, we can always satisfy (58) by a positive value 
of 0^0* l>y properly choosing the integer i, which we may do in an infinite 
number of ways. 



cf*t/ 
therefore, (56) gives a solution of (55), that is, of ~ = ^•'"•y . Being, therefore. 
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Now, putting j/q = — — j^ , 0*^0 = tt" » ^® have, when qVq is positive, 

©mi, a negative quantity greater than n; therefore, o^i = — wi where m >-n, and, 

therefore, (56) gives 

given any equation, 

(69) S=»^'y. 

find ro, satisfy (58) by a positive value of o^oi ^^^ ^nii from equation 

oro= — — ^7— ; thife will give us o^i = — m, where m is a value for which (56) 

holds as the solution of (55); but the general solution of -p| = xf'^'y is yo> a^d> 

therefore, (56) is contained as a particular solution under y^. 

Now, yo i^ (57) is supposed expressed ^8 a function of z, where z is connected 

with X in -7-^ = x^'^y by the equation z = (n — m)""*a;**""~ (see (16)) ; transform- 
ing (56) from cc to z by this transformation, and substituting (56) thus transformed 

for yQ in (57), we get, as a solution of (59), expressed in terms of z, 
»— 1 

(60) y = n(oWr)2*-'* 

for all values of mi, m being obtained from the positive value of o^o satisfying (58). 

The X in (59) is connected with z in (60) by the relation z = a""*x' 

= (wii+ n)"'**a;'^*'*"* (see (16)), by which equation, transforming (60) to terms 

of X, putting o^r = (^ + l)o^'o» *r = (^ + 1) i> 0^0 = > *^od instead of 

Wi —- ft 

tfir = 2-»"+*' r ^ j z*" writing 

(61) o, = a5'+V »-<"•' + »>+*—) a.(r+i)H(m,+»)i-n^ 

which difiFers only by a constant multiplier from ^, (60) becomes 

(62) y = n(o,)a;-<— »'^(- + «>*-i^ 

here the product 11(0,.) is taken for all integer values of r from to (w — 1) 
inclusive. 
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Solutions, then, of equation (59) are given by (62) for all values of wii, the 
values of m and i involved in these solutions being any that will satisfy equation 

(58): i. e. — ; — + =i, i being any integer and m — n any positive 

mi-f-n m — n « .^ « 

quantity, and for the same value of m^ (62) assumes different forms, according 

to the values we may choose for m and i. 

If we put i = 0, we have Wi = — m , n (o^) = 1 , and (62) reduces back to 
(56). 

We might also obtain a more general form, including that of (62), by taking 
X 1 

oVq= instead of , where x is chosen subject to the condition (37), 

m^n fn — n 

with n — m substituted for m , the x^q being positive integers different from each 
other and less than n. 

By combinations of formulae (50) and (57) we may obtain solutions of 
equations of form (59) in a variety of forms on starting out from some equation 
of this form whose solution is known, either finitely or as a definite integral; 
(50) connects the solutions of all equations (59) for which mi + n remains con- 
stant, and (57) those of equations (59) for which the values of (mi + w)~^ only 
differ by integers. 
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